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Experimental results on 43 showers produced by nucleons of 10!°—10'* ev and on 20 showers 
produced by particles with Z =2 are presented. An asymmetry has been observed in the 
angular distribution of shower particles with respect to the direction 7/2 in the center-of- 
mass system in showers produced by nucleons with energy > 10''ev. This fact is not consist- 
ent with the concept of shower production on nuclei in nucleon-nucleon collisions and with the 
predictions of the hydrodynamical theory of multiple particle production proposed by Belen’ kii 


and Landau. 


ee present work is devoted to the study of ex- 
plosion showers produced by high-energy cosmic 
ray particles by means of an emulsion chamber. 
Preliminary results obtained for 29 showers were 
_ published earlier.! The purpose of the present ar- 
ticle is to consider the energy dependence of the 
various characteristics of explosion showers in the 
region 10/°—10*% ev. 
The emulsion chamber consisted of 100 layers 
10 cm in diameter. Total thickness of the chamber 
was equal to 4.5 cm Emulsion NIKFI type R was 
used. The chamber was irradiated in the strato- 
sphere at 27 km altitude for seven hours in May 
1956. Explosion showers with more than five rela- 
tivistic tracks, concentrated in a sufficiently nar- 
row cone, were found by scanning. There was no 
discrimination with respect to the number of black 
and grey tracks in finding the showers. Jets of rela- 
tivistic particles consisting of more than five 
tracks were also noted in scanning. Further in- 
vestigation showed that five of these events repre- 
sented explosion showers while the remaining 200 
jets were identified as electron-photon showers. 
Charge of the shower producing particle was de- 
termined in each case of detected explosion shower 
(as single, double, or multiple) and the angular 


distribution of shower particles with respect to the 
axis was measured. 


1, MEASUREMENT OF THE ANGULAR DISTRI- 
BUTION OF SHOWER PARTICLES 


For shower particles of the “wide cone,” mak- 
ing an angle larger than 5° with shower axis, the 
angle qa in the emulsion plane and the inclination 
B were measured with an accuracy of 1°. The an- 
gular distribution about the shower axis was deter- 
mined by means of the special device shown in 
Fig. 1. Each shower particle was marked on 
an aluminum sphere and the angles a and B were 
read off the divisions 1 and 2 respectively. The 
angle # between the particle trajectory and shower 
axis was found using a plexiglass hemisphere with 
the latitude (#) and longitude (gy) marked on it, 
and which could be fitted to the aluminum sphere. 

Measurements of the angle @ for shower par- 
ticles with &< 5° were carried out by means of 
finding the points of intersection of the tracks with 
a plane perpendicular to shower axis. An example 
of such construction for the determination of angu- 
lar distribution of particles in a shower of 3.7 x 
10!%ev is shown in Fig. 2, which represents the 
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Fig. 1. Apparatus for measurement of the angle between 
shower axis and direction of emission of shower particles. 
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plane perpendicular to shower axis at a distance 
of 200yu from the shower origin. The point 

A(X, Yo) corresponding to the intersection of the 
shower axis with the XY plane was determined as 


X= > x,/1, Yo= Dy, / 1; 


where n is the number of shower particles. The 
distance between the plane XY and the point of 
origin of the shower was selected so that the ac- 
curacy of angle measurements for most shower 
particles would not be worse than 5 —10 percent. 


2. DETERMINATION OF SHOWER ENERGY 


If we assume that the observed showers were 
produced as the result of nucleon-nucleon colli- 
sions, then it follows from the symmetry of angu- 
lar distribution of shower particles in the center- 
of-mass system (c.m.s.) about the direction 


6 = 1/2* that the energy of the primary particles 
ine.m.s., Yg=1/V1 — B, can be written in the 
form 


Y,= cot Oy,9 (1) 


where 34/ is the angle containing half of the 
shower particles. Pe. 

A second method of determination of yg, which 
permits a better use of the data on angular distri- 
bution, and makes it possible to determine the sta- 
tistical error due to the finite number of shower 
particles, has been proposed by Castagnoli et alse 
According to their calculations, we have 


Iny, = — Intand + (o/V ns); (2) 


where ng is the number of shower particles and 
o is of the order of unity. 

The value of yg can also be found, for a sym- 
metrical distribution with respect to @=7/2 in 
the c.m.s., from the integral angular distribution 
of shower particles. Let us denote the integral an- 
gular distribution of shower particles by F. We 
then have 


dn, 


dh, (3) 


where A=I1n tan’. F(A) is normalized to unity, 
i.e., ; 


+00 
\ F(\)dh=1. 

It is evident that, for a symmetrical angular 
distribution, F/(1—F)=1 for @=7/2, i.e., 
F/(1—F) is such a function of A that for 
In{F/(1—F)]=0 its argument, according to 
Eq. (1), is Ag = 1n tan 3142= —In Yq. In this way 
the determination of yg is reduced to plotting 
In[F/(1—F)] asa function of } =1ntan¥ and 
finding the value A) for which In[F/(1—F)] =0. 

All these methods of finding y, yield results 
that vary by 20 — 30%, and which are within the 
statistical accuracy of measurements. It can be 
seen from Table I that the values of y, obtained 
according to Eq. (2) are lower than those of the 
two other methods. 

It should be noted that the assumption that show- 
ers produced on the emulsion nuclei originate in 
nucleon-nucleon collisions may not correspond to 
reality. Belen’ kii and Landau’ treated the case of 
multiple particle production according to the hy- 


drodynamical model, assuming the interaction be- 


*Where, as in the following, @ denotes the emission angle 
of a shower particle in the c.m.s. and 3 the emission angle of 
shower particle in the laboratory system. 
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TABLE I 
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tween the primary nucleon and the nucleus as a 
whole, in head-on collisions, They obtained the 
following formula for the angular distribution of 
particles in the c.m.s.: 


dN ~ exp ( VP — In*tan-}-} a In tary) . (4) 


Here L=In[(1+2)/4yQ], £& is the tunnel length, 
i.e., the number of nucleons on the chord corre- 
sponding to the trajectory of the primary particle 
through the nucleus. According to Eq. (4), dN/d@ 
is symmetric about 6 = 71/2. It follows that, if the 
theory is correct, yg can be determined by the 
same method as for nucleon-nucleon collisions. 

In the following we shall ascribe to showers 
values of yo, calculated according to formulae 
(1) and (2) and from the condition In[F/(1—F) ] 
= 0, which correspond to the assumption that the 
distribution of shower particles is symmetric about 
6 = 7/2. It should be noted that the experimental 
data available are not in agreement with this as- 
sumption (cf. Sec. 3) and the accuracy of shower 
energy determination by the above method should 
not be overestimated. 

The shower energy in the laboratory system, 
Ey, can be determined in a unique way only for 
the case of nucleon-nucleon collisions: 


Y¥=teei ay (5) 


where y = E)/Mc?. For collisions between the 
primary nucleon and nucleons contained in the 
tunnel, the shower energy in the laboratory sys- 
tem is found from the relation 


y= 221, (5’) 
where £ is the tunnel length and y = E/Mc?. 


3. EXPERIMENTAL RESULTS AND THEIR 
EVALUATION 


Experimental results on 43 showers produced 
by nucleons and 20 showers generated by q@ par- 
ticles and nuclei are summarized in Table I. The 
showers are divided into three energy groups. 
Shower energies were calculated according to Eq. 
(5). Such a procedure is rather arbitrary, since 
Eq. (5) corresponds to the case of nucleon-nucleon 
collisions, Energies of nucleon-produced showers, 
calculated according to Eq. (5’) are shown in Fig. 
4, The value of y, in Eq. (5’) was found under 
the assumption that the angular distribution of 
shower particles in the c.m.s. is, as in the case of 
nucleon-nucleon collisions, symmetrical with re- 


spect to 9,,, = 7/2 (the Belen’ kii-Landau theory). 


It follows, however, from the experimental results 


of the present work that such an assumption does 
not conform to reality. It is therefore not clear | 
which method of energy determination is advisable. < 
In the following, dealing with energy dependence of | 
various characteristics of explosion showers, we 
shall use for that purpose Eq. (5), although the re- 
sulting absolute energy values are evidently too 
low. The nature of primary particles is givenin — 
the second column of the table. Singly-charged 
particles were assumed to be protons, and the 
neutral ones — neutrons. The number of black and 
grey tracks (nj, + ng) and the number of shower 
particles (ng) are given in the third and fourth 
columns respectively; the values of y, calculated 
according to Eqs, (1) and (2) and from the condi- 
tion In[F/(1—F)] =0, and also the mean values 
Yc calculated using the above methods are given 

in columns 6—9. k is the coefficient of inelastic- 
ity given by the equation* 


k = 1,5n,y, sin Smax/ 2 (y, — 1); (6) 


where dmx is the maximum angle between a 
shower particle and shower axis, and yp is the 
ratio of the nucleon mass to the m-meson mass, 
The tunnel length £ isa function of y, and ng, 
according to the relation n, =f(y,, £) from the 
statistical theory of multiple particle production. 
For large y, (>10) the relation is of the form* 


ns = 0.901 + I) *Vy, 4 tt (7) 


where the coefficient 0.9 is chosen for fit with 
curves for small values of y,, obtained from 
statistical weight calculations. 


A, Angular Distributions of Shower Particles 
in the C.M.S. 


The direction of motion of a relativistic parti- 
cle in the laboratory system is connected with the 
direction of motion in the c.m.s. by the following 
relation: 


cos Ot (22/18) (8) 


os uae Ye sin 6 z 


where £, is the velocity of the c.m.s. and £ is 
the particle velocity in the c.m.s. In the extreme 
relativistic case, Bg ~P~1, i.e., 


cos @ + 1 
sin 0 


Got = y, cot (0/2). iS 


*Results of calculations of statistical weights, and for- 
mula (7), were kindly communicated by D. S. Chernavskii. 


EXPLOSION 
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Fig. 3. Angular distributions of shower particles in c.m.s. 
Solid line —E, = 10*° - 10"* ev, dashed—E, = 10"! - 10’? ey, 
dot-dash — E, = 10’? - 10** ev. All distributions pertain to 
nucleon-produced showers. 
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Fig. 4. Angular distributions of shower particles in c.m.s. 
for nucleon-produced showers. Shower energy calculated ac- 
cording to Eq. (5). Solid line — E = 10** - 10’? ev, dashed — 
E = 10’? - 10** ev, dot-dash—E = 10** - 10° ev. 


TABLE Il. Angular distribution of particles in c.m.s., in nucleon- 
produced showers, for three regions of energy Ey calculated under 
the assumption of a nucleon-nucleon collision [Eq. (5)]. 


0—30° 30—60° 60—96° 90—126° 120—150° | 150—180° s & 
a ee 
| 
N 34 38 50 42 48 31. | 122| 124 
40191011 dN/dQ|5.4 +0.92|2.24+0.35]2.13-+0.30|1.79-+0.27|2.79-++0.39/4.92+0,94 
N 34 77 94 67 57 75 | 202] 4199 
40111022 dN/dQ|3.28-+0,56|2.72-40.3 |2.35-+0,24/1,73-40.2 |2.01-+0,26]7.220,83 
N 49 43° 4A 33 31 45 | 103} 109 
40321014 dN/dQ|3.47-£0.8 |2:87-+0,44)2.00-+0,31|1.64-+0.2812,07+0.37] 8.194+1.2) | 


TABLE III. Angular distribution of particles in c.m.s., in showers 
produced by particles with Z =2. 


0—30° 30—60° 60—90° 90—120° 120—150° | 4150—180° y 
Se 
| 
N 47 103 47, 107 100 59 267 | 266 
10101011 dN/dQ|3.4 0.5 |2.73+0,27]2,28-+0,21|2.0 +02 |2,66+-0.27/4.29-+0.5 
N 18 35 30 34 26 29 83 | 85 
10U—1014 dN/dQ\4.43-0,97|2.94-40.50}1,85--0.34 2,09-+0,36]2.19-++0,43)5,75+-1.2 


Tables II, Ill, and IV and in Figs. 3 and 4. The er- 


The angular distribution function f(@) in the 
c.m.s. was found for each shower using Eq. (8’). 
To obtain better statistical results, summary dis- 
tributions were constructed for showers of various 
energy regions. These distributions are given in 


rors given in the tables represent statistical devi- 
ations VN; , where Nj; is the number of particles 
within a given angle interval A@, ».. The total 

number of particles propagating in the forward and 
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TABLE IV. Angular distribution of particles in c.m.s., in nucle- 
on-produced showers, for three regions of energy E calculated 
for tunnel -effect interaction [Eq. (5’)]. 


ae 9c.m. sy | = . 
0-30" 30—66° 60—90° 90—120° 420—150° 150—180° 7 K 
E ev > > 
N 32 63 59 45 54 Bey 154} 152. 

10N—1012 dN/dQ\4.05--0.71|2,92+0,36]2,.0 -+-0,26)1,54-+-0.23 2.5 -+0,3416,.7 +-0.914 
N 45 60. 88 71 56 67 193 | 194 

40121018 dN/dQ\4.5 -0.67)2.2 +-0,28]2.35--0,25)1,9 --0.22 2.05-40.27/6.7 -0,81 
] 6 32 25 47 20 29 63! 66 

1013—1014 dN/dQ\1.79-L0.73|3.5 --0.62/2,.0 +0.4 |4.36-+-0,33/2.2 +-0.49|8.7 -+1,61 


backward directions [N(#< 90°) and N(¢#> 90°) | 
is the same for showers with even number of par- 
ticles and differs by one in showers with odd ng. 
The number of particles per steradian in relative 
units dN/dQ ~N/sin 6, where @ is the mean 
angle of a given interval A@ is shown in the fig- 
ures. 

It can be seen from Tables II and III that f(6@) 
is substantially anisotropic and for showers gener- 
ated by nucleons of 10!4—10 ev asymmetric with 
respect to the direction 6 = 1/2. The angular dis- 
tributions (in the c.m.s.) given in the tables were 
obtained by means of Eq. (8’), y, being defined as 
Ye = cot ¥j. For such definition of y, the num- 
ber of particles in angle intervals 0 —7/2 and 
m/2—m™ was assumed to be equal. It follows there- 
fore, from the asymmetry of the angular distribu- 
tion for the above definition of Yeo: that £{(@) can- 
not be made symmetric for any value of yo. Itis 
interesting to note that this asymmetry is absent 
for showers with Ey = 10!°—10!'ev, and is less 
marked for showers generated by heavy particles, 
although the latter conclusion is not sufficiently 
founded, in view of the small number of observed 
cases in the region 10!'—10! ev. An analogous 
conclusion about the asymmetry with respect to 
6 = 7/2 can be drawn dividing the showers accord- 
ing to energy E (cf. Table IV and Fig. 4). One 
would expect the observed asymmetry to be caused 
by secondary interactions of shower particles with 
nucleons in the nucleus. In the same way, one 
could explain the fact that the inelasticity coeffi- 
cients k calculated according to Eq. (6) were 
found in most cases to be larger than unity. Under 
this assumption one would expect the asymmetry 
about @ = 1/2 to decrease for showers with smal- 
ler values of ny + and with k<1. It follows 
from Table V, however, that the asymmetry of the 
angular distribution does not exhibit the expected 
behavior. This fact indicates that secondary in- 


teractions are not responsible for the asymmetric 
angular distribution of shower particles about 
=n / 2! 

The observed asymmetry could be also due to 
shower production as the result of several colli- 
sions of the primary with nucleons of the nucleus. 
It is evident that the asymmetry should then in- 
crease with the number of shower particles. The 
results of the experiment, however, contradict this 
explanation. It can be seen from Table VI that 
dN/dé@ is independent of the number of particles 
in the shower ng. It must be concluded that the 
asymmetry of £{(@) with respect to 0 = 7/2 is 
not due to secondary processes, but is inherent in 
the process of shower production. This result con- 
tradicts the hydrodynamical theory of shower pro- 
duction in head-on collisions, which predicts a 
symmetrical angular distribution of shower parti- 
cles about the direction 7/2 inthe c.m.s. [cf. 

Eq. (4) ]. 

D.S. Chernavskii (private communication) 
proposed a possible explanation of the observed 
aymmetry of angular distribution in explosion 
showers, indicating that a part of the shower par- 
ticles can be produced in interaction between nu- 
clear matter and the m-meson cloud of the incident 
nucleon. These particles can be associated with 
additional tunnels in the same nucleus which are 
characterized by a different value of Yo (since 
the mass of a a meson is less than that of a nu- 
cleon). It can be easily seen that such mechanism 
leads to the excess of shower particles propagating 
backwards in the c.m.s. 

Mean values of the angle #14, denoted by ¥,, 
for showers with various number of particles n 
and different ny, + are given in Table VII. It 
can be seen that the mean angle of emission of 
shower particles does not depend markedly on the 
above parameter. In other words, possible sec- 
ondary interactions of shower particles with nucle- 
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TABLE V. Distribution of shower particles inc.m.s., dN/dé, 
for showers with various k and (ny, + ng). Data refer to the 
total number of shower particles within a given interval 

A@ (Eo = 10'!— 10" ey). 


6 
0—30° 30—60° 60—90° 90—120° 120—150° 150—180° 
Condition 
k>1 ot 88 98 77 67 9 
k<i 2 32 32 23 24 2 
R<O.4 4 4 12 6 6 4 
npn gs 
(k=1.9) 10 23 40 DNS, 30 21 
Nyptn os 
k<l 0 3 9 5 6 3 


TABLE VI. Distribution of shower particles in c.m.s., for show- 


ers with different ng. n, denotes the mean value of n 


S for a 


given energy region. Data refer to the total number of shower 
particles within a given interval AQ. 


AO 0—30° | 30—60°|} 60—-90° 90—120° | 120—150° 150—180° 
E,=100—104 ev, n,<n, 5 9 21 18 10 i 
1S n,>ns; 29 28 25 19 34 25 
E,=10U—10! ev, lagR 13 33 32 24 21 35 
n.=19 ion. 24 44 57 45 36 40 
E,y=10%—10!4 ev, ee 3 10 13 11 it 10 
n,=24 one 16 33 28 22 24 35 
E,=104—10"4 ev, ns 1 19 24 18 17 15 
n,=21 k<aA 


TABLE VII. Mean values of the angles of emission of shower 


particles 3; 2 


Eyey | Bs Biyy | Buy (sg) | Hy SPM) | aM?) | Oy, Ma thg?®) 
4010404) 17.7 | 15.3 16.5 14.3 - = 
40U—10!2| 19.4] 5.34 Bele 5.63 5.48 5,29 
40124014] 23,8 | 1.45 4.30 1.56 4.54 4.43 
40111014] 20.7 | 4,17 4.04 4,35 4,48 4,06 


ons of the nucleus do not change appreciably the 
value of 3;,. 

The anisotropy of the angular distribution of 
shower particles in the c.m.s. can be character- 
ized by the value A defined as follows: 


A =[S)G—2) mi/ yy" ' 


where )j = In tan %, X = In tan 0j = In¥e, and 
nj is the number of shower particles in the i-th 
interval of the variable 2. It is evident that large 
values of A correspond to a larger measure of 
anisotropy in the angular distribution f(@) i.e., 


(9) 


to greater emission probability of shower parti- 
cles at angles close to 6=0 and 9=7 in the 
c.m.s. It can be easily shown that for a distribu- 
tion isotropic in the c.m.s. Aj, = 0.3. Table VIII 
illustrates the variation of A for showers with 
different values of ng and nyt Ng. 

Mean values of A for various energy regions 
calculated according to the hydrodynamical theory 
of Belen’ kii and Landau from distribution (4), 
Bheor are also given in the table. In calculating 
Atheor it was taken into account that the mean tun- 
nel length for nuclei of the emulsion is £ = 3.25. 

In addition to Aexp calculated according to Eq. (9), 
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TABLE VIII. Mean values of A and A(A <A) [ef. Eq. (9)] 
for showers of various energies. , 


Atheoret. 


S 
A 
= 


10141012 n<n, 
n,>ns 
Ny tny<3 
npt ny>s 
n<n, 
neon, 
Ny, tng<3 
Nyt Ng>s 
n<i, 
n.>iig 
ny tng 
Nytng>s 
Weatte 
Ny tng 


10121014 


1011014 


values of A(A <A) calculated according to the 
same formula for values A<A are given in Table 
VIII. These values correspond to small angles of 
emission of shower particles (if the assumption of 
a symmetrical distribution of shower particles in 
the c.m.s. about 6 = 1/2 were correct, then the 
values <A would correspond to angles of emis- 
sion @ < 90° inthe c.m.s.). It can be maintained 
that A(A <2) characterizes better the anisotropy 
of the angular distribution of shower particles pro- 
duced in the primary interaction, since A calcu- 
lated according to Eq. (9), taking into account all 
values of A, may be in error due to secondary in- 
teractions of shower particles with nucleons of the 
nucleus. 

It can be seen from Table VIII that the aniso- 
tropy increases considerably with increasing n, 
and, especially, ny + This cannot be explained 
by secondary interactions of shower particles, 
since the increase in A with ng and ny,+ 
should influence A(A <2) to a larger extent than 
A, calculated for all values of A. 

If we assume that a large value of ny, + Ny in- 
dicates, on the average, that the primary particle 
traversed the center of the nucleus, then it follows 
from the above results that the anisotropy of 
shower particles increases with tunnel length 2. 
This result contradicts the predictions of the hy- 
drodynamical theory — a decrease in A with in- 
creasing 2. 


B. Inelasticity Coefficient 


As it has been shown above [cf. Eq. (6)], data 
on the angular distribution of shower particles 
make it possible to calculate the inelasticity coef- 
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ficient k. The values of k for the observed 
showers are given in Table I. It should be noted, 
however, that in defining k in the above manner | 
it is assumed that all particles have the same en- 
ergy. Since it is very probable that this is not the 
case, the resulting inelasticity coefficients are only 
approximate. Since k depends strongly on the 
maximum angle of emission of shower particles, 

it can be considerably influenced by secondary in- 
teractions of shower particles with nucleons of the 
nucleus. In the calculation of k according to Eq. 
(6), it is assumed that showers qriginate in nucleon- — 
nucleon collisions. For collisions between a nu- 
cleon and the nuclear matter of the tunnel, Eq. (6) 
should be modified by introducing the tunnel length 

£ into the denominator. This would cause a con- 
siderable decrease in the values of k. All these 
factors render the determination of k from Eq. 

(6) unsatisfactory. 

The inelasticity coefficient should, according to 
its definition, be always less than one. It can be 
seen from Table I that this is not so for calcula- 
tions based upon Eq. (6). This fact, as it has been 
mentioned above, is evidently due to the assump- 
tions made in deriving Eq. (6) and to the influence 
of secondary interactions of shower particles. 

The abnormally high values of k for showers 
generated by heavy particles are clearly connected 
with the fact that in those events showers originate 
in interactions between several pairs of nucleons. 


C. Azimuthal Asymmetry of Shower Particles 


A marked asymmetry of shower particles with 
respect to the azimuth g has been observed for 
several showers. The values of Pg, given in the 
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TABLE IX. Mean numbers of shower particles in nucleon- 
produced showers 
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NOOO snes |) alee — Nath 19.0 16.6 6.4 Ue 
210% 5.34 | 19.4 16.3 20.6 URS 21.9 8.2 5.3 
4012—1014 1.45 | 23.8} 26.0 23,4 26.2 20,8 a2) 13.4 
10u—1014 4.417 | 20.7 18.8 21.4 20.5 20.9 De || Wil |) Ost 


thirteenth column of Table I, represent the Pear- 
son probabilities that a given value of asymmetry 
in the distribution f(@) will be observed ina 
given shower, under the assumption that the asym- 
metry is due to statistical fluctuations. The values 
Peg ( x”) were determined from tables for various 
values of x? which were found from the formula 


leee a (> Maat 


i=1 


(10) 


where n, is the total number of shower particles 
in a shower, m is the number of intervals of 
angle gy, and n,; is the number of shower parti- 
cles in the i-th interval Ag. The values Px, given 
in Table I are calculated for m=6. It should be 
mentioned that cases of large asymmetry were ob- 
served both for showers produced by nucleons and 
by heavy particles. The results on azimuthal asym- 
metry are, of course, preliminary and a consider- 
able increase in the number of observed cases is 
necessary for a final conclusion about the existence 
of such asymmetry. 


D. Relation Between the Number of Shower 
Particles and the Shower Energy 


The mean number of shower particles in nu- 
cleon-generated showers of various energy regions 
are given in Table IX. The values of 4, defined 
below, are also given in the table. 


a= {3 G.—ra)/ (2 nei) — i)" 


6 determines the mean spread in the number of 
shower particles for individual showers. 

It can be seen from Table IX that the number of 
shower particles ng depends very little on the 
angle +1, It follows that if the determination of 
shower energy from the angular distribution of 
shower particles, by the method described in Sec. 
2, yields a correct answer for Ey, then the ex- 
perimental dependence obtained, ng = f{(E), is 
substantially different from the theoretical predic - 


(11) 


tion* (ng)theor ~ “VEo- Table IX illustrates also 
the weak dependence of Ng on %/, and on the 
number of black and grey tracks associated with 
the shower. This fact indicates that secondary in- 
teractions of shower particles with nucleons of the 
nucleus do not influence greatly the shower prodiuc- 
tion mechanism. It should be noted that the rela- 
tion ng~ 4/E follows from sufficiently general 
considerations, and the discrepancy between the 
experimental and theoretical expressions for n, 
=f(E)) can be regarded, together with the asym- 
metry of angular distribution (cf. Subsec. A) as 
a proof against the nucleon-nucleon theory of 
shower production. 

Shower energies calculated under the assump- 
tion of interaction between the incident nucleon and 
nucleons of the tunnel are given in column 14 of 
Table I. Mean lengths £ of the tunnel calculated 
under that assumption for various energy regions 
are given in Table X. The mean number of shower 
particles is also given in the table for different 
energies of the primary particles. 

Were the tunnel-effect model of shower produc- 
tion correct, £ would be the same for all energy 
regions and equal to the mean tunnel length for 
emulsion, idee = 3.25. It can be seen from Table 
X that &£ does not remain constant for showers of 
different energies. The small number of observed 
events, however, does not permit us to draw final 
conclusions. The difference between the absolute 


TABLE X. Mean tunnel lengths 
for various energies of primary 


particles. 
| | of | 
AE, ev E, ev | ° 5 ig | L 
AG 
4014. —1012 | 3.7-4011| 418 | 47.2 | 6.4 
401221018 | 2.5.1032] 418 | 24.7] 5.5 
10131014 |3.4.4013] 5 | 26.0 | 3.7 


*Cf, Ref. 3, for example. 
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TABLE XI. Angular distributions of shower particles in c.m.s. 
calculated according to Eq. (8’). Data refer to the number of 


shower particles within given intervals A@é. 
ce a 
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value of 2 and ae does not contradict the theory, 
since the theoretical relation n, = f(£, Vesa iii= 
cludes a constant, which has to be determined ex- 
perimentally. 

The values of 6 given in Table IX show that the 
spread in n, for individual showers is consider- 
ably greater than statistical fluctuations Ogyot ~ 
ving . A large value of 6 can be explained by 
shower production in interactions of the primary 
nucleon with tunnels of different lengths. 

The number of shower particles in showers 
generated by particles with Z = 2 is considerably 
greater than ng in nucleon-produced showers. 
This can be explained by assuming that in the for- 
mer case shower production is due to interaction 
between several nucleons and the nucleus. 

In conclusion, the authors wish to express their 
gratitude to D. S. Chernavskii for fruitful discus- 
sion of results, to V. M. Kutukova and L. A. Smir- 
nova for help in carrying out the work and to D. M. 
Samoilovich for development of the emulsion 


chamber. 


Since valid conclusions about showers produced 
by high-energy cosmic ray particles can be drawn 
only on the basis of a large statistical material, 
the authors have thought it useful, for reference 
purposes, to include data on the angular distribu- 
tion of shower particles, in the c.m.s., for each 
observed event. Angular distributions in the c.m.s. 
were calculated from data on the distribution in the 
laboratory system according to Eq. (8’), Yq being 
determined from the relation y, = cot 3. The 
numeration of showers in Table XI corresponds to 
that of Table I. 

It should be noted that for several showers the 
values n, given in Table I are slightly larger than 
the total number of shower particles in Table XI. 
This is due to the fact that some particles propa- 
gate at an angle #> 90° in the laboratory system, 
and have not been considered in calculations of the 
angular distribution according to Eq. (8’). 
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ASYMMETRY IN THE ANGULAR DISTRIBUTION OF u*—>e* DECAY ELECTRONS 
OBSERVED IN PHOTOGRAPHIC EMULSIONS 
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Academy of Sciences, U.S.S.R. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 280-285 (February, 1958) 


Herewith are presented the results of measurements of the angular distribution of ~>yu—e 
decay electrons observed in a photographic emulsion located either inside a magnetic screen 

or in a magnetic field H ~ 1100 G, longitudinal with respect to the »-meson motion. The 
electron angular distributions were found to be describable by a relation of the form 1+ acos @. 
The parameter a was found to be equal to —(0.092 + 0.018) and —(0.16 + 0.04) for the cases 
when the emulsion was inside the magnetic screen and the magnetic field respectively. 


ik the fundamental work of Lee and Yang! and 
Landau,” it was shown that a possible method for 

' testing parity nonconservation in weak interactions 
is to study the asymmetry in the angular distribu- 
tion of the electrons emitted in the decay of polar- 
ized « mesons. The two-component neutrino the- 
ory, developed by the same authors, leads to the 
conclusion that the » meson formed inthe 7—yp 
decay should be fully polarized in the direction of 
its motion. According to this theory, the electron 
angular distribution from the ~—-e decay is de- 
scribed by the relation 


f (0) =1+(A/3)cos6, (1) 


where @ is the angle between the electron momen- 
tum and the p-meson spin. The constant A de- 
pends on the relative amount of vector and axial 
vector coupling in the B decay of the ~ meson 
and can vary between —1 and +1. 

The first experimental confirmation of parity 
nonconservation in the —~>p—e chain came from 
Garwin et al.? Thereafter a rather large number 
of papers appeared devoted to a more accurate de- 
termination of the constant A, using photoemul- 


sions, counters and bubble chambers. It was estab- 
lished in these experiments that in the ns et de- 
cay the positrons are emitted predominantly back- 
wards, i.e., A< 0. It also follows from these ex- 
periments that the asymmetry in the angular distri- 
bution of electrons from w—e decay depends 
sensitively on the substance in which the meson 
decays. This indicates the existence of a partial 
depolarization of the 4 mesons and consequently 
the electron angular distribution from the ~—-e 
decay may be written in the form 


a = (r/3)(1—y), (2) 


where y is the depolarization coefficient of the py 
mesons. The experimentally obtained angular dis- 
tributions of electrons from w—-e decay agree 
qualitatively with formula (2) throughout the elec- 
tron energy spectrum. However, more definite 
quantitative conclusions can be reached only by 
substantially increasing the statistical accuracy. 
In this work we studied the angular distribution 
of u*— et decay electrons in emulsions. A 7x4x1 
cm emulsion chamber consisting of 23 layers of 
NIKFI type R photoemulsion was irradiated with 


1+ acos6, 
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slow a’ mesons from the synchrocyclotron of the 


Joint Institute for Nuclear Research. The cham- 
ber was placed inside a double magnetic screen to 
avoid precession of the y-meson spin in the stray 
magnetic fields of the synchrocyclotron. The emul- 
sion was developed by D. M. Samoilovich. The 
emulsion was scanned with MBI-2 microscopes at 
an amplification of 450 X, and the measurements 
were made at an amplification of 1350 X. In scan- 
ning, we selected those cases for which the pu 
meson from the —y decay was entirely within 
one emulsion layer and stopped not nearer tkan 
50p from the undeveloped surface of the emulsion 
layer. This method of selection assures the detec- 
tion of every electron from a stopped meson 
with practically 100% efficiency. Thus, out of 4055 
cases of m—y decays, only 11 cases were found 
where the decay electron was not seen. To deter- 
mine the angle @ between the direction of p- 
meson emission in the 7—yp decay and electron 
emission in the 4—-e decay, we measured the 
corresponding angle qa in the emulsion plane as 
well as the inclination angles £8; and f, of the 

# meson and electron tracts relative to the emul- 
sion plane. The angle @ is given in terms of a, 
By and By by 


cos § =(tan8,tanB, + cos «) cos B; cos Be. (3) 


In this work the angle @ was determined with the . 
help of a special three-dimensional plotter. The 
error in @ measured in this way did not exceed 
+1°,. The total error in the determination of '@ in- 
cludes the errors in the measurement of the angles 
a@ and £ as well as the error in determination of 
the photoemulsion settling. Estimates carried out 
indicate that the sum of these errors does not have 
a systematic character and does not exceed 3°. In 
order to find the angles £; and f, it is necessary 
to know with sufficient accuracy the emulsion set- 
tling after development. The settling d was deter- 
mined by a comparison of the thickness of developed 
and undeveloped emulsion layers as well as from 
measurements of the track lengths of 4 mesons 
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from t—p decays parallel and perpendicular to 
the emulsion plane. To correct the settling coeffi- 
cient for ambient temperature and humidity varia- 
tions, the thickness of all emulsion layers was 
measured twice daily at marked points. 

In addition to measuring the angular distribution 
of the .—e decay electrons for the case when the 
emulsion was placed inside a magnetic screen, we 
irradiated with slow m* mesons an emulsion cham- 
ber of the same dimensions, placed in a magnetic 
field of intensity H ~ 1100G. In the latter case we 
selected those mesons emitted at an angle of no 
more than 30° with the magnetic field. The mag- 
netic field here played the role of a magnetic 
screen in that it confined the stray magnetic fields 
of the synchrocyclotron and of the earth to one 
fixed direction. The decrease in -meson polari- 
zation, resulting from such a selection of —~y 
decays and due to the p»-meson spin precession 
around the magnetic field H, is not large and 
amounts to ~7%. 

Altogether we measured 8990 angles between 
the directions of electron and »,-meson emissions 
in the —~p-—-e chain in the case when the emul- 
sion was inside the magnetic screen, and 2005 an- 
gles in the case of 7~>pw-—e decays in a magnetic 
field. The results of these measurements are 
given in Table I, which shows the number of events 
in a given interval of cos 0. The resulting angular 
distributions are also illustrated in Fig. 1. 

It can be seen from Fig. 1 that the angular dis- 
tributions obtained do not contradict the theoretical 
relation (2). The best value of a of formula (2) is 
obtained from the relation 


a = 3r? Dn; cos; 0 /(r2 — 1) N; (4) 


i=] 
where N is the total number of cases studied, r 
the number of intervals, and cos; 6 the average 
value of cos 6 inthe i-th interval. The statisti- 
cal error in the parameter a obtained in this way 
is given by 


ta = V3 [NP od). (4’) 


TABLE I. Electron angular distribution in ~—-e decays in 
emulsions located inside a magnetic screen and in a magnetic 
field of intensity H ~ 1100G (6 = angle between the directions 

of emission of the electron and py meson). 


Aare Magnetic Magnetic nae Magnetic Magnetic 
screen field screen field 
1,0—0.8 834 184 QO — —0.2 910 188 
0,8—0,6 893 187 —0.2— —0,4 928 197 
0.6—0,4 836 167 —0,4— —0,6 914 216 
0,4—0.2 867 202 —0.6— —0.8 938 229 
O20) 839 196 —0,8— —1.0 1031 242 
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Fig. 1. Electron angular distribution in u»e decay: A — 

measurements in a magnetic field H ~ 1100 G, a = -(0.16 + 
0.04); B —measurements inside a magnetic screen, a = 


—(0.092 + 0.018). 


The values of the quantity a calculated from 
these formulae for r=10 were found to be: 

1. For emulsion inside magnetic screen,* 

a = —(0.092 + 0.018). 

2. For emulsion in magnetic field, a = —(0.16 
+ 0.04). It is seen that the magnetic field (H ~ 
1100G) increases the asymmetry somewhat, i.e., 
decreases the depolarization of » mesons in emul- 
sion. However this effect is not definitely proven, 
in view of the small number of —e decays found 
in the magnetic field. It would be interesting to 
measure the electron angular distribution from 
ue decays in a magnetic field of higher intensity 
and with better statistics. 

After completing this work we became acquainted 
with the work of Orear et al.* dealing with analo- 
gous measurements in a magnetic field H = 9,000G. 
In a field of this intensity these authors obtained 
in emulsion a value a = —0.25, which coincides 
with the maximum value of a observed in any of 
the substances studied. Inserting H =1100G into 


*For r = 2, the experiment inside the magnetic screen 


gives. a = —(0.10+-0,021). 


+ 
poe 


the formula of Orear et al. for the polarization 


+ 
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magnitude in an external magnetic field H 


we obtain a = 0.13 - 0.16, 


p= + 


measurements. 

The value of a for the case of emulsion inside 
a magnetic screen is in agreement with measure- 
ments of other authors as summarized in Table II. 


{ 
bari ia ER 


TABLE IJ. The parameter a of for- 
mula (2) for photoemulsion from the 


Number 
—a of 
cases 
0.222+0.067} 1028 
0,08 +0,05 1562 
0.03 +-0,04 PalaNT| 
0,00 +0.07 700 
0.1740.038} 2000 
0.095-L0 .04 2003 
0.22 +0,12 831 
OF 149-40, 033} 2789 
0.44 +0.08 580 


data of various authors. 


Method of observation 


In cosmic rays 
a) 
” 
9? 


Artificially produced 


7* beams 
9) 
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in agreement with our 


It is interesting to note that in the observations 
of ~u—-e decays in cosmic rays, the param- 
eter a is found to be somewhat smaller than in 
the corresponding observations with accelerators. 
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Fig. 2. Electron angular distribution using the combined 
data of this work and of Ref. 9 and 12; a = —(0.111 + 0.015). 
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It is possible that this is to be explained by the ab- 
sence of special screening in the former case. 

The average value of a computed from the data 
of Table II and from the results of this work is 


a = — (0.108 + 0.0094). 


The angular distributions of —-e-decay elec- 
trons are given in Refs. 9 and 12. Combining those 
with our data, yields the angular distribution shown 
in Fig. 2, which represents 13,770 cases of ue 
decays. It can be seen from Fig. 2 that, within the 
experimental accuracy, the electron angular dis- 
tribution is described by 1+acos@ with a= 
—(0.111 + 0.015). 

In conclusion, the authors express their grati- 
tude to V. P. Dzhelepov, B. S. Neganov, and V. N. 
Mekhedov for help in emulsion irradiation, and to 
N. M. Polievktov-Nikoladze for assistance in the 
statistical analysis of the results. 


'T, D. Lee and C. N. Yang, Phys. Rev. 104, 254 
(1956); 105, 1671 (1957). 

21. D. Landau, Nuclear Physics 3, 127 (1957). 

3Garwin, Lederman and Weinrich, Phys. Rev. 
105, 1415 (1957). 


SOW LET PIV SITC.S..JseT P 


HYPERFRAGMENTS IN NUCLEAR EMULSIONS 


B. P. BANNIK, U. G. GULIAMOV, D. K. KOPYLOVA, A. A. NOMOFILOV, M. I. PODGORETSKII 


B. G. RAKHIMBAEV, and M. USMANOVA 


VOLUME 34(7), NUMBER 2 


4Orear, Harris and Bierman, Phys. Rev. 107, 
322 (1957). 

5 Castagnoli, Franzinetti and Manfredini, Nuovo 
cimento 5, 684 (1957). 

6 Bhowmik, Evans, and Prowse (in press). 

Fowler, Freier, Lattes, Ney and St. Lorant, 


Bull. Am. Phys. Soc. 2, 191 (1957). "y 


8Lattes, Fowler, Freier, Ney and St. Lorant, 
Bull. Am. Phys. Soc. 2, 206 (1957). 

9J. 1. Friedman and V. L. Telegdi, Phys. Rev. 
106, 1290 (1957). 

10 Biswas, Ceccarelli and Crussard, Nuovo 
cimento 5, 756 (1957). 

‘1! Heughebaert, Rene, Sacton, and Vanerhaeghe, 
Nuovo cimento 5, 1808 (1957). 

12 Chadwick, Durrani, Eisberg, Jones, Wignall, 
and Wilkinson, Phil. Mag. 2, 684 (1957). 

13.4.0. Vaisenberg and V. A. Smirnitskii, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 33, 621 (1957), 
Soviet Phys. JETP 6, 477 (1958). 


Translated by A. Bincer 
58 


AUGUST.“ Poase 


2 


Joint Nuclear Research Institute and Tashkent Physico-Technical Institute 


Submitted to JETP editor July 12, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 286-297 (February, 1958) 


The properties and relative frequency of appearance of hyperfragments were investigated. 
Some effects produced by other types of unstable heavy particles are also mentioned. 


Tie investigation was performed with two emul- 
sion stacks which were exposed to cosmic rays in 
the atmosphere. One stack consisted of 600 py 
Ilford G5 emulsions which were exposed at the 
time of the international expedition in the valley 
of the Po River, The second stack consisted of 
NIKFI R-type emulsions 400y thick, which were 
exposed in the Soviet Union. The scanning located 
all stars with prong numbers Nj, = 8—10 or 

Ng = 2—3 as well as o stars and all double stars 
regardless of the number of prongs. 


The main procedure was area scanning with 
10x10X1.5 magnification. In a small number of 
instances all black prongs were continued until 
they emerged from the emulsion, and sometimes 
even up to their termination in other emulsions. 
But, as a rule, only those double stars were fixed, 
which were entirely in the field of view of the ob- 
jective. Altogether there were found six T me- 
sons, one T’ meson, one A? particle, four K7~ 
mesons, one XZ hyperon and ten hyperfragments, 


of which five decayed with emission of a a meson. 
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Not a single case of Z* or of K* decay was 
found, since the method used excluded the possibil- 
ity of observing such particles. For all primary 
stars associated with unstable heavy particles, ali 
black and gray tracks were followed until they 
stopped or emerged from our portion of the pelli- 
cle stacks.* Nota single instance of pair produc- 
tion was found in 14 primary stars. 

Of the six tT mesons, five were found by area 
scanning and one by continuing backward the tracks 
of stopped 7 mesons. In all cases the tracks of 
secondary m mesons were observed to be coplanar 
within 2—3°. The parent disintegrations were 
registered in only two cases (10+0n and 11+ 
3n). The tT’ meson! was produced ina 3+0n 
star with very small visible energy release. The 
two black tracks of the parent star (besides the 
T’ meson) belong to stable particles. After trav- 
ersing 17 mm the T’ meson stopped inside of the 
emulsion and decayed. A photomicrograph of this 
event is shown in Fig. 1.f 


The mass of particle 1 was determined to be 
(860 + 50)m, from gap length density and the re- 
sidual range. At the stopping point B the track 
of a secondary m* meson begins, which afterwards 
undergoes ~>yu—e decay.t The length of the 
mn track is 1930y. The photomicrograph reveals 
the tracks of two relativistic particles 5 and 6 
leaving the stopping point of the 7’ meson and 
forming an angle of 1° to 2°. Measurement of 
multiple scattering gives for track 6 


pc = (66 + 10) Mev, 


whence it follows that this particle is an electron. 
Track 5 disappears within the emulsion after a 
range of ~ 250u, which can reasonably be inter- 
preted as the annihilation of a positron in flight. 
The present event thus evidently represents the 
decay 


cnt + 794 1 
followed by 


mM syte te. 


*In some instances the tracks of the particles of interest 
were traced in other portions of the pellicle stack which were 
in laboratories at Budapest, Erevan and Leningrad. The 
authors wish to thank the staffs of those laboratories for 
their assistance. 

+This event was discovered by L. U. Bannik. 

+The 7* meson stops and decays at the point C. The ap- 
parent reduced ionization at E is associated with the passage 
of the track from one emulsion to another. 
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FIG. 1 


If this interpretation is correct, then at the pres- 
ent time among K* decays leading to 7’ mesons 
ete pairs have been observed not only in decays 
of the type Ke3. 

Of the four K~ mesons which we found three 
were detected through systematic scanning and 
subsequent analysis of the o stars that possessed 
a large number of prongs or other unusual charac- 
teristics. The parent disintegration was recorded 
in only one instance (11+4n or 11+ 3p). 

The K~ meson of the photomicrograph in Fig. 2* 
had a mass of (1100 + 250)me as measured from 
multiple scattering and the residual range.{ One 


*Discovered by M. I. Tret’iakova. 

tHere and hereinafter, except for particle 3 of event No. 2, 
we used the constant-sagitta method in determining masses 
from multiple scattering and range. 


200 


BANNIK, GULIAMOV, KOPYLOVA, et. 


FIG. 3 


of the particles (track 1) produced in the five- 
prong o star gave rise to a small secondary dis- 
integration at a distance of ~ 5560y from the o 
star. Multiple scattering and ionization measure- 
ments of the connecting track show it to be due to 
a proton with E=(103+13) Mev. Ina o star 
produced by another of the K~™ mesons which we 
observed, a proton possessing the relatively large 
energy E ~ 75 —80 Mev was also found. It has 
been noted in the literature that the appearance of 
high-energy protons can be regarded as an indirect 
argument for the capture of a stopping K™, ac- 
cording to the scheme 


» 


K-4+2N->N+2 


(see Ref. 2, for example). 
A kinematical analysis of the o star in Fig. 2 
showed that for all possible hypothetical forms of 


nuclear capture the total energy release consider- 
ably exceeds m,c*. The same can be said con- 
cerning two of the three other oy stars, with four 
and five secondary prongs, respectively. The third 
OK star also has 5 prongs. It appears that all of 
the ox stars which we discovered were produced 
through K™ capture in light nuclei of the emulsion. 
This is completely understandable from our scan- 
ning method, whereby preferential selection was 
made of o stars that possessed a large number 

of prongs, large visible energy release or other 
noteworthy properties. It thus follows that the true 
number of K~ mesons is a few times greater than 
the number of those actually found, i.e., it is about 
the same as the number of 7 mesons or even 
somewhat greater. This result fully agrees with 
experimental findings regarding the ratio of K* 
and K™ mesons generated in cosmic-ray collisions 
(see Ref. 3, for example). 
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TABLE I 
— 
Track 4 5 56 | ji | 8 | F , 
Range (\)* 54,7 | >27300 | 27500 | 4880. 18 161 
non- 
stopping 

Error in range (%) Nec 28. <a ( 
Spread of ranges (%) 168) ond py 1 > rs 
Angle 8 with horizon- ¥ 

tal planet +16.0 = 7,9 =O%8 ) 
Error in angle B oh wats 

(degrees) 2 -— 0,3 1 7 = 
Azimuthal angle ~ 

(degrees) + 44.5 — 126.6 167.8 269.8 0 
Error in © (degrees) Oz == O87 
Number of 6 electrons j ea af Pay 

with range > four 

grains** 0) — — — 0 0 
Charge Z =<), =i +1 +4 <2, el 
Method of measuring <ay—R: <a)>—R: 
mass and its 914+170 1250+340 
magnitude (mg) = I—R: |J— <a>: |J—R: 2700+ — _ 

698-455 343 94 +300 

Identification of 62 Wen 

particle p kK ™ p He} alee 
Energy of particle 

(Mev) 


[2470.04 a 


66,3+6.5) 35,3+0.3 | 4.60.2 Pasen 


* All data refer to an unprocessed emulsion. 
TAIl tracks in the direction of the surface bear the plus sign; tracks in the direction of 


the glass are given with the minus sign, 


+Taken counterclockwise with respect to an arbitrary direction which is the same for 
all tracks of the star and the track of the hypernucleus. 
**] grain on the track; 3 grains outside of the track. 


One of the remaining K™ mesons deserves spe- 
cial mention. The pertinent data are given in Table 
I and the photomicrograph of this event is shown in 
Fig. 3.* Particle 5 is a stopping K™ meson, 7 is 
a proton and 6 isa m meson. There is no sign of 
thin-down at the ends of tracks 4, 8 and F so that 
each of these particles must have a charge = 2. 
From an analysis of the event at B_ it follows that 
particle F is the hyperfragment ,He} (see be- 
low, event No.1). 

If 8 were a protonor a particle its energy 
would be 1.2 or 4.6 Mev, respectively, which is 
considerably below the height of the Coulomb po- 
tential barrier in heavy nuclei of the emulsion. It 
can therefore be assumed that the K meson was 
captured in a nucleus of C”, N* or O'8. We 
therefore considered all of the conceivable reac- 
tions in C!?, N'4 or O* for all possible masses 
and charges of particles 4, 6, 7, and 8. It was 
found that energy and momentum conservation are 
fulfilled only by 


K7 + CP? — ,Hes + Hep + 2p +5 +72. 


*Discovered by N. V. Kirsanova. A detailed analysis is 
given in Ref. 4. 


The K’ mass is then 


Nk = (494.3 +6,8) Mev, 


which is in good agreement with data given in 
other papers.* 

It must be pointed out that conservation of en- 
ergy and momentum are not fulfilled if F is as- 
sumed to be a hyperfragment other than AHe}. We 
have thus encountered one of the rare cases in 
which double identification of a hyperfragment is 
possible, through the phenomena at its decay and 
from a consideration of the generation process.f 
The decisive circumstance is the fact that the hy- 
perfragment was produced ina o,- star. We can 
expect that hyperfragments due to K™ capture can 
generally be identified much more easily and com- 
pletely than in the usual instances. This may be 
especially important in studying hyperfragments 
that undergo nonmesonic decay. Even more favor- 
able conditions are realized in the nuclear capture 


*For example, Ref. 5 gives mg+ = (493.66 + 0.36) Mev. 
The K~ mass is less accurately known, but we can reasonably 
assume that my-* mg+. 

+Ref. 6 describes a similar instance of double identifica- 
tion of a hyperfragment resulting from K™ capture. 
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of ~~ hyperons, but, unfortunately, this event is 
observed much less frequently. 

We found only one = hyperon, produced in a 
9+2n or 9+1p star. One of the gray prongs of 
the parent star produces in flight a secondary dis- 
integration with small Q (4 black prongs ending 
in the same emulsion). The length of the 2 track 
is 715p. 

The mass was determined from multiple scat- 
tering and residual range, which gave M = (1.0 + 
0.4) My for a gap scheme corresponding to a pro- 
ton. For gap schemes corresponding toa T meson 
and a mt meson the mass was (1.3 + 0.3) mp and 
(1.4 + 0.3) mp, respectively. The ZX was stopped 
in producing a three-prong o star with one gray 
track (range > 3800) and one black track (range 
385). The third track is very short, being only 
~1.5yu. Comparison of the ionization and multiple 
scattering shows that the gray track is probably 
that of a proton with about 90 Mev. 

Although many interesting papers have already 
been published concerning investigations of hyper- 
fragments there is still no reliable and sufficiently 
complete information regarding the frequency of 
their generation and the dependence of this fre- 
quency on the character and energy of the gener- 
ating particles. This results from the difficulty of 
identifying hyperfragments reliably, especially in 
the case of nonmesonic decays. Therefore, differ- 
ent investigators use entirely different criteria 
which are very difficult to correlate; it is thus ex- 
tremely difficult to compare different data on the 
frequency of hyperfragment generation. For com- 
bining data, it would be important to agree on uni- 
form criteria; for this purpose we believe that the 
rules suggested in the review article, Ref. 7, are 
quite suitable. These rules require reliable proof 
that the event in question is not a o star and that 
the kinetic energy of the proposed hyperfragment 
is small enough to exclude clearly the possibility 
of the disintegration of some nucleus by collision. 
Data concerning hyperfragments that undergo me- 
sonic decay are especially reliable and should, we 
believe, provide the basis for various quantitative 
comparisons. 

In the present work we found ten hyperfragments 
which satisfy the criteria of Ref. 7. Five of these 
underwent nonmesonic decay, while the others un- 
derwent mesonic decay.* The parent disintegra- 


*One of the hyperfragments which underwent mesonic decay 
was produced in ao, star and is therefore excluded from sub- 
sequent compilations giving the frequency of generation and 
the nature of the parent disintegrations. 


BANNIK, GULIAMOV, 


KOPYLOVA, Set vel? 


tions were of the types 19+ 3n (or 19+ 2p), 
17+4n (or 17+3p), 41+7n (or 41+ 6p), 
15+2n, 13+ 4n, 17+4p, 5+0n, 27+13n 

and 14+ 5p. It is noted thatasarulethe very , 
large number Nj, of gray and black prongs in the 
parent disintegrations is considerably larger than 
in stars containing tT mesons. For the mean num- 
ber of gray and black prongs we have or 


Ny ctl eons 


which is in good agreement with the data in other 
papers (see Ref. 8, for example). It would be very 
interesting to obtain corresponding data for differ- 
ent types of “strange” particles when the nature 
and energy of the generating particles are known. 

In addition to the hyperfragments which have 
been mentioned ~ 37,000 stars were found with 
either Nj), = 8-10 or ng = 2—3, which corre- 
sponds to about 10° cosmic-ray stars of all types. 
Thus from cosmic rays we obtain one mesonic de- 
cay of a hyperfragment in about 2.5 x 10‘ nuclear 
disintegrations of all kinds. This agrees in gen- 
eral with the results obtained by other investiga- 
tors. The data are given in Table II. 


TABLE I 
ee] do 
s8| gee 
Popery . Reference aug 5 @ 
particles ga 5 iB 9 
Zoe| aaa 
Cosmic rays {%] 24 000 2 
Cosmic rays 4) 27 000 Pe 
Cosmic rays ea] 119 000 i) 
Protons with 
Ep = 6 Bev [2 10 000 0) 
TM mesons with 
E,- = 3 Bev emae 80 000 3 
T™~ mesons with 
E,,- = 4.7 Bev 
: j [3] 150000) 30 
Cosmic rays Eiaccne 100 000 i 
work | 


The table shows that for 270,000 cosmic-ray 
stars there are 13 mesonic decays, i.e., about one 
decay for 20,000 stars. Also, bombardment with 
4.7-Bev m mesons yields one mesonic decay for 
only 5000 disintegrations.* It would not be legiti- 
mate to make a direct comparison of these results, 
because in cosmic rays a large percentage of the 
disintegrations are produced by particles of rela- 
tively low energies. Further work is needed with 
accelerators that produce particles of various 
kinds with energies of a few billion electron volts. 

In Ref. 7 and elsewhere it is stated that a large 


*A rapid increase of the frequency of hyperfragment gener- 
ation is noted with increasing 7~ energy. 
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percentage of hyperfragments is found among 
double-centered stars with very short connecting 
tracks. In the present work, we observed seven 
double-centered stars in which the connecting track 
did not exceed 10. In only one of these instances 
was it possible to prove by means of a detailed 
kinematical analysis that the secondary disintegra- 
tion could not have resulted from a stopped m7 
meson. In this case the secondary star had five 
prongs of which one was a proton with the range 
11,300 yu (Ey ™ 56 Mev.). In one of the other six 
cases the secondary star also contains a proton of 
the relatively high energy ~ 50 Mev, and ina third 
case the secondary disintegration also has five 
prongs but the total Q is small. In all of the 
events that were found, the primary stars have 
very many black and gray prongs;* the average 

of these is N} = 14+ 2.7. However, it must be 
remembered that this increase of Ny above the 
normal level would have had to occur on the basis 
of the usual mechanisms for the appearance of the 
double-centered stars under consideration. 

The individual characteristics of the hyperfrag- 
ments are summarized in Table III. (In calculat- 
ing the angles the hyperfragment track was as- 
sumed to emerge from the center of the secondary 
star.) 

Event No.1. Fig. 3 is the photomicrograph of 
this event. Particle 1 is a m meson which pro- 
duces a o star in stopping. The measured widths 
of tracks 2, 3, and F showed Z<=2 for each of 
these particles. The tracks of 1, 2 and 3 are co- 
planar to within 3°. This points to the formation 
of star B by the decay of a stopped hyperfragment 
to three charged particles. A kinematical analysis 
of B was carried through for all possible masses 
of 2 and 3, assuming their charge to be 1 or 2. It 
appeared that for all of the proposed decay schemes, 
with one exception, the combined momentum is 
clearly different from zero. The combined mo- 
mentum is zero only in the scheme 


aHe3 > Hee +p t+ 7. 
Then the combined kinetic energy of all the parti- 
cles is 

Q = (34.2 + 0,4) Mev, 
and the binding energy of the A° particle is B nes 


(2.7 + 0.4) Mev, which is in good agreement with 
published data (Ref. 7, for example). The normal 


*The parent stars are of the types 12 + 1n (or 12+ Op), 
9+ 1n (or 9+ Op), 17+ 2n Cor 17 + 1p), 30 + 7n (or 30 + 6p), 
14+ 2p, 9+ 2n (or 9+ 1p) and 7 + In (or 7 + Op). 
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to the decay plane and the direction of motion of 
the hyperfragment form an angle of 82°. 

Event No.2. The mass of the particle F* was 
determined from multiple scattering and range 
using the cell schemes for H}, He and Li§; the 
result was Mp =((6 = 2) Mp. Twelve 6 electrons 
were discovered along the F track. Since ~ 5.5 
6 electrons are expected along a proton track of 
this range, the charge of F evidently exceeds 
unity. On the other hand, the F track shows no 
sign of thin-down upon stopping as is always ob- 
served in Li tracks. Combining these results, we 
can assume that the charge of F is two. This is 
also supported by a comparison of the track widths 
for protons, q@ particles, and F. 

The track of 3 has the character of a light 
meson. Its mass, from multiple scattering and 
range, is (230 + 90)mg. On this basis 3 was 
identified as a m meson which upon stopping pro- 
duced a nuclear disintegration accompanied by the 
emission of only neutral particles. Tracks 1, 2, 
and 3 lie in the same plane within the limits of 
error. The errors are quite large since track 1 
is only 1.6y long. The combined momentum of 
1, 2 and 3 is close to zero only if 2 is a proton. 
The charge of 1 must then be two. If it is as- 
sumed that this event represents the scheme 


aHes —> Hes + Panta 
the binding energy of A° is 
Ba = (3.1 +0.4) Mev, 


which differs extremely from the results of other 
investigations. The most probable interpretation 
apparently is given by 


aHeS > Hel + p + 0°. 


The decay energy appears to be Ba = (3.0 + 0.4) 
Mev. The normal to the decay plane and the direc- 
tion of the hyperfragment track is 56°. 

Event No.3. From measurements of the thick- 
ness of the track of F it follows that its charge 


’ cannot be more than two. The tracks of 1 and 2 


are collinear within the limits of error, from which 
it follows that 1 decayed after stopping. The mass 
of 1 from multiple scattering and ionization is 
(235 + 90)mg so that 1 can be regarded asa 7 
meson. In addition, pfc = (89.5 + 8) Mev, which 
completely agrees with 


AH —> Hes ++ Tors 


*The letter F everywhere designates a hyperfragment. 
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TABLE III 
| o ~ Ks Method of 
Fs cf a ® ae ss . Be measuring | Identification Energy Parent 
a 2 ie & ee 1a oe | § rar oD e Be mass and its of of 
¢ ad o § a) ‘3 5 * 2 $ 3 ° o 2 g o 2 magnitude particis particle star 
o O oo > ue wr gb | Eo bb & | 20 0G (me) 
& S % E LEQ One | Sleep) Teas © 
a) ma % cs} eS |2¢8a5 S| aee ol| 20k 
fe 161 0.4 12 0 0 0.7 0 <2 AHe2® 24 .3-+0,3 
1 8481 0,1 3,0 — 9,0 4 2a2,3 0.7 —1 7 24,0-++0.4 
1 2 19.3 4,2 2.0 +12,4 7 79,9 WEE 0 <2 He24 4,8+0,2 
3 401 0.5 1,6 —18,.5 7 278,2 0.7 0) =—4 p 8,4+0,1 
<a>—R: 
FF 883 —3 0.5 0 12 2 11000+-3700 AHe.? 
1 1G} —3 2 100 7 He,4 0,2-+-0,1 18+4 n 
2 2 244 8) 1.6 +8 0,5 233 p 6,2+0,2 
3 13535 ORS: 42 +9 0.5 37 —1 <a>—R: oe 27.4+0,.3 
930-90 
F 88 ay 0 1 <2 AH! 
3 a4 >12350 —34 1 219 4 <a>—I: ci 51,7-+5,5 5+0 n 
935-430 
2 5 st bls ao Mea 45 3 Heo! 2.540,4 
I 450, +2 PREGLES) <a>—R: ALis or 
14700-43700 uBe, 
4 4 3,2 —40 226 Recoii 17+4 p 
nucleus : 
2 13400 —68 74 ™ PALS? 
3 280 PE 0 p, d. or t 74 
F 82 + B.5 0 3 or 4 ee: 
4 10 +13.3 127 Heg* 
Bal ee 38 —17.6 24 p 27413 n 
3 178 — 3,6 311 p 
4 7476 + 6.6 | 214 7 
F 33 > Bi 
1 260 17+4 n 
2 1315 or 
6 eed Az. 6 1743 p 
4 413 
5 419 
F 64 —28,7 0 Bec Ree 
7 i 50 +39.6 299 AAT n 
2 612 —72.3 353 or 
3 | 19000 433.5 167 p MA-46 p 
F 55 aay 0 2 Milesior ayia 
8 1 1590 —4),7 310 1542 n 
2 | 3816 46.6 256 Penal x A 
3 1 1970-+330 
F 124 +33 >4 A Beg 
4 2660 +22 225 <a>—R: p 19+3 n 
2020-4550 or 
2 | 1004 45.6 143 | <a>—R : d 1942 p 
3490-+740 
IR: 
4040-4370 
3 41750 —28,2 4 <a>—R: p 
2020-4423 
4 202 —18,2 0 1 p, d, t 
1g 92 —8,7 3<Z<6 I— <a>: 
. | 4 | s40700 —29 4 0 0.7 mre 17 A 
1120 <a) 57-45 
700-++85 p or K a oe 1445 p 
1380-1150 P 
7 8 10 2 +34,8 7 87,6 4 Sere) 4 i 
1 (Li) 
10,7 (B) 


e range of 2 is 8.8u, which also agrees with Event No.4. The charge of F was measured 
s decay scheme (see Ref. 14, for example). from the count of 6 electrons and track thin-down 
e directions of emission of the hyperfragment near stopping. The first method gave Z > 2, while 


d the secondary mt meson form an angle of 64°. the second method gave Z= 3 to 4 (thinned length 
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10 —20y). The mass of F as measured from 
multiple scattering and range is (8+ 2)m,. Track 
2 stops ina o star and therefore belongs to 77 
meson. The hypothesis of F decay to three 
charged particles leads to considerable difference 
from zero for the combined momentum no matter 
what assumptions are made.regarding the nature 
of 1 and 3. It can thus be concluded that we are 
dealing with the decay of one of the isotopes of 

ALi or ,Be accompanied by the emission of one 
or more neutral particles. A more detailed analy- 
sis was not made because of the great inaccuracy 
in determining the momentum of 1 and the result- 


ing inaccuracy in determining the neutron momenta. 


Event No.5. The track of F shows thin-down 
beginning at 10 —15y from the track end. This is 
evidence that the decay of the hyperfragment oc- 
curred after stopping and that it is triply charged. 
This last conclusion agrees with the measurement 
of the F track thickness before the thin-down be- 
gins. Track 4 belongs to a m meson which gives 
a o star after stopping. For any assumptions re- 
garding the nature of 1, 2, and 3 that are compat- 
ible with charge conservation, the combined mo- 
mentum of all the charged secondary particles dif- 
fers from zero. This result is not changed even if 
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it is assumed that the hyperfragment has charge 
four. The emission of neutral particles must there- 
fore also be assumed. It appears that for all possi- 
ble decay schemes with one exception the binding 
energy Ba assumes large negative values. The 
exception is the decay scheme 


aLix— Hep + 2p+n+r, 


for which Ba = (1.9+1.2)Mev. This must be re- 
garded as the most likely interpretation. 

Event No.6. The F track shows thin-down for 
20 —25y, which is evidence of stopping of the hy- 
perfragment and corresponds to Z= 4to5. Five 
charged particles resulted from the decay without 
including a single a meson. F is apparently a 
ABs hyperfragment which underwent nonmesonic 
decay accompanied by neutron emission. 

Event No.7. The F track shows thin-down for 
10 —15y, which corresponds to Z ~ 3. Measure- 
ments of the track density at large distances from 
the stopping point lead to the same value. Track 3 
leaves our part of the emulsion stack after tra- 
versing ~19,000yu. If this track belonged toa 
meson its ionization could exceed the minimum by 
a factor of less than 1.6; in actuality the ionization 
in track 3 is close to triple the minimum amount, 


a! 
3 


206 


thus representing a proton with close to 63 + 14 
Mev. The event as a whole is apparently the non- 
mesonic decay of ,aLi; in which neutral particles 
are also emitted. 

Event No. 8. From measurements of track thick- 
ness it follows that F has charge Z = 2. At the 
very end of the track thinning for a distance of 
~ 5y is observed, which is less than the usual 
thinned-down distance for lithium (~12y). The 
tracks of q@ particles as a rule show no thin-down; 
on this basis, too, it can be concluded that Z = 2. 
If the hyperfragment is a lithium isotope there re- 
mains the possibility of decay in flight shortly be- 
fore complete stopping, by which the short thinned 
length would be accounted for. Of course, this is 
not a necessary interpretation. 2 must be a proton 
since its mass, from multiple scattering and re- 
sidual range, is (1.1+0.2)m,. The nature of 3 
is doubtful. We cannot exclude the possibility of a 
mere chance clustering of grains. The event as a 
whole must apparently be considered to be the de- 
cay of one of the isotopes of ali; or Hep. 

Event No.9. The track of F is considerably 
thinned in its last 20u, which is evidence of stop- 
ping and gives Z ~ 4. The mass of 1 was meas- 
ured from multiple scattering and residual range. 
Classification of gaps according to the schemes 
for p and d gives (1.14 0.3) mp and (0.94 
0.4) mp, respectively. 1 is thus a proton. The 
mass Of 2301s — (15 dos 0.2) mp and (1.24 0.2) mp 
from the proton and T meson gap schemes, re- 
spectively. Thus 3 is also a proton. The mass 
Of-2 NS Cle 2. 0.4)mp, (1.94 0.4)mp and (1.7 
+ 0.45) Mp for the p, d and T gap schemes, re- 
spectively. Therefore we can reasonably assume 
that 2 is a deuteron. Gap length measurements on 
the track of 2 are in good agreement with this iden- 
tification, leading to (1.1+0.06)mg. The thick- 
ness of track 4 shows that this particle is singly 
charged. The combined momentum of 1, 2, 3 and 
4 is not zero for the different possible hypotheses 
concerning the nature of 4. This event can there- 
fore be regarded as nonmesonic decay of an iso- 
tope of a~Be, accompanied by the emission of neu- 
tral particles. 

Event No.10. Fig. 4 is a photomicrograph of 
this event.* The parent star is of the type 14+ 5p 
or 14+ 3p, since the two particles indicated by 
arrows possibly comprise a (aren) pair from the 
decay 1’ — e'+e + y. Track F has thin-down 
for ~20u at its end, so that 
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*This event was found by U. G. Guliamov. 
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On the other hand, it follows from an analysis of 

1 and 2 that Zp = 2.4 or 6. Comparison of the 
data leads to Zp = 4. Track 2 ends in the char- 
acteristic “hammer” whose formation is preceeded 
by 8B decay. Therefore 2 is most likely Lif (or, 
with smaller probability, Bg). 

Particle 1 leaves the emulsion stack. Its mass 
was determined from multiple scattering and ioni- 
zation, with special attention paid to the reliability 
of the measurements. Multiple scattering was 
measured on the portions of the track which were 
more than 3.5 mm distance from the edge of the 
emulsion, with a cell length of 1124. The meas- 
urements include a negligible noise effect as is 
confirmed by measurements with doubly large in- 
tervals. Special measurements showed little dis- 
tortion, which was also excluded by the method of 
third differences and various other methods. The 
results obtained with and without elimination of the 
distortion are in very good agreement. The width 
of the distribution curve of absolute second differ - 
ences also agrees with the prediction of multiple 
scattering theory. The result is p@c = (88 + 7) 
Mev. 

Ionization was measured by grain counts, by 
blob counts and from mean gap length.. In the first 
case the number g of grains per unit track length 
was compared with the grain number gy in the 
tracks of relativistic particles. Measurements 
were performed by two observers, whose results 
practically coincided, giving 


m= (725 +129) me 


In the second and third cases results were com- 
pared for 1 and the tracks of control + mesons 
with about the same velocity and dip angle. Prior 
to that, it was shown especially that in the central 
portions of the plate and in portions close to the 
event under consideration (i.e., close to the edge ) 
the ionization characteristics of the particles agree 
when they have equal velocity. Measurements by 
the second method yielded 


m” = (700 + 85) me, 
and by the third method, 


m” = (1380 + 150) me. 
It follows that 1 could be regarded as a K meson. 
Then the event as a whole would be similar to 
events described in Refs. 15 to 17. However, it 
must be noted that of the three methods mentioned 
for measuring ionization the most reliable from a 
methodological point of view is the last, which 
gives the largest value for the mass. Therefore 1 
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could possibly be a proton, so that we would have 
nonmesonic decay of ,jBe, accompanied by neutron 
emission. 

The authors wish to thank Z. P. Golovina and 
M. I. Filippov for their great assistance with the 
measurements. 
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Nuclear-active particles with energy >10'4ev were studied at an altitude of 3860 m above sea 
level by means of ionization chambers placed under absorbers of various thickness and of a 
counter hodoscope. Integral spectra of ionization bursts in the chambers are presented, and 
conclusions are drawn regarding the absorption mean free path in air and in lead of nuclear- 


active particles with energy > 10''ev. 


Hicu-enercy nuclear-active particles (E > 
10'tey) were studied in Autumn 1955 at 3860 m 
elevation by means of an array consisting of six 
pulse ionization chambers placed under lead ab- 
sorbers of varying thickness (20, 50, and 80 cm, 
Fig. 1). The ionization chambers were constructed 
of brass cylinders with walls 3.8 g/cm? thick and 
an internal diameter of 22.5 cm. The effective 
area of each chamber was 0.22 m’. The chambers 
were filled with argon at 4 atmos. 


The electronic system made it possible to re- 
cord the ionization pulse heights in each of the six 
chambers. The interval of recorded pulses ranged 
from that due to the passage of a single relativistic 
particle to that due to 1.5 x 104 particles, assum- 
ing the trajectories to lie on the mean chord of the 
chamber. A hodoscope consisting of 972 counters 
with total area of ~10 m? was used in conjunction 
with the ionization chambers. Alternate triggering 
was provided: the array was operated whenever 
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Fig. 1. a—position of the nuclear-active particle detector 
A with respect to hodoscope counter groups (rectangles). 
A indicates the position of the trigger counters (fourfold co- 
incidence). b—position of the six ionization chambers 
in the nuclear-active particle detector A. d—variable 
thickness of lead (20, 50, or 80 cm) 


either the total pulse in the ionization chambers 
was greater than the equivalent of 600 relativistic 
particles, or the occurrence of an air shower was 
recorded by a fourfold coincidence of discharges 
in unscreened counters each 0.05 m? in area. The 
hodoscope made it possible to detect the presence 
of an air shower associated with an ionization 
burst, even when the shower was small (p $ 0.5 m?*), 
and to determine the total number of particles for 
showers with n > 10°. 

Frequency distribution of ionization bursts with 
respect to their size under different absorbers is 
shown in Fig. 2, where the x axis represents, in 


log Vv, m7? hr! 


3-106. 104210 * 310° 6:10" 


Fig. 2. Frequency distribution of ionization bursts with 
respect to their size. Absorber thickness: a—20, e—50, 
oO — 80 cm Pb. 


logarithmic scale, the sum of the bursts in the six 
chambers, expressed in the corresponding number 
of relativistic particles N, andthe y axis repre- 
sents the absolute frequency v(>N) of bursts 
greater than N. 

Integral spectra of bursts corresponding to N 
> 2000 relativistic particles can be expressed by 
a power law v(N) = A/NY, where y, within sta- 
tistical accuracy, is the same for all three spectra 
(20, 50, and 80 cm Pb) and on the average equal 
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y= 1.5+ 0.16. Absolute frequencies of ionization 
bursts under 20 and 50 cm Pb are, within the ac- 
curacy limit, identical. Absorption mean free path 
for 50 to 80 cm Pb is A= (340 + 60) g/cm’. 

Comparison of the frequency of observed ioni- 
zation bursts with the number of bursts observed 
at sea-level! leads to the conclusion that the ab- 
sorption mean free path for the nuclear-active 
component in air amounts to ~120 g/cm?.* Com- 
parison of the absolute intensity of the primary 
cosmic radiation with the frequency of the observed 
nuclear-active particles leads also to a value which 
does not contradict the above result, provided rea- 
sonable assumptions concerning the energy are 
made (an ionization burst due to 10° relativistic 
particles corresponds according to our estimates 
to a primary particle of 10 ev). 

In the study of correlation between ionization 
bursts and air showers, the events were divided 
into two groups: (1) ionization bursts accompanied 
by low-density air showers, when it was not possi- 
ble to locate the shower axis and to determine the 
total number of particles in the shower, and (2) ion- 
ization bursts accompanied by extensive showers 
with more than 10? particles. The results are 
given in the table. 


io 


Absorber 50 cm Pb 80 cm Pb 

Size of the burst 
(number of aie = ses S 
relativistic particles) e}j/oe|4|s)e/S 
Total number of bursts 360} 27] 5 |266| 9 | 2 


Number of bursts accom- 
panied by an air shower 
Number of bursts accompanied) 
by an extensive air shower 430 5|Ss3oloae, 


190) 18] 4 | 80) 7 


It can be seen that the probability of the pres- 
ence of an associated air shower increases with 
the size of burst. 

Bursts which could be interpreted as due to si- 
multaneous incidence of at least two high-energy 
nuclear-active particles were observed in 25% of 
cases. Those bursts (> 600 relativistic particles) 
were accompanied in 70% of cases by air showers. 

Just as the spectrum of ionization bursts repre- 
sents the energy spectrum of all nuclear-active 
particles at the observation level, so does the spec- 
trum of ionization bursts under more than 20 cm 
of lead, due to extensive air showers, represent 


*It was taken into account in the comparison that the ex- 
periments of Ref. 1 were carried out under a thick roof and 
that a part of the bursts recorded at sea level is due to [le 
mesons. 
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the energy spectrum of the nuclear-active compo- 
nent in extensive air showers when the following 
three conditions are met: (1) only one nuclear- 
active particle of the shower falls upon the detec- 
tor, (2) the shower-detecting system does not in- 
troduce any bias for different distances between 
the core and the nuclear-active particle detector, 
and (3) the interval of the sizes of observed show- 
ers is sufficiently narrow so that the energy spec- 
tra of nuclear-active particles in the showers are 
similar. | 

We examined showers of 7 x 104—7 x 10° par- 
ticles. It was found from the measured distribution 
of axis positions of showers associated with ioni- 
zation bursts, corresponding to > 600 particles, 
that in more than 90% of the events the axis was 
less than 20 m from the detector of nuclear-active 
particles. For such distances, errors introduced 
into the shower axis distribution by the four-fold 
coincidence system were negligible. 

The frequency distribution of ionization bursts 
due to nuclear-active particles of air showers, with 
respect to their size, is shown in Fig. 3. The fre- 
quency of bursts accompanied by extensive air 
showers decreases with the thickness of absorber, 
varying from 20 to 80 cm Pb (mean free path 
A= (570 + 120) g/cm’. 

The size distribution of bursts accompanied by 
extensive air showers can be represented by a 
power law with an exponent y= 0.9+ 0.2. If we 
assume that only a single nuclear-active particle 
arrives at the detector each time then the spectrum 
of the nuclear-active component in an extensive air 
shower of ~10° particles can be expressed as 
E£~09+02 in the energy region 5 x 10!!—10¥ ev. 

The probability of simultaneous incidence of two 
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Fig. 3. Frequency distribution of ionization bursts due 
to nuclear-active particles of extensive air showers with 
7x10*—7x10° particles. Absorber thickness: s—20, e—50, 
O ~— 80 cm Pb. 


nuclear-active particles upon a detector may be 
rather high for extensive showers. The true spec- 
trum of nuclear-active particles in extensive air 
showers can, therefore, be different from the ex- 
pression given above. The role of this effect is at 
present unknown. 

The authors wish to express their gratitude to 
the many workers who took part in carrying out the 
measurements, especially to V. I. Zatsepin, E. I. 
Tukish, V. Ia. Markov and B. V. Subbotin, and their 
appreciation to N. A. Dobrotin for constant interest 
and help. 


1D. D. Krasil’ nikov and S. I. Nikol’ skii, Trans- 
actions, Iakutsk Branch, Acad. Sci. U.S.S.R., 1, 
1955. 
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Production of pions on hydrogen by 307, 333, and 370 Mev negative pions was studied with 


+ 


scintillation counters. Inthe processes ™ +p~am +m +n and m +p—~>q7 + n+ p, the 
differential cross-section for the formation of a charged meson at an angle of 80° in the lab- 
oratory system (106 deg in the c.m.s.) turns out to be (0.10 + 0.06) x 1077", (0.17 + 0.06) 


ana 
tively. 


INTRODUCTION 


The production of pions by negative pions on hy- 
drogen, an event that becomes energetically possi- 
ble when the energy of the incident pion exceeds 
170 Mev, has been studied to date only at high ener- 
gies.! The study of the creation of pions by nega- 
tive pions near the production threshold is of inter- 
est not alone from the theoretical point of view. 
Such measurements are also necessary to estimate 
the contribution of the creation processes to the 
experimentally-observed scattering cross-sections 
of pions. 

In addition to causing the scattering processes 


x +p—-xr-+p (elastic scattering ) (1) 
x +p—>7r+n (exchange scattering) (2) 
t 
2y 


the interaction of negative pions with hydrogen may 
also result in the following creation processes: 


& pt 4m av, (3) 
ca pad Leo Be pohly ay SE (4) 
Kae sw Sg se (5) 


The work reported here was performed for the 
purpose of estimating the cross-sections of proces- 
ses (3) and (4) in the 300 —370 Mev energy region. 
It turns out that for 307-Mev negative pions, the 
negatively charged mesons, produced on hydrogen 
and recorded at an angle of 80° in the laboratory 
system, comprise approximately 10% of the num- 
ber of the elastically scattered negative pions, and 
the fraction rises to 40% for 370-Mev m7 mesons. 
Apparently, at 370 Mev, approximately 15% of the 
total interaction cross-section for the interaction 
of m~ mesons with hydrogen (i.e., 3.5 to 4 x 
107*cm?), is due to the creation of mesons by 
mesons. 


and (0.29 + 0.05) x 107'cm?/sterad for 307, 333, and 370 Mev, m mesons respec- 


BEAMS OF NEGATIVE PIONS, SCINTILLATION 
COUNTERS, AND ELECTRONIC APPARATUS 


Beams of 250, 307, 333, and 370 Mev negative 
pions, obtained behind the armature of the magnet 
of the synchrocyclotron of the Joint Institute for 
Nuclear Research,*? were used. The 250-Mev 
negative-pion beam was obtained from the 300-Mev 
beam by means of polyethylene absorbers. The 
energy of the negative-pion beams were determined 
from their range in copper. A typical absorption 
curve is shown in Fig. 1. The muon content in the 
300 —370 Mev beams was 5+1.5%. The muon 
content of the 250-Mev beam was not determined. 
The intensities of the various beams were 45, 150, 
100, and 45 mesons/cm?-sec for the 250, 307, 333, 
and 370 Mev beams respectively. 

The intensity distribution over the cross-section 
of the beam was studied for each beam energy with 
the aid of a 1X1X1 cm scintillator. 

Scintillation counters were used to record the 
particles. The experimental geometry is shown 
in Fig. 2. Scintillation counters 1, 3, 4, 7, and 8 


Count, relative units. 
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Fig. 1. Typical absorption curve (Ee = 307 Mev). 
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Fig. 2. Geometry of experiment. 


are plexiglass containers filled with a solution of 
terphenyl in phenyl cyclohexane (3 grams per 
liter ). Counters 5 and 6 are not shown on the 
diagram, for they have been used only in the study 
of elastic scattering. Counter 1 measures 6x6 
1 cm, counters 3, 4, and 7 — 12.6x11.5x1 cm, 
and counter 8 — 16X17X1.5 cm. To reduce the 
background due to scattered mesons, counter 2 
was made from a tolane crystal measuring 6x 
6X0.4 cm. 

Counters 1, 2, 3, 7, and 8 were connected to 


photomultipliers by means of plexiglass light pipes. 


Counter 4 was connected to the photomultiplier 
with the aid of a hollow light pipe with polished 
aluminum walls. The need for using a hollow light 
pipe was dictated by the fact that plexiglass light 
pipes are sensitive to fast charged particles, al- 
though only with an effectiveness of approximately 
5% (owing, apparently, to the Cerenkov radiation). 
The light-gathering effectiveness of such a light 
pipe is approximately one-half that of a plexiglass 
light pipe. 

The photomultipliers were placed in a double 
magnetic shield for protection against the stray 
magnetic field of the synchrocyclotron magnet. 
Pulses from the photomultiplier were fed to an 
intermediate shaping cell (Fig. 3). Here the large 


Counter 1 


Counter 2 


Fig. 4. Block diagram of electronic apparatus. 
c.c.-I — double coincidence circuit (7 ~ 1.2 x 10° 
sec.); d.a. —distributed amplifier (f = 50-70 Mc); 
c.c.-II and c.c.-III —triple coincidence circuits 
(r ~ 1.2 x 10° sec.); a.c.-I — anticoincidence circuit 
(r ~ 2.2 x 10°° sec.); c.c.-IV, c.c.-V, and c.c.-VI — 
double-coincidence circuits (7 ~ 5 x 10° sec.); 
a.c.-II — anti-coincidence circuit (r~ 5 x 10° sec.). 
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Fig. 3. Diagram of shaping cell (the letter T denotes 
capacitance in 1,000 ppF). 


pulses were limited in amplitude in a simplified 
“semi-distributed” amplifier stage* with tube Vj, 
while the smaller ones were amplified by a factor 
of approximately two. The pulses were then shaped 
in duration by a short-circuited cable stub con- 
nected in the plate circuit of tube V2, and were 
fed over high frequency coaxial cables approxi- 
mately 80 m long to the coincidence circuits. The 
rise time of the pulse front at the output of the in- 
termediate cell amounted to approximately 4 x 107 


Transmission line P =500 2 


2] to scaler 
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to mech. counter 
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[1234-8-7] to mech. counter. 
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seconds in response to an input pulse with a front 
duration on the order of 10~ seconds. 

A block diagram of the electronic apparatus is 
shown in Fig. 4. The fast-coincidence circuits 
were designed with type DGTs germanium detec- 
tors. These circuits give resolution times up to 
0.5 x 107° seconds at an approximate sensitivity of 


Ss. M. KORENCHENKO 


0.5 v. The time characteristics of the FEU-19 


photomultipliers, however, do not permit operation 
with a resolution time less than 10 -§ seconds with- 


out loss in efficiency. 

The double-cvincidence circuit is shown in Fig. 
5. It is similar in operating principle to the coin- 
cidence circuit described in Ref. 5. In the normal 


_ 


determined 
by adjustment 


—u- ©) Input 2 


Fig. 5. Double coincidence circuit (monitor). 


state, the potential of point A (output of the coin- 
cidence circuit) is determined by the currents 
flowing through detectors D, and D, and through 
load resistance R,. The currents through the de- 
tectors are approximately equal in magnitude. If 
the pulse from the photomultiplier blocks only one 
of the detectors, for example D,, the potential of 


point A changes insignificantly. This is due to the 


fact that the resistance of detector D, is small 
compared with the load R,. By virtue of the non- 
linearity of the voltage-current characteristic of 
the detector, doubling the current flowing through 
the detector produces a proportionately lesser 
voltage drop across the detector (by a factor 1.2 
—1.4). When detectors D, and Dy, are blocked 
simultaneously, the potential of point A tends to 
zero, and a negative pulse is produced at the out- 
put of the coincidence circuit. For satisfactory 
operation of the circuit it is necessary that the 
load resistance be many times greater than the 
high-frequency input impedance. 

A distinguishing feature of the double-coinci- 
dence circuit employed here is the presence of a 
system to compensate for “single” pulses; this 
system comprises detectors D3 and D, together 
with the RC network consisting of R;, Ry, and 
Oya 


The pulse arriving at the input of the coinci- 
dence circuit is applied simultaneously through 
the compensation network to the cathode of tube 
V,. The parameters of the compensation circuit 
are chosen to neutralize the pulse that appears at 
the output of the coincidence circuit whenever a 
pulse arrives from only one of the inputs. Thanks 
to the nonlinearity of the voltage-current charac- 
teristic of the detectors, the addition of the com- 
pensation network does not affect noticably the 
sensitivity of the coincidence circuit, for small 
pulses do not pass through detectors D3 or Dy. 
The use of compensation has made it possible to 
reduce substantially the magnitude of the “single” 
pulses from the output of the double-coincidence 
circuit. This was important for clean operation 
(without false coincidences) of the triple-coinci- 
dence circuit. 

The pulse from the output of the double-coinci- 
dence circuit is amplified by the distributed am- 
plifier and applied to an artificial line with lumped 
constants, serving as a natural continuation of the 
anode line of the amplifier. The capacitances em- 
ployed in this line are the inputs to four triple- 
coincidence circuits (of which only two are shown 
in the block diagram, Fig. 4), and the input to the 
fast anticoincidence circuit. This method of con- 
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necting the triple-coincidence circuit makes it pos- 


sible to isolate the capacitances of the inputs of the 
individual circuits and to avoid trailing of the pulse 
from the output of the double-coincidence circuit. 
If the pulse applied to the input of the line has a 
front duration approximately 107° seconds, the rise 
time of the front of the line-output pulse is approx- 
imately 4 x 10~® seconds. 

The triple-coincidence circuit is shown in Fig. 
6. It operates on the same principle as the double- 
coincidence circuit. No compensation circuit is 
provided. The relatively small pulses at the output 
of the triple-coincidence circuit, appearing when 


only one or two of the circuit detectors are blocked, 
are separated by means of a type DGS detector ( D,). 


Transmission line. 


Fig. 6. Triple coincidence circuit (angle telescopes). 


The fast anti-coincidence circuit is shown in 
Fig. 7. It comprises a double-coincidence circuit 
of the type described above, in which one of the 
detectors (D;,) is blocked. If a blocking pulse is 
applied to detector D»,, a pulse will also appear 
at the output of the anti-coincidence circuit. No 
pulse can appear at the output of the anti-coinci- 
dence circuit if D, receives a pulse from the out- 
put of the double-coincidence circuit, and simul- 
taneously detector D, is unblocked by a positive 
pulse from tube V,;. The shaped pulses from the 
anti-coincidence circuit have an approximate du- 
ration of 2.2 x 10~® seconds. 


Transmission line. 


Fig. 7. Fast anticoincidence circuit. 


The “slow” (tT ~5X107' sec) vacuum-tube 
coincidence and anticoincidence circuits were 
operated by standard shaped pulses from the out- 
put of the “fast” circuits. The efficiencies of the 
coincidence and anticoincidence circuits were 
checked by arranging the corresponding counters 
in a single row in a beam of negative pions of re- 
duced intensity. The efficiency of the coincidence 
circuit was close to 100%, that of the fast anti- 
coincidences not less than 97%, and that of the slow 
anticoincidence circuit not less than 99.9% 


LIQUID HYDROGEN TARGET 


The liquid hydrogen was placed in a vessel made 
of type PS-4 foamed styrol (density 0.04 g/cem?). 
The vessel was attached to the individual blocks 
with BF-4 glue. The schematic construction of 
the foamed-styrol target is shown in Fig. 8. The 
target consists of an inner vessel 1, placed inside 
an outer vessel 2. The outgoing evaporating hydro- 
gen flows over the walls of the vessels and cools 
them. To reduce the rate of evaporation of the 
liquid hydrogen, a jacket 3 of red copper 1 mm 
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Fig. 8. Diagram of foamy polystyrol vessel for liquid 

hydrogen. 1—outer vessel, 2—inner vessel, 3—cooling 

jacket of red copper 1 mm thick, 4— pockets for liquid 

nitrogen, 5—duraluminum cylinder, 6 — working portion of 

target, 7—float, 8— openings for evaporating hydrogen, 

9 — filling tube. 
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thick is placed around the inner vessel and is 
cooled with liquid nitrogen poured into pockets 4. 
The walls of the vessel are made thinner at the 
place where the pion beam passes. The liquid hy- 
drogen is poured into duraluminum cylinder 5. The 
wall thickness of this cylinder, in the working por- 
tion 6, is 0.1 mm. The diameter of the cylinder in 
the working portion is 11 cm. In the presence of 
liquid nitrogen in the nitrogen jacket, the rate of 
evaporation of liquid hydrogen is 0.7 l/hr. The 
hydrogen reserve (above the working portion) was 
61. The amount of hydrogen in the target was con- 
trolled by means of a float level 7. The float and 
rod were made of foamed styrol. The wall thick- 
ness is 0.35 g/cm? across the beam path and 

0.34 —0.38 g/cm? in the target of the scattered 
pion. When the background was measured after 
evaporation of the liquid hydrogen, gaseous hydro- 
gen was continuously blown through the empty tar- 
get. 


MEASUREMENTS AND CORRECTIONS 


The experiment consisted of recording the 
charged mesons, created on hydrogen in processes 
(3) and (4), and traveling at an angle of 80° in the 
laboratory system. Such mesons produce four-fold 
coincidences in counters 1, 2, 3, and 4. Four-fold 
coincidences will be produced in counters 1, 2, 3, 
and 4 (and in greater quantity) also by mesons 
elastically scattered by hydrogen, along with the 
created mesons. To prevent counting of elastically- 
scattered mesons, the coincidences of counters 1, 
2, 3, and 4 were connected for anticoincidence with 
counter 8 (Figs. 2 and 4), which was set at the 
angle of emergence of the recoil proton in elastic 
scattering (37.5 —38°). Thus, the only four-fold 
coincidences of counters 1, 2, 3, and 4 recorded 
were those unaccompanied by the passage of a 
charged particle through counter 8. These will be 
called henceforth type Q coincidences. 

Type Q coincidences can be produced by other 
than mesons formed on hydrogen. Such coinci- 
dences are possible also (a) when the recoil proton 
in process (1) is scattered by hydrogen and the tar- 
get walls and does not enter counter 8, while the 
corresponding negative pion passes through the 
telescope comprising counters 3 and 4; (b) when 
the negative pions, previously elastically scattered 
by hydrogen at an angle other than 80° are second- 
arily scattered by hydrogen and by the target wall; 
(c) when the y quanta from process (2) are con- 
verted in the walls of the target and in counter 3; 
(d) when the 7 mesons from process (2) disinte- 
grate (in 1.6% of the cases®) according to the 
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scheme 7’ —~-y+et+e7 and the electrons enter 
into telescope 3, 4; (e) upon scattering of a nega~ 
tive pion with radiation (m™ +p—~m +pty). 

Type Q coincidences are also recorded when- 
ever the “slow” anticoincidence circuit does not 
operate for some reason. The correction for this 
ineffectiveness in the operation of the anticoinci- 
dence circuit does not exceed 0.1% of the elastic — 
cross-section, amounting to approximately 1% of 
the mesons created by mesons at 307 Mev. 

To determine the correction necessitated by (a) 
it is necessary to know the cross-section of proc- 
ess (1) at the given angle (coincidences of count- 
ers 1, 2, 3, 4, and 8). The coincidences of 1, 2, 
3, 4, and 8 were recorded during the entire time 
of the measurement of Q. The number of recoil 
protons scattered in hydrogen and in the target 
walls was determined from the total cross-sections 
of the interaction between the nucleons and hydro- 
gen and carbon.’ Account was also taken of the 
multiple and single scattering of protons by the 
Coulomb field of the nuclei. 

An exact determination of the contribution of 
the secondary scattering of negative pions is al- 
most impossible. It was assumed as a first rough 
approximation that all the secondary scattered 
negative pions are isotropically distributed in 
space. The total number of the secondarily-scat- 
tered mesons was determined from the total cross- 
sections of the elastic scattering of negative pions 
by hydrogen and of the elastic and inelastic scat- 
tering by carbon.®»? The resultant number of sec- 
ondarily-scattered mesons amounted to approxi- 
mately 1.8% of the number of elastically scattered 
negative pions. It should be noted that the entire 
correction amounts to approximately 15% of the 
observed number of mesons created at 307 Mev, 
and is even less for higher energies. 

To determine the corrections connected with 
effects (c) and (d), it is necessary to know the num- 
ber of y quanta that pass through counter 3. For 
this purpose, a lead converter 7.35 g/cm? thick was 
placed ahead of counter 3 to increase the effi- 
ciency of registration of y quanta from process 
(2). Knowing the cross-sections for the conversion 
of y quanta in hydrogen, carbon, and lead, it is 
possible to estimate the correction for conversion 
of y quanta in counter 3 and in the target walls. 
It amounted to 4 + 1.5% of the effect of lead. 

No correction was introduced for pion scatter- 
ing with radiation. Apparently, the cross-section 
of this process has a magnitude not more than 1% 
of the elastic scattering cross-section of negative 
pions by hydrogen.!0 At 307 Mev this may amount 
to approximately 10% of the observed creation of 
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mesons by mesons. 

In addition to the above specific corrections, the 
“usual” corrections were made to account for the 
following effects: muon impurities in the beam 
(5 + 1.5%), counting loss in the monitor (up to 6%) 
absorption of pions in the target walls and in the 
hydrogen, absorption of pions in counter 3, and 
decay of the pions. 

To determine the background, not connected with 
the hydrogen, of mesons scattered in the target 
wall and in counters 2 and 7, and also the back- 
ground of the random coincidences, measurements 
were made with an empty target. Measurements 
with delayed coincidences showed that the random 
coincidences were due predominantly to the pas- 
sage of negative pions through counters 1 and 2, 
together with simultaneous random passage of 
some charged particles through counters 3 and 4. 
Counter 7, connected for anticoincidence with 
counters 1 and 2 (Figs. 2 and 4), served to re- 
duce the background of random coincidences, so 
that type Q coincidences were recorded only when 
a negative pion from the beam was scattered in the 
target. This. made it possible to reduce the back- 
ground of random coincidences by a factor of ap- 
proximately 20. The background of random coin- 
cidences was further reduced by placing an alumi- 
num filter 5.4 g/cm? thick between counters 3 and 
4. Thanks to the fact that the intensity of the syn- 
chrocyclotron did not vary about the mean level by 
more than 10% during the time of the measurement, 
the fluctuations of the background of random coin- 
cidences did not exceed + 0.05 counts per 10° mon- 
itor counts. This amounted to approximately 7% of 
the total number of recorded mesons created at 
307 Mev. 
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The experimental quantities obtained at various 
energies and the corrections introduced into these 
quantities are listed in the table. 


As expected, at a primary-beam energy of 250 
Mev, the mesons created on hydrogen are not reg- 
istered. This is connected with the fact that the 
created pion should have, under the conditions of 
our experiment, a kinetic energy in excess of 42 
Mev in the laboratory system. Only then would it 
be registered with a nonzero probability. The high- 
energy registration threshold is due to a consider- 
able extent to the aluminum filter placed between 
counters 3 and 4. The influence of the aluminum 
filter on the efficiency of registration of mesons 
of various energies was investigaged experimen- 
tally. 

The presence of an energy threshold for pion 
registration causes a considerable portion of the 
mesons created on hydrogen to remain unregis- 
tered. To determine the fraction of registered 
mesons it is necessary to know the energy spec- 
trum of the mesons created. Since no such infor- 
mation is available, it becomes necessary to make 
certain assumptions concerning the form of the 
spectrum. If one assumes that in the c.m.s. the 
energy spectrum is symmetrical about an energy 
equal to half the maximum energy of the created 
pions, it turns out that the registration efficiency 
(i.e., the fraction of registered mesons from the 
spectrum ) does not depend too strongly on the 
form of the spectrum. Thus, the registration ef- 
ficiency, for a beam of 307-Mev negative pions, 
amounts to 44.8, 43.4, and 42.7% for a rectangu- 
lar, trapezoidal, and triangular energy spectrum 
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respectively. The table gives the effectivenesses 
for a spectrum of trapezoidal form. 

The differential cross-section for the produc- 
tion of a charged meson at an angle of 80° in the 
laboratory system was calculated from the formula 


(2) 
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creat. 
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where Qcreat is the number of type Q coinci- 
dences, obtained after subtracting the contribution 
of effects (a), (b), (c), and (d), per 10° monitor 
counts; N = 0.443 x 107% is the average number 
of hydrogen atoms per cm’; w = 0.0417 steradians 
is the solid angle subtended by the telescope con- 
sisting of counters 3 and 4; ¢€ is the registration 
efficiency of the produced pions, if the energy spec- 
trum of this pion is trapezoidal in form; and f is 
a coefficient that accounts for the “usual” correc- 
tions. 80° in the laboratory system corresponds 

on the average to 105 —107° in the c.m.s. The cor- 
responding transfer coefficient for the differential 
cross-sections differs from unity, on the average, 
by not more than 1%. 

The differential cross-sections, obtained at 
various energies, for the production of a charged 
meson at an angle of 80° in the laboratory system, 
or approximately 106° in the c.m.s., are given in 
Fig. 9. It is clear that the differential cross-sec- 
tion increases rapidly with the energy. At 370 Mev 
the measured cross-section amounts to approxi- 
mately 60% of the differential elastic-scattering 
cross-section. 

It is interesting to estimate, on the basis of the 
resultant differential cross-section, the approxi- 
mate values of the total cross-section for the pro- 
duction of mesons by mesons on hydrogen. If it is 
assumed that in both processes (3) and (4) the an- 
gle of distribution of the mesons is isotropic and 
the mesons are not correlated, then the quantity 
(do/dw)eyeat X 4m is the sum 20/3) + 0.70(4) of 
the total cross-sections of processes (3) and (4) 
(see table). The coefficient 2 in front of 7(3) is 
caused by the fact that two charged mesons are 
produced in process (3). The coefficient 0.74 in 
front of O(4) is due to the fact that, as a rough 
estimate, approximately 30% of the recoil protons 
due to process (4) can enter into counter 8, cor- 
respondingly reducing the registration efficiency 
for the negative-pions from process (4). 

The total cross-sections obtained under the 
above assumptions can be compared with recently- 
published theoretical results.!!»!* Reference 11 
treats a charge-symmetrical pseudo-scalar inter- 
action by the Tamm-Dancoff method, neglecting 
the amplitudes of all states that contain more than 
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two mesons. According to this work, the contribu- 
tion of meson-meson creation in the energy inter- 
val investigated by us is less than 1% of the elastic < 
scattering. This is less than one tenth of our value. 
It must be noted that the Tamm-Dancoff method 
gives results that do not agree with experiment 
even for ordinary scattering of negative pions by 
protons. 

In Ref. 12 the cross-sections of processes (3), 
(4), and (5) were calculated on the basis of the 
Chew and Low theory. The dependence of the sum 
20(3) + 0.70(4) on the negative-pion energy, obtained 
on the basis of the data of that reference, is shown 
for comparison by the solid line of Fig. 9. From 
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Fig. 9. Differential cross-sections for production of a 
charged pion at 80° in the laboratory system (106° in the 
c.m.s.) in processes (3) and (4) (left scale), and sum of total 
cross-sections 20,3) + 0.70(4) (right scale). The solid curve 
represents the sum 20,3) ~ 0.70 (4), calculated on the basis of 
the Chew and Low theory. 


the methodological point of view, it is interesting 
to note that there is no great discrepancy between 
our experimental data and those of Ref. 12. 

The authors express their gratitude to Prof. B. — 
M. Pontecorvo for constant attention and aid in the 
work. | 
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DISTRIBUTION OF MAGNETIC INDUCTION IN THE INTERMEDIATE STATE OF A 
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B. V. MAKEI 
Institute of Physics of the Polish Academy of Science, Wroclaw 
Submitted to JETP editor July 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 312-315 (February, 1958) 


The distribution of the magnetic field in a slot cut out in the middle part of a tin cylinder 
carrying a current was measured by the bismuth probe method. The slot was located in a 
diametral plane of the cylinder. The results obtained are compared with the London and 
Landau phenomenological theory of the distribution of current density in the intermediate 
state of a cylindrical superconductor. The existence of a core of intermediate state ina 
superconducting wire carrying a current above critical is directly demonstrated by the 
experiments. 


nvesticaTions of the breakdown of supercon- 


ductivity by current are basically devoted to the / | 
study of the change of electrical resistivity of a c 

specimen in dependence on temperature and the I <r 

electric current flowing through it.1~* As it ap- ok oe aaa 

pears to us, measurement of the magnetic induc- A B 

tion inside a specimen through which an electric FIG. 1. Diagram of the experiment. A— specimen, B— slot, 
current is flowing can also give valuable informa- Co platelet sith probe: 


tion on the intermediate state of a superconductor. 
In the present work we report the results of 
measurements of the magnetic induction inside a 
current-carrying tin specimen 4 mm in diameter 
and 56 mm long. A 0.2 x 3.5 mm rectangular slot 
was cut in the central portion of the cylinder and 
situated in a diametral plane (with the long side 
of the slot parallel to the axis of the specimen). 
The magnetic field was measured by means of a 
bismuth probe (Fig. 1), such as is used in the study 
of the microstructure of magnetic fields.°»® The 


probe was a straight segment of bismuth wire 1.5 
mm long and 20y in diameter, soldered to thin 
copper strips which served as potential and cur- 
rent leads. To protect the probe against mechan- 
ical disturbances, the copper strips were glued 
between rectangular mica platelets. The probe 
was moved along the slot (perpendicular to the 
axis of the specimen) by means of a mechanism 
with a micrometer screw. The current was fed to 
the specimen under test by copper tubes tinned with 
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lead and connected to the specimen by means of 
special contacts. The electrical resistance of the 
probe, situated at a known distance from the sur- 
face of the specimen, was measured before and 
after switching on the current in the circuit of the 
specimen under test. In order to avoid the effect 
of frozen-in magnetic fields, the specimen was 
warmed for complete removal of superconductivity 
before each new measurement. A low resistance 
type PPTN-1 potentiometer was used to measure 
the resistance of the probe, the working current 
of which amounted to 3 ma. 

After preliminary compensation of the voltage 
a FEOU-18 photoelectric amplifier with an auto- 
matic recording type EPP-09 potentiometer was 
connected to the terminals of the probe instead of 
a galvanometer. The overall voltage sensitivity of 
the entire apparatus reached 1.3 x 10° v/mm of 
the potentiometer scale. The basic measurements 
were carried out at a temperature of 3.57°K. At 
this temperature the critical current for our spe- 
cimen was 23 amp. The resistance of the speci- 
men at 3.8°K was 7.5 x 1078 ohm, and at 293°K it 
was 3.6 x 1074ohm. 

Before each series of measurements, a calibra- 
tion of the probe was carried out through the de- 
pendence of the magnetic field intensity at the sur- 
face of the specimen on the current flowing through 
the specimen. In order to determine whether or 
not the method we selected gives correct results, 
and to measure the edge effect of the slot, meas- 
urements of the magnetic induction were carried 
out along the radius of the specimen at a tempera- 
ture of 3.80°K, i.e., in the normal state with cur- 
rents of 23 and 25 amp. The results of the meas- 
urements at 23 amp are shown in Fig. 2. For dis- 
tances of the probe from the surface of the speci- 
men greater than 0.4 mm the experimental points 


fall on a straight line. Extrapolation of the line to 
H, Oe 
25 


d, 10° mm 


FIG. 2. Dependence of the magnitude of the field inside the 
slot on distance from the surface of the cylinder; T = 3.80°K. 
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intersection with the axis shows that the presence 
of the slot decreases the magnetic field intensity 
at the edge of the slot, on the average, by 11%, 
while at depths exceeding 0.4 mm the edge effect 
of the slot is practically unnoticeable. Measure- 
ments of the magnetic field intensity outside the 
specimen showed that it varies, with sufficient ac- 


curacy, in inverse proportion to the distance of the~ 


probe from the axis of the cylindrical specimen. 

The results of the measurements of a current- 
carrying superconductor in the intermediate state 
at T = 3.57°K are shown in Fig. 3. Also shown 
in the figure are results of measurements with 
currents of 19 and 22 amp. With a current of 19 
amp, the specimen is in a superconducting state 
and the magnetic field in the slot arises from the 
“lingering” of the external field. The magnetic 
field intensity decreases rapidly with increasing 
depth beneath the surface of the specimen, and at 
a depth of 0.4 mm it is no longer detectable. Re- 
sults of the measurements with a current of 22 
amp demonstrate that a transition from the super- 
conducting into the intermediate state has begun, 
and that the current is no longer constrained to 
the surface. Since our specimen is not a single 
crystal, some electrical resistance is observed 
at currents somewhat below critical. The rela- 
tively large scatter of the experimental points is 
probably due to the instability of the state of the 
specimen in the region of its transition from the 
superconducting to the intermediate state and to 
changes of the current distribution in the speci- 
men with time. 

For comparison with the results of the phenom- 
enological theory of the distribution of current den- 
sity in the intermediate state of a superconductor, 


d, 107° mm 
FIG. 3. Dependence of the magnitude of the field inside the 


slot on distance from the surface of the specimen for different 
currents in the specimen; T = 3.57°K. 
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according to London and Landau,’* the theoretical 
curves of the magnetic induction are given in Fig. 
4. The slopes of the linear sections of these curves, 
which determine the quantities H¢e/ry (He is the 
critical magnetic field intensity and Yo is the 


0 d 8 2, WIE ED 
d, 10° mm 
FIG. 4. Dependence of the magnetic induction on distance 
from the surface of the specimen in the intermediate state, 
from theoretical data. 


radius of the core in the intermediate state), agree, 
within the limits of experimental error, with the 
results of the experiments. The existence of a 
core of intermediate state in a superconducting 
wire carrying current above critical is thus dem- 
onstrated by these experiments. Comparing the 
experimental curves with the theoretical, we must 
take it into account that, as a result of the edge ef- 
fect, the magnetic induction measured in the slot 
close to the surface of the specimen is less than 
the actual magnetic induction in a specimen. There- 
fore, although the course of the experimental 


*For valuable hints which turned out to be very useful in 
the course of the calculations, the author expresses his grati- 
tude to S. S. Gerstein. 
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curves differs from the theoretical ones in the 
region of the “crust” of normal conductivity, noth- 
ing can be concluded about any incompatibility of 
the measurement results with the theory, since the 
maximum deviation of the experimental points from 
the theoretically expected values exceeds only 
slightly the mean error of the measurements (+4% 
of the magnitude of the magnetic field measured in 
this region). A more exact determination of the 
course of the curves as functions of the current 
and of the temperature can render more precise 
our conceptions on the distribution of current over 
the entire cross section of a conductor in an inter- 
mediate state and, besides, can give some indirect 
information on the shape of the superconducting 
regions. 

I express sincere thanks to academician P. L. 
Kapitza for affording me the opportunity to conduct 
the experimental portion of the work in the Institute 
of Physical Problems of the Academy of Sciences 
and for his attention to my work, and to Professor 
A. I, Shal’ nikov and all of his coworkers for valu- 
able advice and aid. 
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A study was made of the mass spectrum of fission fragments produced by irradiating thick gold 
and uranium targets with 115-Mev nitrogen ions. Fourteen different elements were separated 
from the irradiated targets. The mass distribution curve for fission fragments produced by ir- 
radiating gold has the form of a narrow peak with a half width of about 20 mass units. The max- 
imum of the peak is at A ~100. The width of the mass distribution curve for fission fragments 


of irradiated uranium is much larger. 


Tae study of nuclear fission induced by heavy 
particles is of great interest because it enables us 
to obtain much additional information concerning 
the mechanism of fission at high excitation ener- 
gies. Irradiation with heavy particles leads to the 
formation of a compound nucleus whose charge, 
mass number and excitation energy are determined 
quite unambiguously, because the capture of an en- 
ergetic heavy particle, unlike that of a light parti- 
cle, is not accompanied by the cascade ejection of 
nucleons. A more definite interpretation of the fis- 
sion process is therefore possible. 

The utilization of heavy particles also permits 
the investigation of the fission of a greater number 
of nuclei, including those with atomic numbers 
from 86 to 89 and from 95 to 100. Very little is 
known at present about the fission of these nuclei 
since experiments employing light particles en- 
counter difficulties associated with the necessity 
for dealing with highly radioactive substances. 

The present paper reports an investigation of 
the mass spectra of fission fragments from radon 
and einsteinium which were produced by irradiat- 
ing gold and uranium with nitrogen ions. 


EXPERIMENTAL METHOD 


Gold and uranium plates 30y thick and meas- 
uring 10 xX 7 mm?’ were irradiated in the internal 
beam of a 150-cm cyclotron by quintuply charged 
nitrogen ions from a slit source. The energy of 
the nitrogen ions was 115 Mev, and the current at 
the target was ~0.lya. The targets were fastened 
by means of a copper holder to a water-cooled 
probe. The current of bombarding particles was 
measured by using an electrometer to record the 
ions which passed through the target and entered 
the collector. In different experiments the time 


of irradiation varied from 30 min to 2 hrs. 

The irradiated targets were dissolved and the 
different radioactive elements were separated with 
suitable carriers, which were inactive materials 
in amounts from 15 to 30 mg. The chemical yield 
of the carriers was determined by weighing after 
all purification operations had been performed. 
The separated radioactive isotopes were identified 
by their half-lives, energies and £-particle signs.' 
The intensity of 8 emission was measured by an 
end-window Geiger counter (type MST-17) witha 
mica window of 20 mm diameter and 5 —6 mg/cm? 
thickness. In order to avoid back-scattering of B 
particles the active materials were deposited on 
4 mg/em? tracing paper attached to a Plexiglas 
holder with a central opening. The thickness of 
the layer of deposited material did not exceed 10 
mg/cm’. The initial 8 activity of the specimens 
was 50 —15000 pulses/min from the irradiation 
of gold and 100 —30000 pulses/min from the ir- 
radiation of uranium. The counter background was 
20 pulses/min. The £-particle energies were de- 


termined by absorption in aluminum, and their max- 


imum energy was calculated by Feather’s method. 
A magnetic analyzer was used to determine the 
signs of the 8 particles. The yields of identified 
nuclei were computed taking into account the time 
of target irradiation, the time from the termination 
of irradiation to the beginning of the count, the 
chemical yield of the element, 8-particle absorp- 
tion in the counter window and self-absorption. 


FISSION PRODUCTS FORMED BY THE IRRADI- 
ATION OF GOLD WITH NITROGEN IONS 


Table I contains a list of the relative yields of 
nuclei identified among the fission products from 
a thick gold target irradiated with 115-Mev nitro- 
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TABLE I 
ae ee ee ee, ey 
Nucleus | Relative yield Type Nucleus] Relative yield Type 
Ga72 0.022-++0.005 scr Nb9? 0.29-+40.04 scr 
Ga’s 0.024--0.005 acc Mo’? 4 ‘0:0. 25 acc 
Rbs6 0.060-40.015 scr Rules 4.05-+-0.35 
Sr8? 0. 26-£0.06 ae Rutos 0,620.12 # 
Sr? 0.162L0.02 ir Agi 0.420-40.025 . 
Sr92 0,120.02 vA Agi? 0.062-F0,012 scr 
ve 0.49-+0.04 scr Agiis 0.125-+0.025 acc 
ue 0.34-40.09 is Cqus 0.045-0,009 D 
y92 0. 26-E0.05 ie Cd5™ | 0,085-F0.025 scr 
Xe 0.35-+40.05 acc Spee 0.020-+0.006 acc 
Zr 0,460.02 > Snl23(T=| 0,085-F0.025 im 
7 =40min) 
Nb%® 0.37-40.11 scr Sb122 0,130-+0.025 ser 
Nb! 0.37-40.08 ” Balss <0.001 acc 


gen ions. The yield of Mo” is taken as unity. The 
errors indicated in the tables were obtained by av- 
eraging the deviations of several individual experi- 
mental values. 

Figure 1 presents the yields of the nuclei in the 
table as a function of the mass number A. It can 
be seen that most of the yield of fission products 


is concentrated in a narrow range of mass numbers. 


The yield of fission products rises quite sharply as 
the mass number increases from 70 to 100 and then 
drops off just as sharply for larger masses. This 
suggests that the yield of fission products of gold 
irradiated by nitrogen ions describes a curve with 
a sharp maximum. However such a conclusion re- 
quires additional analysis, because the yield curve 
can only be plotted from knowledge of the total 
yields of individual mass chains connecting all fis- 
sion products of the same mass number. In our 
experiments the individual mass chains were rep- 
‘resented by one, or in some instances two, nuclei, 
including both screened nuclei (scr), i.e., nuclei 
produced only through fission, and accumulating 
nuclei (acc), which were produced both directly 
through fission and by f£ decay of other nuclei of 
the same mass chain. 

In order to determine how accurately the distri- 
bution obtained for the yields of individual nuclei 
corresponds to the true distribution of fission frag- 
ments, an additional calculation was needed to de- 
termine the total yields of separate mass chains 
from the experimental yields of the nuclei which 
were represented. The yields of the mass chains 
were calculated on the basis of two different hy- 
potheses concerning the distribution of the charge 
of a fissioning nucleus between two fragments, that 
of equal charge displacement for the two fragments? 
and that of proportional distribution of the charge 
of the fissioning nucleus.? In this calculation it was 
assumed that the average number of neutrons emit- 
ted by fission fragments is 1.5 —2 per fragment. 
The number of neutrons emitted by a compound nu- 
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FIG. 1. Mass distribution of fission products produced by 
irradiating gold with nitrogen ions. O — experimental yields; 
solid line — curve calculated taking into account the yields of 
unidentified nuclei. 


cleus before fission was estimated from the results 
of Refs. 4 and 5. A comparison of the cross sec- 
tions for the reactions (N, 4n), (N, 5n) and 

(N, 6n) in gold and different nitrogen ion energies 
with the cross section for gold fission,°® similar to 
the comparison made in Ref. 6, showed that when a 
thick gold target is irradiated with 115-Mev nitro- 
gen ions the average number of neutrons emitted 
by a compound nucleus before fission is 5 to 6 per 
fission. The total number v of neutrons emitted 
in a single fission was taken as nine. 

The expression used for the distribution function 
of the charges of fragments in a single mass chain 
was in satisfactory agreement with the experimen- 
tal yields of the isobars Sr®! and Y®!, Sr? and°* 
ye ands Nba: 


P(Z)=(1/V 1.7m) exp [— (Z — Z,)? / 1.7] 


4 


fon oe ee 


where Z,, is the charge of the fission fragment 
with the greatest yield among the fragments in a 
single mass chain. 

From the experimental yields of individual nu- 
clei we calculated the total yields of the corre- 
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sponding mass chains. In addition to the experi- 
mentally determined yields of identified nuclei we 
included the yields of short- and long-lived stable 
fission products which could not be identified in 
the experiments. The symmetry and smoothness 
of the calculated curve served as criteria to deter- 
mine which hypothesis concerning the charge dis- 
tribution actually applies to gold fission by 115-Mev 
nitrogen ions. The requirements were satisfied 
better by the postulate of equal charge displace- 
ment. 

Fig. 1 shows the yield of gold fission fragments 
produced by nitrogen ions as a function of mass 
number, calculated using the postulate of equal 
charge displacement. It is difficult to estimate the 
possible error for the calculated values of the 
yields, but it can be stated that the general char- 
acter of the curve does not change essentially as 
v is varied from 7 to 11. The most reliable data 
were obtained for the range A = 85—115, where 
the results of the calculation are practically inde- 
pendent of the choice of charge distribution hypoth- 
esis. The calculation for A=121 and 123 gives 
a lower limit for the yields of these mass chains 
because the values used for the yields of Sn!" and 
Sn? (T = 40 min) did not take into account the 
yields of the isomers Sn’#4™ and Sn!¥ (T = 136 
days). The calculation for this range of values of 
A is less unambiguous. 

As can be seen from the figure, when the yields 
of experimentally unidentified nuclides are also 
taken into account there is no essential change in 
the character of the experimental distribution. The 
mass distribution curve of fission fragments in the 
range A= 85—115 has the shape of a narrow peak 
with a half width of about 20 mass units; the maxi- 
mum is at A~100. The yields of Gal2,73 Se!28 
and Sb, as well as the yields of the mass chains 
that correspond to these nuclides, lie off the smooth 
curve and appear to be somewhat high. 

The general character of the mass distribution 
curve of gold fission fragments produced by nitro- 
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gen ions is approximately the same as for the fis- 
sion of bismuth by 22-Mev deuterons.’ 


FISSION PRODUCTS FORMED BY THE IRRADIA- 
TION OF URANIUM WITH NITROGEN IONS 


About 20 different isotopes were identified 
among the fission products of uranium irradiated 
with nitrogen ions. The yields of accumulating nu- 
clides as a fraction of the yield of Ag!3 are given 
in Table II. 

If it is assumed that not more than 10 neutrons 
are emitted by the compound nucleus and fission 
fragments in one fission of a uranium nucleus by 
a 115-Mev nitrogen ion, the yield of each of the 
tabulated nuclides, with the exception of Sr?1,92 | 
Zr*" and Ba!®9,!40 is not less than 70% of the total 
yield of the corresponding mass chain, according 
to either of the two hypotheses mentioned for the 
distribution of the charge of the fissioning nucleus 
between two fission fragments. Therefore the 
yields in the table must be regarded as lower lim- 
its that are quite close to the total yields of the 
corresponding mass chains. This conclusion is 
supported by the fact that the yields of screened 
nuclides Ga’ and Ag'!* are considerably lower 
than the yields of neighboring accumulating nu- 
clides. 

Figure 2 shows the yields of accumulating nu- 
clides as a function of the mass number. 
bined yield of Cd'!* and Cd!!5m_ is given for 
A=115. It is seen from the figure that the experi- 
mental results quite unambiguously determine a 
curve with a broad maximum. The somewhat re- 
duced yields of Sr*!*? and Ba!“ can be attributed 
to the fact that these nuclides are more distant 
than the others from the B-stable range, so that 
their yields represent only a small part of the total 
yield of the corresponding mass chains. The yields 
of the other fission fragments are almost constant 
for mass numbers from 90 to 145. The half width 
of the curve is not less than 50 mass units. 

An investigation of the fission products from the 


TABLE II 
Nuclide Relative yield Nuclide Relative yield 

Gazs 0.03+0.015 Gdue 0,80-40,15 
Sr89 0.65-£0.15 Cd 115m 0.70-40.25 
Sr 0.40-+0.05 oni2t 4.10-0.30 
SRE 0.30+0.05 Bapsg 0.65-40.15 
Lr 0.55+0.10 Balte 0.25-40.06 
MoS? 0.80-+40, 20 Co 0,900, 25 
Agi 0.80-+0.15 Cel43 0.70-40.15 
Agiis 1.00-40.15 8 
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FIG. 2. Mass distribution of fission products from the 
irradiation of uranium with nitrogen ions. 


irradiation of uranium with C ions® also shows 
the presence of a broad mass spectrum. 


DISCUSSION 


When elements at the end of the periodic table 
are bombarded with heavy particles, there is, in 
most cases, complete fusion of the nuclei that par- 
ticipate in the reactions. The cross sections for 
reactions which result in the capture of only a part 
of an incoming particle comprise a small fraction 
of the total cross section.? Therefore fission by 
heavy particles can be represented by the following 
scheme: formation of a compound nucleus, neutron 
emission, and fission. The number of neutrons 
ejected before fission is determined by the excita- 
tion energy of the compound nucleus and by the fis- 
sility of the intermediate nucleus. 

When Au!®? is bombarded with 115-Mev ions 
of N'4, excited Rn?!! compound nuclei are formed 


which, as already mentioned, fission after the emis- 


sion of a few, usually 5 or 6, neutrons that carry 
away a considerable portion of the excitation en- 
ergy of the compound nucleus. The mass distribu- 
tion curve of the fission products of gold bombarded 
with nitrogen ions therefore reflects the character 
of the fission of Rn?-2% at relatively low excita- 
tion energies (not. above 15 —20 Mev). In this 
case, fission yields two fragments of approximately 
equal masses. 

When a thick U%* target is bombarded with N*4 
ions compound nuclei of E”* are formed, with an 
excitation energy of 60 — 85 Mev. An investigation 
of the products of uranium bombardment with en- 
ergetic heavy particles?! shows that the probabil- 
ity of fission is considerably greater than the prob- 
ability for the formation of nuclides by neutron 
evaporation from the compound nucleus. This sug- 
gests that the compound nuclei E*? fission pre- 
dominantly without previous emission of neutrons 
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or after emitting only 1 or 2 neutrons, which carry 
away only a small fraction of the excitation energy 
of the compound nucleus. Therefore the mass 
spectrum of fission fragments from uranium bom- 
bardment with nitrogen ions is characteristic of 
the fission of E”?-?0 at high excitation energies 
(40 —85 Mev). In this case both symmetric and 
asymmetric fission occur. 

The magnitude of possible fission of uranium 
by neutrons produced in the bombardment of the 
target with nitrogen ions was estimated through a 
control experiment in which the uranium target 
was covered with 14 mg/cm? aluminum foil; in 
this case fission could be caused only by neutrons. 
This experiment showed that uranium fission by 
neutrons does not exceed 5% of fission by nitrogen 
ions and does not provide an explanation of the 
broad mass distribution of fragments from uran- 
ium fission by nitrogen ions. 

Thus the half width of the fragment mass dis- 
tribution curve is considerably smaller for radon 
fission than for the fission of einsteinium. It is 
difficult to determine whether the excitation en- 
ergy, Z, A or Z"/A of the fissioned nucleus re- 
sults in the considerably narrower mass spectrum 
for the case of radon. However, it is noteworthy 
that an experiment in which two gold foils placed 
together were bombarded (with 115-Mev and 85- 
Mev nitrogen ions striking the first and second foil, 
respectively ) showed that the mass distribution of 
radon fission fragments is narrower for the lower 
bombarding energy. The ratio of the yields of frag- 
ments at the edges of the peak ( Sr 89,91,92 and 
Ag'!1,112,113) to the yield of fragments at the center 
(Mo) is smaller for the second foil by a factor 
of 1.5—2.5. 

The somewhat high yields of Sn’ and Sb!” 
from a thick gold target (Fig. 1) are probably as- 
sociated with the effect of the closed shells of 
Z=50 and N=50. However, the possibility re- 
mains that the high yield of these nuclides, as well 
as of Ga’. results from asymmetric fission of 
the lightest radon isotopes produced in the reaction 
at low excitation energies. 

The different ratios of the isotopes Cd‘! and 
Cd!!5m jn the fission of radon and einsteinium 
(Ca!5/cq!5m = 0.5 for Rn and Cd!!5/cd!!*m = 1 
for E), are evidently associated with different 
ratios between the yield of cadmium formed di- 
rectly through fission and the yield of cadmium 
which results from the £ decay of other fragments. 
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We investigated the scattering of 4 mesons in beryllium plates. The momenta of the » mesons 
were in the range (130+ 16) Mev/c. The observed angular distribution agrees within statisti- 
cal error with the distribution to be expected from a Coulomb interaction between the ~ mesons 


and the atoms of the material. 
1. INTRODUCTION 


athe is reliable evidence for the absence of a 
non-Coulomb interaction between p mesons and 
nucleons. It is to be expected, then, that the scat- 
tering of » mesons in matter should be explicable 
in terms of electromagnetic interactions between 
the « mesons and atoms. This question has been 
investigated experimentally for various momenta of 
of the » mesons, and most of the results indicate 
there are more scattering events than would be ex- 
pected on the basis of a nuclear model in which the 
nuclear charge is uniformly distributed in a sphere 
of finite radius (R = 1.2 x 107 A’? em.), 
According to the latest data from the Manches- 
ter group,! in the momentum range 600 Mev/c to 
100 Bev/c, the experimental distribution of yu 
mesons scattered from lead differs significantly 
from what would be expected from a nucleus of 
finite size, and agrees better with what would be 
expected from a point nucleus. One might try to 


explain the increase in the anomalous scattering 

at high energies by the absorption, in the nucleus, 
of virtual photons accompanying the moving yp 
meson. Such calculations have been carried out 

by Fowler.” According to Fowler’s data, the anom- 
alous scattering is small or entirely absent at mo- 
menta less than 270 Mev/c. The scattering cross 
section is proportional to A? and at large angles 
is such that the probability of a single scattering 
with a large momentum transfer is comparable 
with the corresponding quantity for a point nucleus. 
It is not yet possible to make a quantitative com- 
parison between Fowler’s calculations and the ex- 
perimental data. 

At small momenta, about 100 Mev/c, Alikhanov 
and Eliseev obtained evidence for anomalous scat- 
tering in graphite. The anomalous cross section 
was about 5 x 1072%cem?/nucleon and decreased 
with increasing energy. Alikhanian and Kirillov- 
Ugriumov studied the scattering of mesons with 
sharply defined momenta from copper and found an 
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anomalous cross section of about 1072"em?/nucleon. 


.These results cannot be explained by Fowler’s 
mechanism. 

We investigated the scattering of cosmic ray pu 
mesons having a momentum of 130 Mev/c from 
beryllium. In thin films of light elements, the 
Coulomb-scattering background is relatively small, 
so that if there is any anomalous scattering due to 
a non-Coulomb interaction, one would expect it to 
show up most clearly in such an experiment. 


2. DESCRIPTION OF THE APPARATUS 


A schematic diagram of the apparatus is shown 
in Fig. 1. The large rectangular cloud chamber 
was triggered by the counter telescope, three rows 
of which were in coincidence, while the last row 
was in anticoincidence. We considered the scatter- 
ing of only those particles which stopped in the two 
centimeters of lead between the last row of coinci- 
dence counters and the row of anticoincidence 
counters. In order to obtain reliable results, it is 
very important that the counters, especially those 
in anticoincidence, be stable. Each counter had its 
own power supply, and their operation was checked 
daily. 100 cm of lead were placed above the cloud 
chamber in order to filter out electrons, protons 
and am mesons. 


FIG. 1. Schematic diagram of the apparatus. C,, C,, C,; — 
rows of coincidence counters. AC — row of anticoincidence 
counters. 

The p mesons were scattered in five beryllium 
plates one centimeter thick placed in the cloud 
chamber. The working volume of the cloud cham- 
ber was (40 x55 x 14) cm’, and it was usually 
operated at a pressure of 0.5 atmos. The cloud 
chamber was made of aluminum and was illumi- 
nated from the sides by two bype IFP-1500 fiash 
bulbs. The stereoscopic pictures were taken 115 
cm away. There was negligible error introduced 


into the measurements of angles by the photography. 
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The expansion was spark~actuated. Spark valves 
have much less inertia than electromagnetic ones 
and are more stable over long periods of operation. 
To minimize track distortion, the cloud chamber 
was placed in a thermally insulated box which was 
temperature controlled to 0.5°C. 


3. PARTICLE IDENTIFICATION, MEASUREMENT 
OF MU MESON SCATTERING ANGLES AND 
MOMENTA 


The measurements on the scattering of yu 
mesons were carried out at sea level. It was esti- 
mated that the particle current getting through the 
meter -thick lead filter consisted almost entirely 
of uw mesons. No more than 0.1% of the particles 
we counted could have been a mesons. In 20% of 
the pictures, there were not one, but two or more 
particles travelling in the solid angle defined by 
the apparatus. One of these could have been a 6 
electron. In finding angular distributions, we did 
not use pictures containing several particles. 

It will be shown below that the average mass of 
a single particle, as measured from its scattering 
and range, was 213 electron masses. The residual 
range of the 4 meson was used to find its momen- 
tum. It was assumed that the scattering of the pw 
meson occurred in the middle of the beryllium 
plate and that the meson stopped in the lead filter 
between the third row of coincidence counters and 
the row of anticoincidence ones. In order to de- 
crease the error of the momentum measurement, 
a lead slab one centimeter thick was placed above 
the third row of counters. The momentum of those 
#4 mesons counted by this apparatus was (130 + 16) 
Mev/c. In computing the range, we took into ac- 
count the mean angle between the direction at which 
the « meson entered the slab and the vertical. 

The method described above is not suitable for 
obtaining the momentum of particles in the “hard” 
component, i.e., those particles which passed 
through all the rows of coincidence counters, but 
which did not stop in the filter and were not rejec- 
ted by the row in anticoincidence. The number of 
“hard” particles was obtained by removing the fil- 
ter over the row of anticoincidence counters. The 
counting rate decreased to 16% of what it was with 
the filter in place. 

In obtaining the angular distributions, we used 
the projection of the scattering angle on the plane 
of the film. A special device was employed to 
measure the scattering angle. Repeated trials by 
various observers showed that the root mean square 
error in measuring angles was 20’. 
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4, RESULTS AND DISCUSSION 


In all, 2250 scattering events of ~ mesons on 
beryllium were observed. Not one of these had a 
scattering angle with a projection more than 6°. 
Subtracting the 16% of the events which corre- 
sponded to » mesons of momentum more than 
130 Mev/c, the upper limit on the cross section 
for the scattering of » mesons with momentum 
(130 + 16) Mev/c through angles greater than 6° 
was 4.5 x 107*8cm?/nucleon. 

It is possible that some of the » mesons which 
were scattered through large angles were not re- 
corded in our apparatus. This would happen if the 
scattered meson missed the third row of coinci- 
dence counters. In particular, the probability of 
registering a 6° scattering event was 93%. The 
upper limit on the cross section includes appro- 
priate corrections for this. 

Errors in the measured angles could be intro- 
duced by gas movement in the cloud chamber, by 
the finite length of track, etc. In order to minimize 
such errors, the only cases used in calculating the 
angular distributions were those satisfying the fol- 
lowing conditions: (1) the length of the visible part 
of the track was not less than 90% of the distance 
between plates in the cloud chamber; (2) between 
the plates, the deviation of the track from straight- 
ness was not more than half the thickness of the 
track; (3) the intercept of the track on the cloud 
chamber axis did not depart by more than 0.56 mm 
from the point where the scattered particle left the 
plate. These conditions eliminated cases where 
the measured angles could have been in error by 
about a degree, owing to distortions associated 
with the working of the cloud chamber. The above 
requirements were satisfied by 1429 scattering 
events. 

Figure 2 shows the angular distribution for p- 
meson scattering in each beryllium plate. The 
dotted curve shows the scattering to be expected 
from a point nucleus, assuming that all the parti- 
cles considered were stopped in the filter above 
the row of anticoincidence counters. It appears 
that the number of particles scattered into angles 
between 0 and 1° is larger than predicted by the- 
ory. The solid line shows the distribution to be 
expected upon taking into account the fact that 16% 
of the » mesons were “hard” mesons. This curve 
agrees satisfactorily with the observations at all 
angles. 

In order to estimate the effect an admixture of 
fast mesons, or of other particles, would have 
on the results, it is interesting to compare the cal- 
culated mean-square deviation with the observed 
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FIG. 2. Angular distributions for the scattering of u mes- 
ons in beryllium plates 1—5. Dashed curve: scattering from 
a point nucleus, solid curve: expected scattering distribution, 
taking into account the 16% admixture of “hard” 4 mesons. 
Mean momentum p is 140, 135, 131, 127 and 125 Mev/c for 
plates 1 to 5 respectively. : 


one. Such data are presented in the table. Know- 
ing the momentum of the meson from its residual 
range, one can calculate the expected mean square 
deviation. Since an admixture of fast mesons 
would affect the scattering only at small angles 
(less than 1°), the data in the table indicate that 
they have little influence on the mean square devi- 
ation of the observed distribution. In particular, 
if the admixture of fast 4 mesons were much 
greater than we have estimated, then we would not 
observe a decrease in the mean square deviation 
with increasing momentum. Analysis shows that 
the error in measuring angles near the edge of the 
cloud chamber is somewhat greater than at the 
center. 

Since the range and scattering angle of the par- 
ticles we observed are known, our data can be used 
to find their mean mass. This turned out to be 
213 +10 mg. This confirms that our apparatus 
really did record » mesons which stopped above 


the row of anticoincidence counters. Figure 3 shows 


shows the total differential cross section for the 
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FIG. 3. The total differ- 
ential cross section for the 
eal scattering of mesons with 
momentum (130 + 16) Mev/c. 
The solid curve is a theoret- 
ical one, and is the sum of 
rae the distributions for each of 
the plates, taking into ac- 
count the 16% admixture of 
“hard” uw mesons. 


scattering of 7 mesons with momentum (130 + 16) 


Mev/c. The theoretical curve is the sum of the 
distributions for each plate, taking into account the 
16% admixture of fast 4 mesons. It is significant 
that this admixture has no effect on the scattering 


through angles greater than 1°. The agreement be- 
tween the experimental and theoretical angular dis- 


tributions (estimated by the x’ criterion to be 
60%) indicates that mesons with momentum 
130 Mev/c are scattered in beryllium plates 1 cm 
thick as they should be from a purely Coulomb in- 
teraction between the » mesons and the beryllium 
atoms. 

Since the angles we measured are considerably 
smaller than A/Rpo, the theoretical scattering 
from a point charge is practically identical with 
the scattering from a charge distributed over nu- 
clear dimensions. It should be noted than an angu- 
lar distribution computed from all 2250 cases ob- 
served, i.e., from all events within the solid angle 
of the apparatus, including those which did not 
satisfy the requirements imposed above, also 
agrees well with the calculated distribution. Thus, 
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Comparison of the calculated 
with the observed mean square 
deviations. 


Plate number 4 2 3 4 5 


(p3)Mev/c- | 110] 106] 102] 99 | 96 
V@E-10, Io o2|2.09 |2.17 225).38 
calculated 
Ver-10, Ip oo |2,02 12,14 |2.47/2,60 
observed 


for example, the ratio of the number of particles 
scattered through 3° or more to the expected num- 
ber is 86/95, while the figure for 4° is 23/18. 

Before drawing a final conclusion on the anom- 
alous scattering of » mesons in this momentum 
range, it would be desirable to carry out measure- 
ments in other materials. 

In conclusion, we should like to thank Prof. A. I. 
Alikhanian for his constant interest in the work and 
for his help in carrying out the analysis of results. 
We also would like to thank A. M. Rozhin, L. P. 
Morozov and S. 8. Lomakin for their assistance in 
making the measurements and in treating the data. 
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A change in the isotopic composition is observed in nonstationary molecular flow of mercury 
vapor. The data obtained are used to compute the time of adsorption of mercury on the sur- 
face of iron cree = 3.4x10sec for T =290°K) and the ratio of the adsorption times for 

the isotopes Hg!®8 and Hg? (728/724 = 1.008). An estimate is made of the heat of adsorp- 


tion of mercury on iron (15 x 10° cal/mole). 


IF A feature of stationary flow of a gas through a 
capillary tube is that the current is independent of 
the lifetime of the molecule in the adsorbed and 
non-adsorbed states and remains constant in time. 
To the contrary, as was already shown by Clausing,! 
in nonstationary flow of gas the change in the cur- 
rent depends substantially on the adsorption time 
of the molecules of the gas on the walls of the cap- 
illary tube. Gas diffusion in stationary molecular 
current, when A >r, is accompanied by isotope 
separation (A is the mean free path and r the 
radius of the capillary). It is interesting to deter- 
mine how isotope separation changes in a nonsta- 
tionary current in the presence of adsorption. 

To observe the change in the isotopic composi- 
tion of gas under the above conditions, it is neces- 
sary to admit gas consisting of a mixture of iso- 
topes in one end of the capillary tube (with A > r) 
and to measure its composition in the opposite end, 
from the instant that the gas appears to the instant 
when stationary flow is established. 

Figure 1 shows the experimental setup. The 
working substance was mercury placed in a steel 
ampoule that could be cut off from the system by 
valve 1. Connected to the valve is iron tube 3, 
wound into a cylindrical coil 160 mm in diameter. 
The length of the tube L is 4500 mm, and its di- 
ameter 2r is6 mm. The other end of the tube is 
connected with the ion source of the MS-2 mass 
spectrometer. Placed inside the coil is oven 2, 
with which the tube could be heated to 600°C. The 
temperature was monitored by thermocouple 4. 
The inner surface of the tube was first treated with 
hydrochloric and concentrated nitric acid, after 
which it was washed five times with distilled water 
at a 100°C. 

The tube was trained with the MS-2 vacuum 
system for several days at T ~ 450—550°C. The 
qualitative composition of the separated gas was 
as follows: CO,, CO+ M,, H,O (no organic peaks 


to mass 
spectrometer 


~ 220V 
FIG. 1. Diagram of the set-up. 


observed). After reducing the separated gas con- 
siderably, particularly the H,O (approximately 
4—5 times), the training was stopped. The tem- 
perature of the tube was reduced to 20°C. The 
pressure in the ion source was then reduced to 
1—2x107'mm Hg, and that in the analyzer to 
0.7—1.0 x 10°'mm Hg, remaining at this value 
throughout the experiment. The background value 
of the peak of the isotope 198 amounted to 4—5 
divisions on the highest-sensitivity scale of the 
electrometer (~2 x 107 amp/division). When 
these conditions were obtained, the valve was 
opened and the mercury vapor began to flow into 
the tube at a pressure of approximately 107> mm 
Hg. Within At ~ 1 hr, the electrometer recorded 
a change of approximately 107% amp in the Ij. 
peak. The ion current Ij93, which was propor- 
tional to the vapor pressure of the mercury in the 
ion source, was then recorded; simultaneously, the 
isotopic composition of the mercury was measured 
until stationary flow was established. The admis- 
sion of mercury vapor into the tube was then 
stopped and the composition of the desorbed hy- 
drogen measured. The tube was heated to accel- 
erate the desorption. 

Measurements of the isotopic composition of the 
mercury were made with the single beam method 
relative to the extreme isotopes (198 and 204). 
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The measured currents were used to calculate 

B = I49g/Ig94, each value of which was obtained by 
averaging ten measurements. The time requiring 
for each series was approximately two minutes. 

It was shown by means of special measurements 
that after approximately two days, the standard 
ratio $y) remained unchanged. The standard iso- 
topic composition was taken to be the composition 
of the stationary stream of mercury through the 
tube. The standard was measured before and after 
the experiment, and the tube was heated to approxi- 
mately 300°C to accelerate the establishment of 
the stationary flow. 

Analogous measurements were made with glass 
and copper tubes. In all cases, the diffusion re- 
sistances of the tube were the same. 

2. The results obtained with iron and glass tubes 
are shown in Fig. 2. Curve 1 of the upper graph 
represents the change in the flow of mercury 
through an iron tube at T = 20°C, while Curve 2 
is for T = 290°C. Curve 3 corresponds to a change 
in the flow through a glass tube. The lower graph 
shows the corresponding curves for the variation 
of the isotopic composition A = (B — By))/B), where 
B =f{(t) (a common time axis is used). 

It is seen from Curve 1 (lower plot) of Fig. 2 
that the initial mercury stream contains an excess 
of the lighter isotope and approximately eight hours 
are required to make the composition standard. 
Section AB of the curve corresponds to the desorp- 
tion of mercury at T = 20°C, while section BC 
corresponds to desorption at 300°C. It is seen 
from the lower plot that the desorbed mercury is 
enriched with the heavier isotope. 

In the case of a glass tube (see Fig. 2), the 
time to establish the flow and the composition is 


one tenth that required for an iron tube at T = 20°C. 


The appearance time was approximately 10 sec in 
this case. The mercury adsorption on the glass 


ie) 


iS) 
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was vanishingly small. 

Figure 3 shows the results of the measurements 
of the flow and of the isotopic composition with a 
copper tube at T = 20°C. (Curves 1). The curves 
for copper and for iron are qualitatively the same. 
Section AB of Curves 1 corresponds to desorption 
at T = 20°C, while section BC corresponds to de- 
sorption at T ~ 150°C, while CD is for T ~ 230° 
C. The composition of the desorbed mercury in 
section AB of Fig. 3 can be attributed to the un- 
even evaporation and to the difference in the iso- 
topic composition of the adsorbed mercury along 
the length of the tube. Curves 2 of Fig. 3 show the 
same relations for a copper tube with a diffusion 
resistance that is one third as large as for the 
case of Curves 1. 

3, P. Clausing! solved the diffusion problem for 
a nonstationary molecular flow, with allowance for 
the adsorption time. His solution is independent of 
the degree of jacketing, is subject to the initial and 
boundary conditions of the present work, and fits 
very well the experimental Curve 1 (dotted curve 
of Fig. 2) for a certain value of the parameter a. 
This indicates that it is proper to employ these 
calculations for the flow of mercury vapors through 
an iron tube. 

Combining the flow equation! for the isotope 198 
with the flow equation for the isotope 204, we obtain 


_ B—Bo 
Ba Tee 
_ 1—2 [exp (—t / a1) — exp(— 4t/a1) + exp(—9t/m)] 
~~ 1—2 [exp (—t / %2) — exp (— 4t / a2) — exp (— 91 / ae)| (1) 


where the indices 1 and 2 refer to the lighter and 
heavier isotopes, with 


L? IMR eee S 
a= sy = ae (ar) +): (2) 
where Te is the average adsorption time, u the 


average thermal velocity, and L and r the length 
and radius of the tube. The value of a, is deter- 
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aiatieck) topic composition of mercury vapors pass- 
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mined by means of formula (1) from the known val- 
ues of A and aj;, obtained from Curve 1 of Fig. 2. 
As a check, using the computed values of a, and 
a, formula (1) was used to compute points (tri- 
angles on Fig. 2), which fit well on the experimen- 
tal curve. 

Analogous calculations for the copper tube have 
shown that it is possible to describe the variation 
of the flow and the isotopic composition in terms 
of the Clausing equations, this being a consequence 
(see Fig. 3) of the discrepancy between the experi- 
mental curve 1 and the calculated one (dotted one). 
The difference between the curves for the flows 
through iron and copper tubes can be explained by 
the presence of dissolution and diffusion of mer- 
cury in the wall of the copper tube. 

The following values of Te were computed from 
the experimental results with the iron tube: 


for T = 293°K 
fOr { «= 563 K 


ce = 3.4-107? sec, 
te=1.0-10% gee, 


and t2/te = 1.008; 


SINEL’NIKOV, IVANOV, SAFRONOV, AZOVSKII, 


12 «W8 


t, hours 


and ASEEV 


FIG. 3. Variation of flow and isotopic composition of 
mercury vapors passing through copper tubes. 


hours 


Rp 


Using the values of Tg for two temperatures, 


it is possible, after Frenkel’ ,? to estimate the heat 
of adsorption on mercury on iron. It turns to be 
approximately 15 x 10° cal/mole. 

It is thus shown that the different adsorption 
times of the isotopes, for a nonstationary molecu- 
lar flow, lead to a separation of the isotopes. The 
phenomenon described must be taken into account 
in exact mass-spectrometric measurements, for 
it is one of the sources of the non-systematic 
errors. 


'P. Clausing, Ann. Physik 7, 489 (1930). 
2TIa. Frenkel’, Z. Physik 26, 117 (1924). 
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Gamma rays coinciding in time with fission fragments were recorded with a scintillation counter. 
It is shown that the y-ray -spectrum is the same for U?®® fission induced by 2.8 and 14.7 Mev 
neutrons as for fission induced by thermal neutrons. It is concluded that the total quantum en- 
ergy per U*® fission event induced by 2.8 and 14.7 Mev neutrons is the same to within 15% as 


that for thermal fission by neutrons. 


See recent works!‘ are devoted to a study 
of the y rays emitted by fission of heavy nuclei. 
These works have investigated the spectrum of the 
Y rays and the average total y quantum energy 
per fission event. 

The varied values of the residual fragment en- 
ergy after emission of “prompt” neutrons, and the 
large number of the fragments themselves, result 
in a rather complicated y spectrum, resembling 
a continuous spectrum whose intensity diminishes 
rapidly with increasing energy. Individual mono- 
chromatic lines have been noted in Refs. 5 and 6, 
but their intensity is small relative to the back- 
ground of the main spectrum. It is possible that 
some of these lines are due to the superposition of 
y transitions of nearly-equal energy in different 
nuclear fragments. The total energy of the y rays 
emitted in U2* fission induced by thermal neu- 
trons, in accordance with recent investigations, 
is estimated at approximately 7.5 Mev, with ap- 
proximately eight y quanta produced per fission. 

Leachman’ calculated the energy emitted by the 
excited fragments in the form of y rays and ob- 
tained values of 3.8 and 4.1 Mev for fission of U2” 
by thermal and 3-Mev neutrons respectively. The 
value obtained by Leachman, as can be seen from 
the above, does not agree with experiments on fis- 
sion of U2 by thermal neutrons. No y-ray in- 
vestigation has been made for fission by high-en- 
ergy neutrons. 

In the present work we investigated the emis- 
sion of y rays in U2» fission by 2.8 and 14.7 Mev 
neutrons. A coincidence circuit was used to meas- 
ure the spectrum of the y quanta that coincide in 
time with U2" fission induced by both fast and the 
thermal neutrons. By subsequently comparing the 
experimental spectra it is possible to draw conclu- 


2,4 


sions concerning the y rays that accompany the 
fission of U2® by fast neutrons. 

Figure 1 shows the block diagram of the appa- 
ratus employed. The y quanta were recorded with 
a scintillation counter with a Nal (T1) crystal 
and a FEU-S spectrometric photomultiplier. Two 
pulses were picked off simultaneously from the 
photomultiplier, one fed through a linear amplifier 
to a multi-channel amplitude analyzer, and the sec- 
ond to the coincidence circuit. The operation of 
the scintillation counter was checked against a 
Cs'37 compound with a single-channel analyzer. 


FIG. 1. Block diagram of the apparatus. 1 — Nal(T1) crys- 
tal, 2 — photomultiplier, 3 — cathode follower; 4 — ionization 
chamber; 5 — preamplifier; 6, 7, 8 — linear amplifiers; 9 — sin- 
gle-channel amplitude analyzer; 10 — coincidence circuit; 

11 — pulse-delay regulating network; 12, 13, 14, 15 — count- 
ing devices; 16 — multi-channel amplitude analyzer. 


The fission fragments were recorded with a 
multi-layer ionization chamber, filled with a mix- 
ture of argon (95%) and carbon dioxide (5%) at 
a pressure of 760 mm Hg. The layers of the ura- 
nium oxide, containing 97.8% U?*°, were coated on 
the electrodes of the chamber by electrolysis, to 
a mean density of 1 mg/cm’. The total weight of 
the uranium oxide coated on the electrodes was 
100 mg. The chamber pulses were fed through a 
linear amplifier to the coincidence circuit. 
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Upon simultaneous receipt of pulses from the 
scintillation counter and from the fission chamber, 
the coincidence circuit triggered the multi-channel 
amplitude analyzer, which photographed the pulses 
from the cathode ray tube on a moving photofilm. 
To compensate for the time shifts of the pulses 
arriving at the coincidence circuit, a network was 
used to regulate the delay of the pulses from the 
ionization chamber. The resolving time of the co- 
incidence circuit was 2 x 107" sec. 

Neutrons of energy 2.8 and 14.7 Mev were 
produced through D(d,n)He® and T(d, n) He! 
reactions by bombardment with 180-kev deuterons. 
The fission chamber was placed 10 cm from the 
neutron source. This made it possible to obtain 
uniform neutron-flux density on the chamber lay- 
ers. When operating with fast neutrons, the cham- 
ber was covered with a layer of cadmium. The 
thermal neutrons were obtained by moderating the 
fast neutrons with lead (10 cm) and paraffin (25 
cm). In all measurements, the relative placement 
of the fission chamber and the crystal with photo- 
multiplier was maintained strictly constant. 

The amplitude distributions of the pulses, ob- 
tained as a result of the measurements, are shown 
in Fig. 2 (which shows also the amplitude distri- 
bution obtained with y rays from Cs"). It is 
seen from the diagram that in all cases the spec- 
tra have the same form within the measured range 
of amplitudes. For fission of U7 by thermal 


Number of coincidences 
Number of fissions 
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FIG. 2. Amplitude distribution of scintillation-counter 
pulses accompanying the fission of U**: @ — by thermal neu- 
trons, O — by 2.8 Mev neutrons, @ — by 14.7 Mev neutrons. 


neutrons, the amplitude range, fixing the photo- 
peaks up to 1600 kev and the Compton peaks up to 
2,000 kev, covers approximately 90% of the total 
number and 65 —70% of the total energy of the 
“prompt” quanta. Considering that the spectrum 
of the harder y rays, produced upon fission of 
u?35 by fast neutrons, is also similar to the y-ray 
spectrum due to fission by thermal neutrons, (as — 
occurs in the case of y quanta of energy less than 
2,000 kev), we can conclude that the total energy 
of the y quanta emitted by fission is proportional 
to their average number per fission. 

After eliminating the background, the ratio of 
the number of coincidences between the y quanta 
and the fragments for U?® fission by 2.8 and 14.7 
Mev neutrons to the number of coincidences for 
fission by thermal neutrons is found to be 1.10 + 
0.05 and 1.05 +0.05 respectively. It must be 
noted, that extrapolation of the spectrum introduces 
a certain indeterminacy in the final results, and 
that it would be desirable to carry out the meas- 
urements for a larger energy interval. However, 
an estimate of the indeterminacy shows that the 
error due to extrapolation cannot exceed 10 —15% 
of the total y-ray energy. Taking this indeter- 
minacy into account one can assume that, within 
the experimental accuracy (on the order of 15%), 
the total energy of the y quanta accompanying the 
fission of U2 by 2.8 and 14.7 Mev is the same 
as obtained in fission by thermal neutrons. This 
result is not unexpected, considering that the 
prompt y rays are emitted essentially by excited 
fragments after the emission of the neutrons. 

The authors thank Iu. M. Artem’ ev for great 
help in the preparation for this investigation. 
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Angular distributions for some of the proton groups from (d, p) reactions on silicon, phos- 
phorus, sulfur, and chlorine were found for 4 Mev deuterons. The results show that when 
nuetrons with £=2 are captured, the maximum in the differential cross section is shifted 
toward smaller angles from the position of the maximum as given by the Butler theory. A 
comparison of the angular distributions shows that there is an appreciable effect on the 
shape of the distribution from the interference between the processes of stripping and com- 


pound nucleus formation. 


‘The angular distribution which was found! for 
the long range protons from the stripping reaction 
$4, p)s*8 with 4-Mev deuterons was different 
from the angular distributions of the long range 
protons from the P#!(d, p)P* and Cla: pyc’ 
reactions?’ for the same deuteron energy. One 
would have expected that the shapes of the angular 
distributions would be similar for all three reac- 
tions. In the first place, in all three cases the 
neutron is captured ina 1d3/, state, i.e., £=2. 
This follows from the shell model and is confirmed 
by studies of the stripping reaction for deuteron 
energies around 8 Mey.‘ Secondly, all the funda- 
mental parameters characterizing the three reac- 
tions — charge, mass, and nuclear radius, as well 
as the Q value, are approximately the same (cf. 
below). 

The present paper gives the results of addi- 
tional studies of these three reactions. In addi- 
tion we give the angular distributions for two long- 
range proton groups from the $i28(d, p)si2? reac- 
tion with 4-Mev deuterons, as well as the angular 
distribution of the proton group from $2 d, p)s*8 
in which the final nucleus is left in its ground 
state. The last group was observed with 1.3 and 
2.2 Mev bombarding energy. 


EXPERIMENTAL METHOD 


The proton angular distributions were studied 
using NIKFI-Ia2 thick-layered photoplates; all the 
particulars of the experiment have been previously 
described.’ We should add only that the absolute 
value of the deuteron energy was known to + 3%, 
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while the energy spread of the beam did not ex- 
ceed 30 kev.* 

PbS, Zn3P,, and BaCl, were used for preparing 
the targets. These compounds were evaporated 
onto a gold leaf backing. In the case of sulfur, an 
additional irradiation at 4 Mev was made after the 
main irradiations at 4.0, 2.2, and 1.3 Mev. The 
ratio of the cross sections found in the check ser- 
ies to those in the main series was 0.84, so ap- 
parently as a result of deuteron bombardment the 
number of sulfur atoms in the target had decreased 
somewhat. 

The silicon target was prepared by evaporating 
coarse-grained silicon from a tungsten helix. In 
this case the backing was a polystyrene film. 

Since its thickness was not known, we were unable 
to determine the absolute value of the Si2°(d, p)si2® 
reaction cross section. Another defect of the poly- 
styrene backing is that the spectrum measurement 
is made somewhat more difficult because of the 
presence of a proton group from the Cire pyc 
reaction. 

Purified reagents were used in all cases for 
preparing targets. No protons were observed from 
impurities. 


EXPERIMENTAL RESULTS 


The observed angular distributions are given 
in Figs. 1— 8, in which the abscissa gives the 
angle in the center of mass system, and the ordi- 


*This value of the spread comes from measurements by 
G. F. Timushev, carried out at the same cyclotron using a 
precision magnetic spectrometer, under conditions similar 
to ours. 
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nate is the differential cross section in millibarns 
per steradian. For the case of silicon, (Figs. 1 
and 5), the differential cross sections are given in 
relative units, with the same scale on both figures. 
The errors indicated on the figures are statistical 
errors. (Errors not associated with statistical 
fluctuations are, in any case, less than 10%, cf. 
Ref, T°) 


dé F 
— rel. 
7a rel. units 


a TO GC 8 120 WH sg v 


FIG. 1. Silicon reaction. Si” excitation energy = 1.28 Mev; 


l= 2. 


The angular distributions for phosphorus and 
chlorine (Figs. 2 and 4) are based on the same 
experimental material as in Ref. 3, but the plates 
were examined again with appreciably greater ac- 
curacy. We also checked the calibration of the 
integrator (by elastic deuteron scattering on gold) 
and the target thickness. The check showed that 
the phosphorus reaction cross section is approxi- 
mately twice as large as that given in Ref. 3.* We 
should mention that, in the case of phosphorus, at 
large angles we are able to separate the proton 
group from the Zn*4( d, p)Zn® reaction in which 
the final nucleus is left in the ground state. At 
small angles this proton group cannot be separated 
from the protons from the phosphorus reaction. 
Thus the results for phosphorus (Fig. 2) at small 
angles were obtained under the assumption that the 
distribution of the protons from the Zn*4(d, p)Zn® 
reaction is isotropic and that the differential cross 
section is 0.25 mbn/sterad. 

For chlorine, in addition to the main measure- 
ments whose results are given in Fig. 4, we also 
made some additional measurements. In this case 
the plates were placed at a smaller number of 
angles and fewer tracks were measured on each 
plate than for the main series. However, the 
shapes of the angular distributions and the abso- 


*The ordinates of all figures in Ref. 3 for phosphorus 
should therefore be multiplied by 2. 
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lute total cross sections were practically the same 
for both cases. 

Table I gives the values found for the total 
cross sections for formation of the various proton 
groups. The absolute cross sections are deter- 
mined to 30 —40% (the uncertainty in the relative 
cross sections for sulfur is considerably smaller). 
For silicon we give only the relative cross sec- 
tions for formation of the two proton groups. 
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FIG. 2. Phosphorus reaction. P** ground state and first ex- 
cited state (0.077 Mev); 1=2 
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> FIG. 3. Sulfur reac- 
t tion. S** ground state; 
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DISCUSSION OF RESULTS 


In addition to the experimental results, Figs. 1 
— 8 give the angular distributions calculated from 
the Butler theory;° the nuclear radius, in accord- 
ance with Holt and Marsham, is taken as R = (1.7 
+ 1,22 A’/3) x 10713 om, 

Let us first look at the angular distributions 
found for the first excited state of Si?®, for the 
close doublet of P® and for the ground states of 
S33 and C1 ( Figs. 1—4). In these cases the neu- 
tron is captured into a 1d3/, state, i.e., with orb- 
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FIG. 4. Chloride 
reaction. Cl** ground 
state; / = 2. 


FIG. 5. Silicon 
reaction. Si” ground 
state; /=0. 


FIG. 6. Sulfur reac- 
tion. S** excitation 
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G02 FIG. 8. Sulfur reac- 
tion. S** ground state; 
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O01 = 1.3 Mev 
g 30 &0 90 120 160 ©7160" 
oe 
TABLE I 
s Deuteron Excitation 
Reaction energy energy l | oO, mbn 
Mev Mev 
Si?6(d, p)Si?® 4.0 0 0 6 
P8(d, p)P? 4.0 1.28 2 0.166, 
S*(d, p)S*8 4.0 0-++0.077 2 22.6 
4.0 0 2. 43.4 
22 0) 2 Byes 
43 0) 2 0.23 
4.0 0.84 0 “lee 
Cl8*(d, p)C136 4.0 0 2 2.9 
Zn(d, p)Zn® 4.0 0 a 3,2 


ital angular momentum £=2. All four experi- 
mental angular distributions show the main feature 
of the stripping reaction, the presence of a maxi- 
mum at small proton angles. But a more detailed 
comparison shows that there are differences be- 
tween the experimental and theoretical angular 
distributions which are common to all four cases. 
These are, first, the presence of an appreciable 
“background” (i.e., some differential cross sec- 
tion at the minima of the angular distributions ); 
secondly, there is a shift of the principal maxi- 
mum toward smaller angles compared with the 
curve calculated from the Butler theory. The oc- 
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currence of an appreciable background or, as it is 
sometimes called, an isotropic part of the angular 
distribution, is almost always observed with low 
energy deuterons. It might be attributable to com- 
pound nucleus formation. It is entirely possible 
that it is partially due to the stripping process it- 
self, as is shown by computations of Tobocman 
and Kalos!” which include Coulomb and nuclear in- 
teractions. As for the shift of the main maximum 
toward smaller angles, such a shift was already 
observed in our work’ in which we studied the po- 
tassium and calcium reactions with 4-Mev deu- 
terons. There is also a shift of the maximum in 
the results of Shapiro’! for the Na?3(d, p)Na”4 re- 
action with 3-Mev deuterons. 


BwoTEPLOVand BiVAS TURekwy 


Thus we may assume that the shift of the char- 
acteristic stripping maximum toward smaller 
angles from the position as computed on the But- 
ler theory is not accidental, at any rate for deu- 
teron energies somewhat below thé Coulomb bar- 
rier. This result is somewhat unexpected, since 
the Coulomb interaction should shift the maximum 
in the opposite direction. Therefore the shift to- 
ward 0° shows that nuclear interaction plays an im- 
portant role inthe stripping process. It would seem 
that the presence of such a shift should be borne 
in mind when selecting a method of description of 
the nuclear interaction in calculations of angular 
distributions according to the formula of Toboc- 
man and Kalos.”” 


TABLE II 
Target Hxcite 
Excitation en- nucleus Effective ergy of 
Reaction ergy of final Q, Mev Height of | interme- 
nucleus, Mev Coulomb diate nu- 
Z N barrier, Mev ce 
Si28(d, p)Si29 1.28 4.97 14 14 4.74 1909 
Psd, p)P8 0+0.077 Dial 15 16 4.88 1950 
S22(d, p)S38 0) 6,42 16 16 Dla Loree) 
Cl#(d, p)Cisé 0 6.30 17 18 | Ly ZA 19.0 


As already remarked, the fundamental param- 
eters describing the reactions are closely equal 
for silicon, phosphorus, sulfur, and chlorine, 
which occupy neighboring positions in the periodic 
table (cf. Table Il). Thus, independently of whether 
we include Coulomb and nuclear interactions in 
the calculations, the theoretical angular distribu- 
tions should be alike for all four cases. But it is 
apparent from Figs. 1—4 that only for phosphorus 


and chlorine are the shapes similar to one another. 


In the case of sulfur (Fig. 3), a very sizeable sec- 
ondary maximum is observed (around 115°) in the 
angular distribution; in the case of the silicon re- 
action (Fig. 1), the very small height of the main 
maximum compared to the isotropic part is strik- 
ing. None of the known theories of the stripping 
reaction can explain such differences. One can, 

of course, aSsume that the nuclear interactions 
depend essentially on the nucleon configuration in 
the initial nucleus, but it is more natural to ex- 
plain the observed differences in terms of the ef- 
fect of the mechanism of compound nucleus for- 
mation. Such an explanation is the more plausible, 
since Lee and Schiffer™ recently observed a res- 
onance structure in the excitation curve of the 


Ca! a, p)Ca!! reaction (in which they found 30 
resonances in the range of deuteron energies from 
1.50 to 4.22 Mev), and Nemilov and Litvin,® in 
their investigation of the ratio of yield of various 
proton groups from the reaction $78 4, p)siz? at 
fixed angle for the emerging protons, found sev- 
eral sharp resonances separated by about 0.5 Mev. 
One can try to check whether the resonances found 
by Nemilov and Litvin are actually caused by the 
mechanism of formation and breakup of the com- 
pound nucleus. The basis of such a test is the fact 
that, according to stripping theory,* the ratio of 
the differential cross sections for two neighboring 
levels should be a function of the quantity 


k =[ka—(M,/ M,) ky |. 


Here kq and kp are the wave vectors of the deu- 
terons and proton in the center of mass system, 
My and Mg are the masses of the initial and final 
nucleus. The magnitude of k depends on the angle 
of emergence of the proton and the energy of the 


*This holds for the Butler theory and apparently remains 
approximately true for more complicated theories. 
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deuteron. Therefore, in the stripping theory there 
should be a unique relation between the shape of 
the angular distribution and the shape of the differ- 
ential excitation curve. This is, of course, not the 
case for the reaction mechanism associated with 
compound nucleus formation. The solid curve in 
Fig. 9 shows the curve obtained by Nemilov and 
Litvin for the ratio of the yields of the Py and po 
proton groups at an angle of 109° for the emerging 
protons, as a function of deuteron energy. The 
dashed curve in the same figure shows the same 
ratio as found from our measuréd angular distri- 
butions for the p,; and py proton groups from the 
$i28(q, p)si?? reaction (Figs. 1 and 5). The shift 
from angles of emergence of the protons to deu- 
teron energies was made on the assumption that 
the reaction goes only via stripping. 


P,/t, 
6 


E, Mev 


FIG. 9. Energy dependence of the ratio of yields of pro- 
ton groups p, and p,, at a proton angle of 109°, from the 
Si”* (d, p) Si?” reaction. The points are the data of Nemilov 
and Litvin; }3 the open circles are the results obtained from 
the angular distributions (Figs. 1 and 5). 


Comparison of the two curves of Fig. 9 shows 
that the sharp peaks cannot be due to the stripping 
process, since the curve computed from the angu- 
lar distributions shows no such narrow maxima. 
Consequently the different shapes of the angular 
distributions for the cases in which the neutron is 
captured into a l1d3/, state are apparently ex- 
plained by the effect of the mechanism of com- 
pound nucleus formation with subsequent emerg- 
ence of the proton, in which a change in the inter- 
ference term obviously plays the principal role. 
From this point of view, it is easy to explain the 
marked change in the shape of the angular distri- 
bution from the sulfur reaction for decreasing 
deuteron energy (Figs. 7 and 8, and also Fig. 1 of 
Ref; 1). 

So for target nuclei with charge Z = 20 and 
deuteron energies less than or equal to the height 


of the Coulomb barrier, the angular distributions 
of protons from (d, p) reactions as computed 
from the Butler formula may be strongly distorted, 
first because of nuclear and Coulomb interaction 
between the particles participating in the reaction 
and, secondly, because of interference between the 
stripping process and the process which occurs 
via compound nucleus formation. The first cause 
leads to a shift of the main maximum in the angu- 
lar distribution toward smaller angles, and this 
shift may be very large [for example, for the case 
of the Cat d, p)Ca!! reaction with 2.2-Mev deu- 
terons, cf. Ref. 7]. The second cause apparently 
produces an increase in the isotropic part of the 
angular distribution and also affects the relative 
size of the main and secondary maxima. 

‘The authors express their gratitude toS. 5S. 
Vasil ev for his interest in the work, and to the 
operating group for the cyclotron, headed by en- 
gineer G. V. Kosheliaev. 
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An expression is obtained for the fission barrier of a rotating nucleus. The fission cross 
section is estimated for the reaction of N4 ions on heavy nuclei. 


D RUIN, Polikanov, and Flerov! studied fission 
induced by heavy particles. Ions of N“ with en- 
ergies ~ 100 Mev were captured by nuclei of U, 
Bi, Au, and Re, producing a nucleus with high ex- 
citation energy and high angular momentum. The 
maximum angular momentum given to the nucleus 
is 


Mynax Ss V 2u (R° ah R,)? (E oor B), 


where R, and R* are the radii of the ion and 
the target nucleus, pw is the reduced mass, E 

is the energy of the ion in the center-of-mass sys- 
tem, and B is the Coulomb barrier. For nuclei 
with A ~ 200 and ion energies ~ 100 —200 Mev, 
the maximum angular momentum is ~ 50 —120h. 
At such high excitation energy, this angular mo- 
mentum is almost entirely associated with rota- 
tion of the nucleus as a whole. The fraction of 
the angular momentum associated with the spin 
of the nucleons is easily estimated for the case of 
a Fermi gas The spin of the nucleus turns out 
to be fis = Mfi?/AI, where A is the spacing be- 
tween single particle levels ~ 0.1 Mev, and I is 
the moment of inertia of the nucleus. For exci- 
tation energies of the size we are considering, 
where shell effects can be neglected, the moment 
of inertia of the nucleus is assumed to be equal to 
that of a rigid body? (for the case of a sphere, I 
=I) =*%4AmR’, where Am and R are the mass 
and radius of the compound nucleus). On this as- 
sumption, 8?/I ~ 1 kev and fis/M « 1. 

For M~ 50—120h, the rotational energy 
Erot = M?/21 is comparable with the height of the 
fission barrier (Eyot ~ 5—20 Mev), so in this 
case the rotation of the nucleus must be taken 
into account in calculating the fission barrier. 

The total change in energy of the rotating nu- 
cleus upon deformation is 


NE AP, |} AB, AE oe (1) 


where AE,, AEg, and AEyo¢ are the changes 
in the surface, Coulomb, and rotational energies. 
The last change is caused by a change in the mo- 


238 


mentum of inertia (as a result of deformation of 
the nucleus) while the angular momentum is kept 
fixed. The stable shape during rotation of the 
nucleus is, naturally, that of an axially symmetric 
oblate ellipsoid with its axis of symmetry along 
the direction of the angular momentum. Defor- 
mations of different types will either favor or 
hinder fission. For example, deformations cor- 
responding to an elongated ellipsoid with its sym- 
metry axis perpendicular to the angular momen- 
tum will favor fission, while the same ellipsoid 
with its axis along the angular momentum will 
hinder fission (because of the effect of the centri- 
petal forces). 

The transition from the shape of an oblate el- 
lipsoid to that of a prolate ellipsoid with its sym- 
metry axis perpendicular to the angular momen- 
tum is accomplished by means of a deformation 
which is not axially symmetric. 

The shape of the nuclear surface is given by 
the radius vector 


r (8, ) =R, (: + >) aimDo (8, 2, 9) (2) 
l,m 


where Ry is the radius of the sphere of equal vol- 


v1] 
ume, Dyo(4, 9, 0) = De (6, gy) are the spherical 
functions with the normalization 


Di, (0,-0) = 1. 


If we consider a nucleus rotating about one of 
its axes of inertia and limit ourselves to 2 = 2, 
it is convenient to introduce deformation coordi- 
nates in the form‘ 


1% 
V2 
Then the change in the semiaxes of the ellipsoid 
will be: 


Xoy = Xo 7 => 0; Xoo = “COS Y; Xoo = X95 = sin Y- 


dR, = «R,cos (r _ a3 dRy = «R, cos (r _ =) : 


dR, = «R, cosy. 
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sy these variables, we have (dropping terms 
~ a’): 


AE, + AE, = 4nR20 {= za? — *. a8 cos? vt 


=] —y=] — (Z?/A)/(Z?/A) ey, 


(3) 


where R= ryAt/ 3, 4nrzO = 15 Mev is the magni- 
tude of the surface tension, and A and Z are the 
mass and charge of the nucleus. The value of (3) 
is triply degenerate in y, since there is no pre- 
ferred direction in space, so that it makes no dif- 
ference along which axis the fission occurs. 

But if the nucleus is rotating and the z axis is 
directed along the angular momentum, the moment 
of inertia with respect to the z axis is 

Iz = Ip (1 — a9 + 7 to + Fob t...). (4) 


Let us calculate the change in energy for a ro- 
tating nucleus, limiting ourselves for simplicity 
to terms of first degree in y in the rotational en- 
ergy: 


2 4 4 
AE = 4rR?0 { y2%20 Bae, 20039 + is Z0ta9 — 35 39 


5 
+ 35 Aaqtde}, y= (M2/2I,)/4nR°O. a 


The condition for an extremal gives four solu- 
tions 


12 4 
Xoo = 0, 3 O20 — = 2h2—Y = 0, (6) 
7 7\2 3 5 
Say mg we = (z) 3(@-7)- (7) 


Solution (7) gives two saddle points located sym- 
metrically around y=0. At the saddle points the 
nucleus has a shape close to that of an axially sym- 
metric elongated ellipsoid with its axis of symme- 
try perpendicular to the angular momentum. 

Solution (6) corresponds to an axially symmet- 
ric shape of the nucleus with its symmetry axis 
along the angular momentum. The first solution 
of (6) with a9 > 0 gives a saddle shape, while the 
second solution of (6) with aq < 0 requires addi- 
tional investigation. In the neighborhood of the 
second solution (6), the energy has the form: 


AE = const + 22V I+ lby/72 A 


$2 2(2—V1 + lsy/7e)y, 


where A and y are small deviations from the 
values of Qy9 and QQ, respectively, in (6). It is 
easy to see that for y < Yer = 7z°/5, the solution 
gives an absolute minimum, while for y > Yer We 
get a saddle, since the coefficient of y becomes 


negative. [We also note that for y = yey the so- 
lutions (7) and the solution of (6) for a9 < 0 co- 
incide.] Thus for y = yey there is no stable 
state of the nucleus and, consequently, the fission 
barrier for such a nucleus is equal to zero. 
Inclusion of quadratic terms in a in AEyoy 
does not change the qualitative results, but for a 
more exact calculation these terms cannot be neg- 
lected. This gives an essential change not only in 
the value of yey, but also in the dependence of 
the fission barrier on angular momentum. Inclu- 
sion of further terms (~ a‘ and ag with 
> 2) produces little change in the result. Natu- 
rally these terms become important for y close 
tO Yer. If we limit.ourselves to 15% accuracy in 
the dependence of the fission barrier on angular 
momentum for z = 0.3, we may drop terms ~ a 
and Qgm with 2> 2, and neglect terms of third 
degree in a in AE; gt. As a result of long-winded 
but straightforward computations, the height of the 
fission barrier Ef, corresponding to fission 
through the saddles (7) is equal in this approxima- 
tion to 


4 


Es = 4nR?°0 [0.73 28 — (1.22 + 5.62%) y 
+ (46-4 112) y° = 42R°0F (2, 9), 2 


and the quantity yey (neglecting y’) is 
Yor = 72*/5 (1 + 62). (9) 


The deformation at the position of the minimum 
(6) is 


Gey = — 1.25y/z + (0.58 + 1.82) y?/z3; a.=0, (10) 
and the erlergy corresponding to (10), 
AE min = — 0.625y?/z +--+ >. 


Strictly.speaking, the fission barrier is the 
quantity Es — AE; jn, but since for y < yer, 
AEmin « Ef, and |AEmin|! ~ |E¢]| only for y 
Yer, we can neglect AE, jy in this case. The 
quantity f(x, y) is shown in Fig. 1. The solid 
curves give f(x, y) according to (8). 

We note that an axially symmetric deformation 
with symmetry axis perpendicular to the angular 
momentum gives a position of the saddle only 
slightly different from (8). The barrier height for 
such a “relative” saddle actually is the same as 
for (8). The value of f(x, y) for axially symmet- 
ric deformations is shown by the dashed line in 
Figwt, 

Now we find the magnitude of the fission cross 
section. For high excitation energy, two main 
processes are possible: neutron evaporation and 
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fission of the nucleus. We use the statistical for- 
mulas for the neutron and fission widths°* 


DT, = (T2A"s/nK) exp (— En/T), 


Ty = (T/2x) exp (— E,/T), (11) 


where T =(10U/A)!/? ~ 2 Mev for A-~ 200 and 
U ~ 100 Mev is the excitation energy of the nu- 
cleus, K =10 Mev, Ep, is the neutron binding en- 


ergy. 


ULL 


FIG. 1. 1~z= 0.16; 2—z = 0.20; 3—z=.0.24; 4—z=0.28; 
5—z=0.32. 


We shall assume that the temperature and ang- 
ular momentum of the compound nucleus do not 
change when a neutron is boiled off (this is valid, 
at least, for the first stage of the evaporation 
process, in which half the number of neutrons 
emerge of those which can be boiled off at the 
given excitation energy). In this case the proba- 
bility of fission with emission of a number of neu- 
trons equal to or less than m is 


Wy) =1—-(,/")"", (12) 
where IT'=I,,+T. The total fission cross sec- 


tion for Mmax/f > 1 is 


op =m (R* + Ri)? (1 Saad \ W;(y) dy, 
0 


Ymax 


(13) 
_ u(R*+R)? E—B 
Ymax ages Io 4rR20 . 


*[’; depends on the angular momentum M not only via the 
dependence of the fission barrier Es on M, but also through 
the M dependence of the factor in front of the exponential, 
which comes from integration of the angular distribution of 
the fission fragments. (For M # 0, the fission probability 
depends on the direction of fission.) But because of the 
weak dependence of this factor on M, we shall use formula 
(11) which was derived for the case of isotropic fission. 


FIG. 2. Curve 1—Bi, 2— Au, 3—Re. 


The number of emerging neutrons as a function 
of energy of the ions was determined’ for the re- 
action on Au'®’, The same dependence is assumed 
for the reactions on Bi2’? and Re!®’, The solid 
curves of Fig. 2 show the experimental curves 
for the fission cross section as a function of en- 
ergy of incident ions in the laboratory system. 

The behavior of the fission cross section calcu- 
lated from (13) with rp = 1.5 X 107 cm [the 
dashed curve is for (Z?/A)oy = 52, the dot-dash 
curve for (Z?/A) oy = 51], are in qualitatively 
good agreement with experiment. The best agree- 
ment is obtained for (ZA A Yer = 51. This num- 
ber is somewhat greater than that found from the 
value of the fission barrier in U?*8 (Ref, T). This 
difference is apparently explained by the fact that, 
first of all, the value of the fission barrier for Au 
and Re in the approximate expression (8) is low- 
ered relative to the exact calculation® for zero 
angular momentum (and also for angular momenta 
different from zero) and secondly, the fission bar- 
rier of U7%8 apparently depends essentially on shell 
effects. [Thus, for example, from the fission bar- 
rier of Am”?, Er = 6.1 Mev,*»!” we get (Zi Moe 
= 49,] 

For higher energies of the ions than those used 
in Refs. 1 and 6, the fission cross section on nu- 
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clei lighter than Au will increase, while for ener- 
gies for which ymax ~ yer, the fission cross 
section will actually coincide with the total reac- 
tion cross section. Since the value of z will be 
greater than 0.3 for target nuclei lighter than Au, 
expression (8) will contain a large error, sowe can 
only approximately give the region of ion energies 
for which the fission cross section will equal the 
total cross section. Thus, for example, for Yb 
and Dy, this region is around 150 Mev. The fis- 
sion cross section, naturally, also increases with 
increasing mass of the bombarding particles. 

In conclusion I thank B. T. Geilikman and V. 
M. Strutinskii for discussion of this work and for 
valuable comments. 
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The probability of a quantum transition of a polaron from the 1s tothe 2p state caused by 
thermal vibrations of the lattice is computed. The adiabatic form of perturbation theory is 
used in the calculations. At room and higher temperatures transition to the 2p state occurs 


during 107*— 10° sec 


1. INTRODUCTION 


Poxarons are the principal carriers of current 
in ionic crystals.' As is well known, in crystals 
which have large cohesive energies polarons are 
characterized by larged effective masses, and also 
by the existence of a fluctuation movement of the 
electron with respect to the center of gravity of 
the polaron. There exists a series of bound states, 
between which quantum transitions are possible. 
In this paper we shall consider such a transition 
between a 1s ground state anda 2p final state. 
During the transition, the momentum of the po- 


laron is conserved and changes in its kinetic en- 
ergy occur at the expense of changes in its effec- 
tive mass. The process under consideration turns 
out to be a multiphonon process. Frenkel” was the 
first to show that such transitions are possible in 
crystals. He pointed out that the equilibrium con- 
figuration of the field oscillators changes during 
such a transition. A quantitative theory of non- 
radiative transitions at F centers, based on this 
idea, was presented by a number of authors hay 
Another mechanism for thermal transitions was 
suggested by Kubo." 

In this paper the basic idea and method of the 
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theory of nonradiative transitions at F centers, 
proposed by Lax,‘ is used. 

In the present work by a thermal transition is 
meant a transition induced by thermal vibrations 
of the lattice, and described by the terms in the 
initial Hamiltonian for the quantitative description 
of the polaron as proposed by Bogoliubov and Ti- 
ablikov. These terms are caused by departures 
from adiabaticity, and equal weight is given to all 
terms, which have the same order of smallness 
( en By formulating the problem in this way, we 
shall obtain information about the duration of the 
ground state (1s). 

Anticipating the results somewhat, it can be 
said, that in the case under consideration the most 
important part of the transition matrix element is 
that part which is related to the dependence of the 
electronic wave function on the oscillator coordi- 
nates. This agrees with previously cited work 3? 

Finally it should be noted, that for a more con- 
sistent treatment, in the theory of F centers 
there must arise a question about changes of fre- 
quency of the field oscillators in the presence of 
an electron. This question is considered in Sec. 
2 of this paper. 


2. TRANSFORMATION OF THE HAMILTONIAN 
OF THE SYSTEM 


The Hamiltonian of the polaron problem has the 
form 


=> + x Aye"™g + SDS E (f) (9sq—-+ + e*prp_s). (1) 
f 


Here p and r are the momentum and coordinate 
of the electron; pg and q¢ are analogous quanti- 
ties for the field oscillators; E(f) =fws with we 
sw, the limiting frequency of optical vibrations, 


Ay = — (e/f) (Arhac/V)'P, 


where c=1/n?-—1/e 9, n* and €) are the square 
of the index of refraction and the dielectric con- 
stant of the material respectively, and V is the 
volume of the crystal. 

According to Bogoliubov and Tiablikov,®~!° to 
separate the translational invariance of Eq. (1) one 
must write 


r=A+q, i= (re + Qs) e—'9; (2) 


A and q describe the fluctuational and transla- 
tional motion of the electron, respectively. 

For nonspherically symmetrical states, the 
limitations on the new coordinates Q¢ should be 
written thus 


D Dd frree (f) Qe =0, B=1,2, 3, (3) 
Che 


where 


SD. ff o%5 (f) t1 =Bay. (4) 
6 


f 


In terms of the new variables the Hamiltonian 
(1) takes the form 


H=H, +e, Ae? TT, (5)— 
where 


2 
Bas ott DAtra es DEM nk. 


= i {Ae + E(f) rs} Qe; 
f 


He =F DE) U4 + FDEP 1-H Oa (Fad 
f 


xX {Pit > ota (f) fa}; 

BEE SHH) (edge ac 
f 

+S POPE +  DPetkd 080 (k) Qj — (8) 


k 


” fea} oe (f) {f80/ 


+ DE (A) %0 (f) {/°0/0%4 +5 us ee (Kk) Qk 


f 


aS kaf?QxP | sea — + v43(f) fe Js| 


Here the following notation is used: 


P, = = ih0/Om, -Pi= — 10/0Q, I= — th0/eq,: 


Pi = Pi — 9} 0a (f) f* SRP. (7) 
Cac} k 


The quantity J is the momentum of the whole sys- 
tem, and is an integral of the motion. 

In the first approximation in ¢€, we obtain for 
the electronic function the expression 


agldoises Orch see a AOU He Nea oS m(r), (8) 


where ¢,(A) and We, are non-self-consistent 
quantities of the zeroth approximation. The sym- 
bols %,(A) and Gy will be used to denote self- 
consistent quantities. 

The energy of the electron Wyn(... Qf...) de- 
pends on Qf through perturbation theory correc- 
tions of the first, second, and third order, i.e., 
through «, e€”, and e°, it being obvious that the 
first-order correction €(H;)nn vanishes. This 
leads to the definition 


ee ea (9) 
‘ EA 


where 


JE” = (en (A), e!Pan (A)). 
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The motion of the oscillators is described by 
the equation 


[*Hs+e°Hs— (Eny— Gp)) Ory = 0, (10) 
where 
‘tee of AH nm H mn 
H, — (He)nn eis ye a , (11) 


~ ’ AoGaé Ay Ay 
Hs = (Hs)on +, Sg ee BED 112) 


The last terms in (11) and (12) we denote by 


> BigQitQg and DS BignQiQe Qn. 


respectively. 

In determining the energy EAN ot the whole 
system and the corresponding wave function, we 
shall neglect the term of order e°, considering it 
to be one of the causes of quantum transitions be- 
tween the states that are obtained. In this way we 
obtain 


eH eDay (...Q¢...) = (Ean — Gn) Pan (..- Qe---), (18) 


where N is the set of quantum numbers of the os- 
cillators. The first index in 4yn indicates that 
the motion of the oscillators occurs under the ac- 
tion of average field of an electron in the state n. 
The unknown quantities, Vag are determined 
, ¢ «9,10 
from the following relationship: 


Shag (&) = Rrnk® / E (k) p?, (14) 


where yp is the diagonalized effective mass ten- 
sor of the polaron 


ut =n? SR? | ry? / E (A). (15) 

Taking (14) and (15) into account, we have 

Fy =e S\Je [ut + Yo d) E (AQ 
a f 
+ PrP) + 3 Bee aii 
f,g 

Fi, = it (VO/O%)nn — Si (VE) dap (f) ft Qe 

(17) 


+ ih Ma (FV) QeP + p, BignQiQgQn; 
f fgh 
where 
VV — Ape | es 
According to Tiablikov,'° diagonalization of Eq. 


(16) is accomplished by a single orthogonal trans- 
formation by the matrix ag): 


mae. 4 - 
= VE) a Pr= Ven SY (18) 


py = — id/dqy. 
The matrix agy is determined from the condition 


E* (f) ay + 3) Bag dgy = Mary, (19) 


g 
where 


Big =VE(f) E(g) (Big + Begs); 


Gy and Ay are the new coordinates and frequen- 
cies of the field oscillators. Equation (19) has 
three eigenvalues Aq (a@=1, 2, 3) which are 
equal to zero; thus 


ay, = — ihre VE (I e* 


It should be noted that the coordinates qq corre- 
sponding to Aq, are equal to zero. This means, 
that as a result of condition (3), three degrees of 
freedom of the field are transferred to the polaron 
and they are found in the translational motion of 
the latter. 

After diagonalization, Hy has the form 


(20) 


H, = "fs Sa /e Seat) > (pp. +, vq). (21) 


The primes on the summation sign signify that 
terms with v =a are to be left out of the sum. It 
should be noted that p%, Ay, and q, depend on 
the state of the electron and therefore should bear 
indices which correspond to the appropriate elec- 
tronic state. We shall introduce the Bose opera- 
tors £, and £} as follows: 


m= Ta +O) pra —iy/ % yh. (22) 


Then 
He =f Deus + Sy GIG, +") (23) 
& 9 


The eigenfunctions and eigenvalues of Eq. (13) as- 
sume the form: 


Onn = Vr heiSa/h Il Dan, (qv), (24) 


Vite 


Enns = Gn +e? S\%/ Qua + 2 S105 (ty +f). (25) 


For the wave function of the complete system we 
have 


Dans = Vn (hy oe Gvae+) Dany. (25’) 
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3. PROBABILITY OF A NONRADIATIVE 
TRANSITION 


Quantum transitions will occur between the 
states given by Eq. (25'). These transitions come 
about because of the inaccuracy of the function 
(25') and omission of the terms eH, from the 
Hamiltonian. 

The probability Pyy’ of a quantum transition 
per unit time between cr initial state of the sys- 
tem nN and its final state nN’ has the form: 


Pan = Avy Si\ a0 |(n'N’|H 
N!' 


— Enn| nN) |?3 (Enn— Enn), (26) 
Here dI is the number of states, in the energy in- 
terval dE,’n’ of the final states. Summation over 
N’ is performed over all final oscillator states. 
Avn denotes an average over the initial quantum 
states of the oscillators, N. The matrix element 
in (26), to an accuracy of quantities of the order 


e?, has the form: 


(hice aet| A Bayles.) 
= 6 Dix Sea <n —t, 
gt Pa eee 
+ MERE [] Guts []’ dae, 
MY ieee =) 4h 0) ee " (A) ) dr 

apy A, VE (pipe , (28) 

gPips = Varrte aoe al), 
where Aj is the lattice vibration frequency, a 


= (%p’, Yn) is the non-orthogonality integral of the 
self-consistent functions. To evaluate the sum (26) 
over all final oscillator states we make use of the 
integral form of the Dirac 6-function, 

To simplify the calculation, let us change ag, 
into dg, and Ay into fiw. Let us also take it into 
account that in our case N®)’-=0, Then after a 
series of simple transformations, we obtain: 


Be = = \ dT \ exp {(2niv, + i@,) u} du Avy (N|V~= 


x Syne r — me? 'C) Il eXp(—} a (Rgertes 
1 r 


+ piws x VO SVM (mm 
-- R_or e ).ds} ay (m wate ef Ce (29) 


— mg "Cee-i##) | N), 


where 


x (Li42 (2) + Lis (2) FLY Pla + 3/2)? 


mi" 1 VV = = AE (f) (Gn —W avd s 
rine, = | 
(30) 
heoa =a YE (f) |r? —7F 
f 
hyy = Gai — Gn + Yo Syd (1/unr — 1/n). Be 


A quantity with the index “av” is a certain 
average value of the denominator in Eq. (28). The 
sign [-] indicates a reordering of the operators 
in the product, so that they are arranged, reckon- | 
ing from right to left, in order of decreasing value | 
of the index s.*!! In computing the average over | 
the initial states N, the only terms retained in 

| 


Eq. (29) are those which remain finite as V—~~©. 
Let us introduce the symbols 


S= > SAM — JF P/E); Re 
f 
2? = [(Gn— Wav? >) AGE? (f) JP (32) 
f 
(33) 


Y = (Gra— Wo dav SAE (lt — Jt"). 
f 


The index n corresponds to the self-consistent 
state 1s, n’ to the self-consistent state 2D. 

In terms of these new symbols one is led to the 
following result of averaging: 


Pie ZS) Vexp[—S(2n + 1) + ile] x 


x2 Vat) ta@+hne+ Yla@+ x 
+ Yon (na + I) 1r(2) 
—@+4)Vn + )IVPUu@+hu®), (34 
where 
n= [exp (hw/kT) — 1] = 2rv,/o, (35) 


=yint, 2=2sV a(n +1); 


Ig(Z) is Bessel’s function with an imaginary argu- 
ment. The probability depends on the momentum 
of the polaron through the quantity 2. 

Polarons obey the Maxwellian velocity distri- 
bution law; therefore the probability, averaged 
over the initial kinetic energy of the polaron, can 
be calculated from the equation: 

Pan = (2npnkT)—2 \ Pan @Xp(—J?/2pnkT)dJ. (36) 
It can be evaluated approximately at low and high 
temperatures. 

It should be noted that for the transition con- 
sidered here Y= 0, and therefore Eq. (34) is 
simplified. Furthermore, it turns out that in the 
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state 2p differences among components in the ef- 
fective mass tensor of the polaron are not large. 
To simplify the calculation of the integral (36), we 
introduce an average effective mass of the polaron 
in the excited state, representing it by the symbol 
Hy’. 

At low temperatures, Ig_,;(z) turns out to be 
the larger of the two Bessel functions in Eq. (34). 
A simple calculation leads to the following expres- 
sion: 


Pan = OK exp (— ir) 


3 kT en ns 
x {I+ 2 kw Ln ss — py. +e], (37) 
where 
Seal 
a ag py Ss ' Roe 
K (ho)? Z Ty) (Un / Yen)"!; 
AG 

2 ler nie SReaa, AG = Gop — Gis; (38) 


~(y) is the logarithmic derivative for I. 
For the high temperature region, but at the 
same time with the restrictive condition: 
1<kT/io< S, 


one can obtain an approximate expression for (36), 
by the method of steepest descent.’ Let us take 
account of the fact that in this temperature range 
one can write 


nwkT/ho, z= 2S (n+ 3/2). 
We then obtain ; 


2 
VION oa fy. toe Nf Mn Ent, 
x cosh (er) o— le ( 7a hee ORS SE Senile, 


o = 1+ (y/S) (Un — Bn’) / (Un + Yn’): 


4, CALCULATION OF THE PARAMETERS OF 
THE THEORY AND EVALUATION OF THE 
TRANSITION PROBABILITIES 


For the ground state of the polaron, following 
Ref. 1, we have 
Slo 
2 (1 ++ ar) e- , a = me* c/2h?, 
Tw 


Vis = V 


Gis = — 0.0535 metc?/r?, (39) 


Lys = 5,8- 1078 (me?c/h?)? e°c/w. 
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For the 2p state of the polaron, consistent with 
1s, we have 


Oop = (4!)—"2 (2xc)"l2 (28) "lz (Qaur) e282" ,, (0), 
where 
x = 0.6585me?c/z?, 28 = 0,5146. W2, =0,0153metc?/h?. (40) 
In the self-consistent 2p state, we have 
ah 
bop = VE e~%rl2 (Qasr) Y 19 (9), 
a, = 0,.3914me?c/h?, Gop = — 0.0191 metc?/a?. (41) 


For the effective mass of the polaron in the ex- 
cited states we can write: 


Pap = Uap=6,30- 2°1(e?c/ea*)axp, 
Bap = 2,69-2° (€?¢/a*) a. (42) 


In view of the above, the average effective mass of 
the polaron in this state is equal to: 


Uop = (2nhy + u3,)/3. (42’) 


The ratio of the polaron effective masses in the 
two states is the same in all crystals and is equal 
to: 
Vis/Yep = 16.51. (43) 
Calculations of Eqs. (31), (32), and (33) yield 
the following expressions: 


e’ca, 


ho 


1172 + ot 
RS 


(44) 


ise {0.2142 OMOST aaa |S tk 


1414+ 72 
62+ 1673 ‘ley 
Seer a eae 


Li 


4 ecay (he)? ( 1 ) / 
3 d+ (GW ev 

4 
(14 7 185 ) 
x ae hee 


where T = Q/2Q,. 

From Eqs. (44) and (45) we obtain 
(44’) 
(45') 


S = 0.0508 mec? / ho, 
Z? = 0.0156 (hes) %e2c0ny [(Gis — WS, ed]? 


To calculate the average indicated here, one 
can make use of Kessler’s method.’® This aver- 
age value is of the order 


(Gis a Wap)? ? 


if the energy of the states 2s, 2p, and 3s, con- 
sistent with 1s, are approximately equal to each 
other. Then one can write 


Z? = 0.0567 (hw)?/y. (45”) 
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For Eq. (37) we obtain 


vl 


__1,917-10-8@ ais at aa 
STi evga aap ese 


« cosh | exp (—0.668 wr) : 


- (37”) 


Table I lists the values of the coefficient K of 
Eq. (38) for certain alkali-halide crystals. 

Values of the probabilities of thermal excita- 
tion Ppn’, arrived at from Eq. (37”), are pre- 
penton in Table II (the probability is given in 
sec “). 


TABLE I 
| NaCl | KCl | KBr | KJ 
K | 3,40-10-° 1,42-107° Tako Ome 8.39405 
Ko 1,66-10° 2,96-109 2,37-10° 2,15-10° 


In Table II, the last two values (T = 700° K) 
are less precise, since the criterion kT/hw <S 
does not hold very well. 


TABLE II 
Tf, °K | NaCl | KCl | KBr | KJ 
293 539-10? 3, 38-108 5, 78-108 7.60-108 
500 4,19-108 1,22-10° 1,44-109 1,45-109 
700 0,94-109 1.91-109 1,74-10° 1,40-10° 


These tables show that at room temperature 
and at higher temperatures, the probability of 
thermal excitation of the polaron 1s — 2p is sig- 
nificant. The transition into an excited state oc- 


curs approximately in a time 10-8 — 10° sec. 

The author takes this opportunity to express 
his deep gratitude to S. V. Tiablikov for his inter- 
est in the work and valuable discussions during 
its course, and he also wishes to thank Iu. E. Per- 
lin for discussion of the work and valuable crit- 
icism. 
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Various types of quasi particles interacting among themselves or with static inhomogeneities 
of the crystal are considered. General formulas for the thermodynamic potential, valid for 
any type of particle and for an arbitrary law of interaction, are obtained by perturbation the- 
ory methods under the assumption that the interaction energy is not large. As an example an 
almost-degenerate Fermi gas of quasi particles (metal electrons ) interacting with the crystal 
defects is considered. Interaction of the conductivity electrons with composition fluctuations 
leads in the case of alloys to a dependence of the electron part of the free energy, the electron 
chemical potential, the thermoelectron emission current, etc. on the long and short range 
order parameters. The ordering energies associated with the electron part of the free energy 
are of the same order of magnitude as the experimentally observed ordering energies. The 
vibrational part of the free energy has been determined for solid solutions in which both the 
masses of the atoms and their interaction energies are different. 


As is well known (see, for example, Landau 
and Lifshitz!) the weakly excited states of a solid 
may be regarded as a superposition of elementary 
excitations which form a “gas” of weakly interact- 
ing quasi particles. The existence in the crystal 
of various inhomogeneities alters the properties 
of the elementary excitations (for example, their 
energy spectrum). The introduction of elementary 
‘excitations in a system which does not have trans- 
lational symmetry is a much more complicated 
problem than their introduction in the case of an 
ideal crystal. Therefore for the investigation of a 
non-ideal crystal if the degree of inhomogeneity 
occurring in it is not great, it often turns out to be 
more convenient to introduce elementary excita- 
tions in an ideal crystal which serves as a “zero- 
order approximation” for the inhomogeneous crys- 
tal under discussion, and to take into account the 
effect of the inhomogeneities by means of a poten- 
tial energy acting on them. In this case the prob- 
‘lem of finding the partition function for the crystal 
is reduced to the problem of finding the partition 
function for the gas of quasi particles moving in 
an external potential field. 

The inhomogeneities of the crystal are often 
practically stationary. Static inhomogeneities of 
such a type occur, for example, in solid solutions 
where they are associated with composition fluc- 
tuations, in piezoelectric crystals where they are 
associated with polarization fluctuations, etc. The 
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potential energy of the quasi particles in such 
cases depends on the magnitude of the correspond- 
ing fluctuations. In other cases fields produced 
by the inhomogeneities of the lattice vary rapidly 
in time and it is necessary to take their dynamic 
character into account explicitly. Dynamic in- 
homogeneities occur, for example, as a result of 
vibrations of the atoms of the lattice, or as a re- 
sult of the excitation of spin waves in ferromag- 
netics. The effect of such inhomogeneities on the 
quasi particles could be described in a number of 
cases by considering the action of a variable field 
on a system of particles. However, since in such 
cases time averaging must be performed, and often 
the reaction of the quasi particles on the inhomo- 
geneities is important, such a method of treatment 
is usually inconvenient. It is much more conven- 
ient to consider that to each type of dynamic in- 
homogeneities there corresponds its own kind of 
quasi particles (phonons, ferromagnons, etc.) and 
their effect on the thermodynamics of the system 
of quasi particles under discussion can be deter- 
mined by evaluating the partition function for the 
interacting quasi particles of different kinds. 
Thus, in order to determine the effect of the 
inhomogeneities of the lattice on the thermody- 
namic quantities it is necessary to obtain the par- 
tition function for the gas of quasi particles sub- 
jected to the field of the static fluctuation inhomo- 
geneities of the crystal, or interacting with another 
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system of quasi particles. In practice, it is more 
convenient to evaluate not the ordinary but the 
grand partition function which, as is well known, 
may be represented in the form 


Why Po » exp (a >) aa) Sp e—Af (1) 


cate 


Here 1 =1/kT, N, is the number of particles of 
type Q@, [gq is their chemical potential, H = Hy 
+H, is the Hamiltonian of the system (dependent 
on Na), Ho is the Hamiltonian of the system in 
the absence of static inhomogeneities and of inter- 
actions between the quasi particles, and Hy, is the 
interaction Hamiltonian. In the evaluation of the 
trace the summation is taken over the complete 
system of functions possessing the required sym- 
metry (depending on the type of quasi particles). 
If the interaction energy is not great, one can use 
for the evaluation of Z the thermodynamic per- 
turbation theory treating H, as a small perturba- 
tion. In so doing it is convenient to make use of 
Schwinger’s expansion’? for the trace of the expo- 
nential operator: 


Sp exp [—A(H, + Ai)] = Sp e-*7* — A Sp Hye 0 
1 
+ =\ du Sp Hye~Mto Hye) 4... 


0 


(2) 


Formula (2) has been used previously for the 
determination of the partition function of conduc- 
tion electrons interacting with lattice vibrations® 
or with static inhomogeneities* in semiconductors. 
In the present paper we shall determine with the 
aid of formulas (1) and (2) the grand partition func- 
tion (and the thermodynamic potential correspond- 
ing to it) for a system which is described by a 
Hamiltonian of quite a general form. 

As an example we shall consider the interaction 
of metal conduction electrons with static inhomo- 
geneities arising as a result of composition fluctu- 
ations in solid solutions or of fluctuations in mag- 
netization of ferromagnetics near the Curie point. 
As a second example we shall consider the inter- 
action of lattice vibrations with composition fluc- 
tuations. 


1. GENERAL EXPRESSION FOR THE THERMO- 
DYNAMIC POTENTIAL 


For the zero-order Hamiltonian Hy we shall 
take the Hamiltonian of non-interacting particles 
consisting of the sum of terms corresponding to 
the individual particles. Then H, =H — Hy will — 
describe the interaction between the particles and 
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also their interaction with the static inhomogenei- 
ties. It is convenient to solve the above many- 
body problem by making use of the second quanti- 
zation representation obtained with the aid of single 
particle functions which are eigenfunctions of the 
Hamiltonians of the individual particles. In this 
representation the energy operator Hy (defined 


up to a constant term) has the form x 
Hf, = »j »} Cun Aans (3) 
a k 


where a denotes the kind of particles, k is the 
set of quantum numbers characterizing the states 
of the individual particles, «g, is the energy of 
the particle in the k-th state, and 20k and agk 
are the particle creation and annihilation opera- 
tors. These operators satisfy the commuation re- 
lation 


Oana h? iat adh Aah! = Saal dpe (4) 


Both here and below the upper sign should be taken 
in the case of Fermi statistics, and the lower sign 
in the case of Bose statistics. 

The perturbation energy operator H, in the 
case of particles interacting with static inhomo- 
geneities, or of particles of one kind interacting 
among themselves, may be written in the form 


1 
+ + 
Hy = >; > [Vani Qxk, rec Gah; Qak 


itys it: Gok 
ak i=] 
* ai 
+ V anj Gok + + + Qari aki sy a es Ak]; (5) 


where the constants Vx = Vok j-.kgi are deter- 


mined by the nature of the quasi particles and of 
the static inhomogeneities and satisfy the condi- 
tions 


VewhqesR ye nd = Vani ee for |1<a<i, i<(O<1. 

The summation over ak is taken over all 
k,...kg and over all a. In special cases expres- 
sions (5) may be considerably simplified since the 
Voki differ from zero only for special values of 
i satisfying certain conditions. In a number of 
cases H, may be a sum of expressions (5) cor- 
responding to different £. However, since in the 
evaluation of Z up to the second order inclusively 
the individual terms of H, enter additively, we 
shall restrict ourselves to a consideration of H, 
of type (5) [or (6)], bearing in mind that correc- 
tions corresponding to terms with different 2 may 
be simply added. 

In the case of interaction of quasi particles of 
different kinds with each other (and also in the 
case of interaction with static inhomogeneities if 
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quasi particles of one kind can transform into quasi particles of a different kind), H, has the form 


bm 
== Ma at + * A fy 
A, ae >) >) >) Varin j@at, a ieice Gok; Qari 44: oe Qak, Qpx,+--Fpx ; a ea Apx 


a<p kx i=1j=1 


* + 
ote Vanipxj@an, > ++ Qak; Aor 


where kg denote quantum numbers of quasi par- 
ticles of type 6 


V ackiprj = V akeyeok 12, 8% 4.00% pf?” 
[as a as a ae ae = Vasiestetia £1, Goch) fase 
Wat t= g5= 1, 1 <b = £, Je Cos <i =m. 
Summation over kk is taken over all k,...kg, Ky 


~oeKym- 

Let us now evaluate by means of formulas (1) 
and (2) the grand partition function up to the second 
order perturbation theory terms inclusively, and 
also the corresponding thermodynamic potential 


Q=Q,4+0,4+ O,+...=—kT InZ 
ZO) Z(2) a AS (7) 
a = #0 1n20)— er — i | Fy — (Fr ‘ae 


In carrying out the above calculation we shall 
evaluate the traces with the aid of the complete 
system of eigenfunctions of the operator Hp in the 
second quantization representation. These func- 
tions are specified by the occupation numbers 

Nap = Arran’ N,= ian: (8) 


pas 
R 


It is convenient to use the grand partition function 
_and the second quantization representation because 
in this case the evaluation of the trace in (1) and 
the summation over Ng reduces to an elementary 
summation over all possible values of ng,. Thus 
for Z() one immediately obtains from (1), (3), 
and (8) the well-known expression (see, for ex- 
ample, Landau and Lifshitz!): 


GOs II I [1 bexp A (us — eax)] #1. (9) 
a R 


In evaluating the first order corrections in the 
case of interaction with static inhomogeneities, it 
should be taken into account that the diagonal ma- 
trix elements in (5) differ from zero only if to 
each annihilation operator there corresponds a 
creation operator with the same a and k, i.e., 


teil) y= 


(6) 


+ + + 
Qak ex, radar, px j@exj4y mite 6 Agx 


only those terms are important for which i = £/2 
(2 should be even), and which have the same sets 
of numbers ky...kj and kj+,...kg. Evaluating 
Q, by means of formulas (7), (1) —(3), (5), and (8) 
we obtain 


(1) 


Z 
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where i=2/2, Votg = Vokk,...kjkj..kj 294 Dok 
are the mean occupation numbers 


a, = [exp A (fan — Bx) + IJ. (11) 


If H, is given by formula (6) then Q, is deter- 
mined in a similar manner: 


Qua a ly! >) S\Verioni [Nak, ake Nan Aen, as Nex; 
a<B ku 
+ (IFF Aak,) «(LF fter;) (LF ex) ++ (LF nex,;)], (12) 
where 


. . i 
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Determining further on the correction {» to 
the operators (5) and (6) we obtain 
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In summing over ...kg...kp... (1 =a =i, 
i<b <2) in formulas (18) and (14), the terms 
with kg =kp (or Kg = Kp) should be excluded. 

The above general formulas for the corrections 
to Q will be applied below to various physical 
systems. In addition to the examples considered 
below they may be employed for the investigation 
of the effect on the thermodynamics of spin waves 
in ferromagnetics of their interaction with fluctu- 
ations in composition and in order parameters, 
with conduction electrons and with lattice vibra- 
tions. They can also be used for the investigation 
of the effect of anharmonicity on the thermody- 
namics of the phonon gas, for the determination of 
corrections to the thermodynamic potential asso- 
ciated with the interaction of atoms in a mixture 
of different gases (for example, He?-He’*), etc. 


2. INTERACTION OF A STRONGLY DEGEN- 
ERATE GAS OF FERMI QUASI PARTICLES 
WITH CRYSTAL INHOMOGENEITIES 


As the first example, we consider a system of 
Fermi quasi particles interacting with static crys- 
tal inhomogeneities. We suppose that the interac- 
tion of the particles with each other may be neg- 
lected and that the gas is in a nearly completely 
degenerate state. The results obtained on solving 
such a problem may be applied to the investigation 
of the effect on the thermodynamics of the crystal 
of the interaction of metal conduction electrons 
with static inhomogeneities. In this case one can 
consider either the conduction electrons in a single- 
electron approximation, or (more accurately) the 
Fermi quasi particles obtained after eliminating 
the Coulomb interaction between the electrons. The 
screened Coulomb interaction of such particles with 
one another, and their interaction with the collec- 
tive oscillations of the electron plasma, are both 
small and their effect on the thermodynamics of the 
electrons may be taken into account separately by 
means of formulas (13) and (14). 

We expand the potential energy of interaction of 
a particle with the static inhomogeneities into a 
Fourier series: 


ViQ) = SiVie ot Viera = Va (15) 


where the vector kx takes on values determined by 
the conditions at the crystal boundary. (Terms 
corresponding to k andto -—k are obviously the 
same.) We shall choose the potential energy in the 
zero-order approximation in such a way that Vy, 
=0 for x =0. Going over to the second-quantiza- 
representation we find that the Hamiltonian of the 
system in the case under discussion has the form 
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H =H, +My = >) exe Ox 
k 
= g pa pa Vieni Oe—nr + Vice] (16) 
Here k is the propagation vector (not in reduced 
form) of the quasi particle; «, is its energy; 
Vek = VePxk where pxk is the matrix element of 
the function exp(ik-r) formed using the single- “4 
particle wave functions corresponding to the prop- 
agation vectors k and k—k’ (pyk~ 1), kK’ =K 
— 21rKg where the reciprocal lattice vector K¢ 
is chosen in such a way as to make the vectors k 
and k —«k’ lie in one cell. For the sake of sim- 
plicity in the Hamiltonian (16) terms are omitted 
which correspond to virtualtransitions between dif- 
ferent energy zones. This approximation holds if 
the separation between the zones is considerably 
larger than the Fermi energy. We note that taking 
into account the terms mentioned above does not 
alter the qualitative conclusions reached below. 
Since for k =0, Ve =0 and VxK=0 (i.e., in 
the notation of the preceding section, Valk jk, = 0), 
then it follows from (10) that the first order cor- 
rection 2, reduces to zero. Evaluating the sec- 
ond order correction by means of formulas (13), 
(16) and taking into account the fact that in the new 
notation kjk, ky -k—-k’, Vokik, > Vik we 
obtain 
QO) + Q, = Q, — 2gh > S} | Vac? ma (l= Nx!) 
x «k 
1 
x \ exp 0 (ee — exw) alld. (17) 
0 
Here Q is the thermodynamic potential (ex- 
pressed in terms of the variables v, T, p) of 
the system of Fermi quasi particles in an ideal 
crystal, while the factor g takes into account the 
spin of the particles and in the case of electrons 
is equal to 2. The sum over k in the second term 
of formula (17) may be replaced by integration 
over (v/8m*)dk, where v is the volume of the 
crystal, and similarly in the case of the summa- 
tion over k. The integration over k may be car- 
ried out in the limiting cases of weak and strong 
degeneracy of the Fermi gas. In the case of weak 
degeneracy one gets a result which had been ob- 
tained earlier by Krivoglaz and Rybak.* In the 
case of almost complete degeneracy when p/kT 
>> 1 in the evaluation of the sum over k and of 
the integral over u 


1 
J(%) = S| Paw Pm (1 — Mew) \ exp [A (ek — ex) u] du 
k 0 
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one may expand asymptotically in powers of kT /u 
and limit oneself to the first non-vanishing term of 
the expansion. 

It is not difficult to obtain an explicit expression 
for J(k) in the case when the dependence of 
IP? on k may be neglected (px |? = pe 12) 
and when, moreoever, «, depends quadratically 
on k: ex =h’k?/2m where m is the effective 
mass of the Fermi quasi particles. Carrying out a 
simple calculation, we find that in this case 


uv mk Ak? — y/2 2k , 
J (x) = ge 9 pal (1 + Tage In ey > (19) 


ky = V 2um/h = V 6 N, /g0; 


ky is the boundary propagation vector of the de- 
generate Fermi gas, Ne is the number of Fermi 
quasi particles. The derivative of the function (19) 
with respect to k has a discontinuity at the point 
K = 2k). This singularity, as well as the singular- 
ity of the function n, at absolute zero, is associ- 
ated with the asymptotic nature of the expression 
obtained above and disappears in the exact expres- 
sion. 

In the general case of arbitrary dependence of 
€k on k it is impossible to carry out the evalua- 
tion of J(K) for arbitrary x. One can only note 
that in the adopted approximation J(K) does not 
depend on A, and one can also find the expression 
in the limiting case of small |x’]: 

J (x) = 5 S(¥) [Pax P. (20) 
Here S(€) =dw(e)/de where w(e€) is the vol- 
‘ume of k space contained inside the surface ¢, 
=€ while the bar denotes averaging over the sur- 
face €k=uw. 

As is well known, small changes in the thermo- 
dynamic potentials, expressed in appropriate var- 
iables, are all the same (see, for example, Lan- 
dau and Lifshitz'!). This means that the correction 
Q, expressed in terms of the variables T, v, and 
Bq coincides with the correction to the free en- 
ergy F, expressed in terms of the variables T, 
v, Ng. Therefore, it follows from formulas (17) 
and (18) that the expression for the free energy 
may be written in the form 


Fox Fy + Fa = Fy, — (gv/4e°) \J (x)|Vil2dx. (21) 


Here one should replace |V, |? in (21) by its aver- 
age over the statistical ensemble. 

Static inhomogeneities should play an essential 
role in alloys. In this case the inhomogeneities 
are caused by fluctuations in the concentrations of 
the components of the alloy. Let us consider a bi- 
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nary alloy AB which in the general case may be in 
an ordered state. Let us suppose that the atomic 
sizes are almost the same so that the geometric 
distortions of the crystal lattice can be neglected. 
It is convenient to choose for the zero-order ap- 
proximation the completely ordered alloy com- 
posed of effective atoms whose potential energy of 
interaction with the Fermi quasi particles is equal 
to the average potential energy of interaction of 
atoms situated at lattice points of a given kind. 
Then the potential energy of the perturbation as- 
sociated with the inhomogeneities of concentrations 
may be written in the following form: 


N\yv v 
Vir) = SD) lesa (# — Roy) + (1 — Csr) Vat — Roy) 


s=1y=1 


— Va (r — Rey) — (1 —¢y) Va (tr — Rey) (22) 
Here s is the index of the crystal cell; y is the 
index of the lattice point in the cell; N is the num- 
ber of atoms in the crystal, v is the number of 
lattice points in the cell; R,., is the vector drawn 
from the origin to the lattice point y in the s-th 
cell; Cgy=1 ifanatom A is situated at the lat- 
tice point sy, and cg,=0 if an atom B is sit- 
uated there; c, and 1—c,, are atomic concen- 
trations of atoms A and B at lattice points of 
type y; Va and Vp are potential energies of 
interaction with atoms A and B respectively. 

It follows from (22) that the Fourier component 
of the potential energy V, is equal to 


Vi=a\Vn) exp (— ixr) a= = fa) Cx; (23) 


Cy = Cy = a SS Csy =.) exp (Ix Rays la— Cy 
Sys 
= Di loe exp (ix/Rey) + Gv exp (—ix'Rey)]s (24) 


x! 


ji \Va (r) exp (—/xr) dt; fg = NZ (r) exp (—izr) dc, 
(25) 


vq =V/N is the atomic volume. The quantities cy 
obviously satisfy the condition 


S| ex? =a YG &) = ==>} Cy (l= Cy)s ) (26) 
x! Si poy, y=1 

It may be seen from formulas (21) and (23) that 
the correction to the free energy is determined by 
the magnitude of the mean values of the squares of 
the Fourier components of the concentration fluc- 
tuations. Multiplying the expression (24) for cy, 
by the complex conjugate expression we obtain 
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== eS = { : 
[oP =p DS cy (1 — ey) — gy D008 (#'e) € (P); (27) 
y=1 +0 
where the vectors p =R,’.,’— R,,, take on the 
values of all the radius vectors of the lattice 
points and 
1 ~ @)———— _ - — 
== - >) : (CHeg4r— 04-0). (28) 
ae 


The quantities €(p) are the parameters of cor- 
relation between the occupancy by atoms A of 
lattice points separated from one another by a dis- 
tance p (more accurately they are the average 
values of these parameters over different kinds of 
lattice points separated by a distance p). These 
quantities may be determined on the basis of x-ray 
or neutron data.’ We note that if we can neglect 
the scattering associated with geometric distor- 
tions of the lattice and with thermal vibrations 
then the quantity leg ? is proportional to the in- 
tensity of diffuse scattering of x-rays or of neu- 
trons divided by the square of the difference be- 
tween the atomic scattering factors for atoms A 
and B. 

Substituting (23) into (27) and (21) we find that 
the electron part of the free energy of the alloy up 
to the second order perturbation theory terms may 
be written in the form 


v 


ul = cae, : 
Fa — Ga.) c (1 ayy Dy eee” 9) 
Yea e+#0 
where 
Oy = FR \\fa— Fo Pd (x) ds 
a, = gfe \\fa— Fai? J (x) cos’p de, (30) 


The electron part of the zero-order free energy 
Fy is defined as the free energy of the electron 
gas in an ideal periodic crystal made up of effective 
atoms, and depends only on the long-range param- 
eters (on the quantities c.,), but not on the corre- 
lation parameters. In the case of absence of long- 
range order (disordered alloys), Fy may be con- 
sidered to be independent of the temperature (if 
one neglects a small term proportional to any 
which provides a linear term in the heat capacity 
of the metal). However, in this case the last term 
in (29) still depends on the temperature due to the 
correlation parameters €(p). For the same rea- 
son the electron chemical potential p = dF/dNe 
also depends on the temperature (in defining F 
and p, we adopt as zero energy the energy of the 
electron at the bottom of the conduction band of a 


disordered crystal composed of effective atoms). 
The dependence of p on the correlation param- 
eters must lead to a change in alloy properties 
such as contact potential, thermoelectron emission 
current, etc., when the short-range order is 
changed. Thus, the magnitude of the thermoelec- 
tron emission current J from a metal is given, 
as is well known,® by the formula 


Pe 


m,k* |e | 


apes (31) 
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Here me is the electron mass (in vacuo), D is 
the transmission coefficient of electrons from vac- 
uum into the metal, y is the energy difference be- 
tween an electron at rest in vacuo and at the bot- 
tom of the conduction band. 

In order to estimate the change in J when 
short-range order is established, one may set 
|OF’/ONe | ~ |F/Ne} and evaluate the constants 
a) and ap by making use of data on the residual 
electrical resistance of alloys. Thus, for example, 
by utilizing the estimate of the matrix element of 
the perturbing energy for Au Ag alloys (see Bethe 
and Sommerfeld,’ §43) we shall find that 
lf4 -fpl~ 10 *p2v2 for x ~ ky. Carrying out 
the integration in formula (30) for ag over the 
volume of the first cell of the reciprocal lattice 
(this will give an underestimate of the result), 
and ultilizing expression (19) for J(Kk), we obtain 
ay ~ 10 *uNe, i.e., ap/Ne ~ 0.1 ev. Because of 
the factors cos(K’-p) inthe integrand of formula 
(30), the quantities ag must be somewhat smaller 
and may be negative. For a number of disordered 
alloys the correlation parameters €(p) for the 
first few coordinative spheres are ~ 107'*, Since 
kT ~ 0.1 ev, and the coordination number is ~ 10, 
it can be seen from (31) that, if the change in € (p) 
is of the same order as €(p) itself, the change in 
J, in establishing or destroying short-range order 
in the solution, may amount to ~ 0,13. The change 
in the contact potential, which is equal tothe change 
in the chemical potential, may in this case amount 
to~ 10 ev. For the same change in €(p), 
greater effects can be expected, generally speak- 
ing, in the case of alloys with a large residual re- 
sistance. A particularly large change in p in 
disordered solutions can be expected during the 
early stages of decay (during aging) when large 
regions appear in the crystal with a very high de- 
gree of short-range order. 

In the commonly employed theory of alloys, 
which is based on the approximation of pair inter- 
actions, and which does not take into account col- 
lective degrees of freedom, the coefficient Nzw/2, 
(where w is the energy of ordering and z is the 


| 


EFFECT OF INHOMOGENEITIES OF THE ORNS TAL WIGA LICH 253 


coordination number), appears in the expression 
for the total energy in front of the correlation pa- 
rameter for the first coordinative sphere. For 
the majority of alloys w ~ 0.01—0.lev, i.e., zw 
is of the same order of magnitude as the corre- 
sponding coefficient Zap1/Ne in the electron part 
of the free energy. Thus, contrary to the rather 
widely held opinion,® the change in the electron 
part of the free energy may play a very essential 
role in the appearance of short-range (and also of 
long-range) order in the alloy. 

The change in the long-range order in the alloy 
may affect the electron part of the free energy and 
the properties of the alloy discussed above con- 
siderably more than a change in the short-range 
order. In this case the concentrations are differ- 
ent for lattice points of different kinds, and the po- 
tential energy of the electrons in the zero-order 
approximation, and consequently also Fo, depend 
on the degree of long-range order. In the approx- 
imation of strongly-bound and weakly-bound elec- 
trons, the dependence of the energy spectrum of 
the zero-order approximation on the degree of 
long-range order (which enables us to determine 
Fy) has been obtained by Smirnov.® The terms in 
F) containing the degree of long-range order are 
proportional to the square of the difference Va 
— VB (and not to the difference itself), so that in 
order to investigate the effect of order, even for 
small Va — Vp, it is necessary to take into ac- 


count not only Fo, but also the second term in (29). 


A particularly sharp change in the electron part 
of the free energy can be expected near the tem- 
perature of the transition of the second kind into 
the ordered state, and also near the critical point 
on the decay curve. In such cases the second de- 
rivatives of the free energy with respect to the de- 
gree of long-range order, or with respect to the 
concentration, vanish, and anomalously large fluc- 
tuations occur in the degree of long-range order 
or in the composition, respectively.® For the 
sake of simplicity let us consider a binary solid 
solution undergoing ordering, which contains in an 
elementary cell of the ordered crystal one lattice 
_ point of the first kind and one of the second kind 
(for example, crystals of the type NaCl or of the 
type of B-brass). In this case the quantities Cgy 
can be written in the form cgy=Cg + Ns/2, se 
=Cg — ns/2. The average values of the quantities 
Cg and ng, taken over a large number of cells, 
evidently coincide with the concentration of atoms 
A and with the long-range order 7, which are 
related to the concentrations c,, by the equations: 
€,=c+n/2, G=c-—7/2. For small « =k — 2m 
xKg5 (Kg is a vector of the reciprocal lattice of 


the disordered alloy) the quantities Csy in for- 
mula (24) for cy can be approximately replaced 
by the quantities cg, since exp (— ik’- Rg.) 
changes appreciably only over distances which ex- 
tend over a large number of lattice constants, 
while the quantities + g/2 mutually cancel within 
the boundaries of a ceil. On the other hand, for 
values of kx close to amK’s (Ks is the vector of 
the reciprocal lattice which appears in the or- 
dered alloy), the quantities cg compensate each 
other [since the factors exp(—2miK-Rg,.,) have 
different signs for lattice points of different kinds 
in a cell], and one must substitute ns/2 in place 
of cgy in (24). Thus, for small x’ =x — 2nKg or 
kK =k — 2nKs, the average values of |c, |? can 
be evaluated as average values of the squares of 
the moduli of the Fourier components of the fluc- 
tuations in the composition or in the degree of long- 
range order. The latter have been evaluated by the 
author’? for solid solutions in connection with the 
problem of the diffuse scattering of x-rays or of 
neutrons. Making use of the results given in that 
paper we find that in the case of cubic crystals in 
the neighborhood of a point of phase transition of 
the second kind for |x”| « 1/d): 


eae es op | Nx ic — (kT /16v) [Onn =o Sen/Pce + Cee (32) 


where ec, Ynn» and Pep are the second deriv- 
atives of the free energy (and not only of its elec- 
tron part) per unit volume with respect to c and 
7; @ may be taken as constant in the neighbor- 
hood of the transition point and on the order of? 
NokT od, where Ny is Avogadro’s number, Ty is 
the temperature of ordering, and dp is the lattice 
constant. The derivative ge, is always equal to 
zero for disordered solutions, and vanishes near 
the point at which ordering occurs for ordered so- 
lutions whose composition corresponds to the max- 
imum temperature of ordering. Similarly, for 
In ]« 1/dg, one can obtain for disordered solu- 
tions 


[ex 2 = (RT /40) [eee + B17, (33) 


where £ is a constant of the same order of mag- 
nitude as a@. 

At the point of phase transition of the second 
kind, Yp, and gg, vanish and lc, ? + as 
x” — 0. As a result of this, the electron part of 
the free energy must vary sharply near the tem- 
perature Ty. We consider first the case when 
Pen = 9. In order to separate out that term in Fg 
which depends most strongly on the temperature, 
we separate in the integral (21), in the neighbor- 
hood of the points « = 21K (in which |e, 
reaches a maximum), spheres of small radius 
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R « 1/dy and carry out a change of variables 


K =xV Qp7/@. In accordance with (21), (23), and 
— V «leyn 
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where fag and fps are the values of the func- 
tions fq and fp atthe points kx = 27Ks5. 

The last term in (34) proportional to V Onn 
leads to the most pronounced dependence of Fo 
on the temperature in the neighborhood of the tem- 
perature Ty. However, one should keep in mind 
that the integration in the integral (21) over the 
remainder of k-space outside the selected spheres 
also contains a term proportional to Vg which, 
however, cannot be evaluated without making use 
of a specific model of the alloy which permits one 
to evaluate the correlation parameters ¢€(p). We 
shall therefore take these terms into account by 
means of the factors Ls (where Ls S 1) under 
the summation sign in formula (34). Thus, near 
the point of phase transition of the second kind, the 
expression for the electron part of the free energy 
may be written in the form 


Fo=Fo+ Fo +A V om» (35) 


where 


= (gkT 9 / 32nvza'") >) Lad (2nK5)|fas— fas 2, (38) 
8 


while Fy contains higher powers of Pnn (for ex- 
ample, the first). For small 7, Fo contains a 
term ~ n which leads to a less pronounced tem- 
perature dependence of Fg near Ty than the 
term with V Pn: In the general case when for a 
given composition the temperature Ty is nota 
maximum and in the ordered state Pen #0, one 
should replace Onn in (35) by the expression 
Onn er /Yoec (which also vanishes when T 
= To). 

Similarly, near the critical point on the decay 
curve in which @ec vanishes, 


Fe=Fyo+t Fi +A V ec, (37) 


where A” differs from A’ by the replacement of 
a by £ and by summation over the points 27Ks, 
which correspond to vectors of the reciprocal lat- 
tice of the disordered alloy. 

One can similarly determine the form of the 
expression for the electron part of the free energy 
near the point of phase transition into the ferro- 
magnetic state in pure metals (the Curie point). 


kT Vie 
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(22) integration over these spheres will lead to 
the appearance in Fg of the term 


R De (2nKs) | fas — fs |? 
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In this case an interaction, associated with ex- 
change interaction,'! takes place between the con- 
duction electrons and the fluctuations of magneti- 
zation. The Hamiltonian of such an interaction has 
the form 


H, = CsAM (r), 


where s_ is the spin operator of a conduction elec- 


tron, AIN(r) is the fluctuation change in the dis- 
tribution of magnetic moments at the point r 
[9N(r) is a periodic function with the periods of 
the lattice ], while C is a constant. Since near 
the Curie point the relaxation processes become 
extremely slow, the fluctuations may be regarded 
as static ones (see, for example, Krivoglaz and 
Rybak*). Since in the case under consideration 
the electron energy in the zero-order approxima- 
tion depends on the spin direction (in the ferro- 
magnetic state), taking the spin into account does 
not reduce simply to multiplication by g, and the 
expression for J(k) will be somewhat altered. 
However, near the Curie temperature, when the 
terms proportional to the square of the magneti- 
zation M? are negligibly small (see Krivoglaz 
and Rybak*), one may, as before, use formulas 
(21) and (18) in the calculation of Fo, after re- 
placing |V,, |? b 


nD Viksor | Fee Oe Wa) Rae | M,.[2. (39) 


Here o ae o are the spin components (+ 4), 
M, are the Fourier components of the magnetiza- 
tion vector, while f, is a factor which appears in 
the transition from the Fourier component of a 
rapidly oscillating function M(r) to the smooth 
function M(r) (f¢ <1 and fy—-1 as k—0). 
Applying the same considerations to the case of a 


cubic ferromagnetic in which the spontaneous mag- 
netization is directed along the cubic axis (z axis), 


as in the case of solid solutions, and utilizing the 
expressions for |M,j|* (i=x, y, z) given by 
Krivoglaz and Rybak,4 we find that near the Curie 
point the expression for the electron part of the 
free energy has the form 


F = Fo+ F, + A"(2V0%9/ dM? + Vo /aM), (40) 


(34) 


(38) 
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where A” isa constant, while the derivatives of 
gy vanish at the Curie point. 

One can make a rough estimate of the constants 
A A . Assuming, as we have done before on 
the basis of data on the ae resistance of al- 
loys, that |fa — fp? ~ 10°y?v2, we obtain with 
the aid of formulas (36) and (19) 


V NokT A’ | Ne~ WV NRTA" | Ne ~ 10-8 ev. 
In order to evaluate the constant A”, we set 


CM, ~ kT) ~ 107?) where Mg is the saturation 
magnetization. Then 
V NkT) A” / Ne Msg ~ 1075 ev. 

It should be noted that the expressions for the 
free energy given above cease to be valid at the 
transition point itself, since on apprcaching it the 
higher order terms in the expansion in powers of 
the interaction constant of the quasi particles with 
the inhomogeneities of the crystal lattice begin to 
play an ever increasing role. 

The interaction between the electrons and the 
lattice vibrations may be treated with the aid of 
formula (14) in the same way as was done above 
in the case of the interaction of electrons with 
static inhomogeneities. Such an interaction leads 
to a renormalization of the velocities of propaga- 
tion of elastic vibrations and to the appearance of 
a certain correction to the electron part of the free 
energy. The solution of this problem has already 
been obtained!® by means of perturbation theory .* 


*We note the free energy must contain terms associated 
with the interaction not only for superconductivity, but also 
for certain other phenomena. Thus, the term in the free en- 

ergy of the conduction electrons (proportional to T), which 
appears because of frequency renormalization at high tem- 
peratures (T > @, where @ is the Debye temperature), 
must lead to the appearance of a term proportional to T in 
the contact potential of the metal, and also to appearance 
of an additional factor in front the exponential in the ther- 
moelectron emission current [see formula (31)]. An addi- 
tional factor in front of the exponential also appears owing 
to thermal expansion, but this effect may be separated out 
by studying the dependence of J on the pressure. The in- 
teraction of conduction electrons with lattice vibrations 
leads to the dependence of the chemical potential of the 
conduction electrons on the isotopic composition. This 
means that the contact potential difference, the thermoelec- 
tromotive force, the factor in front of the exponential in the 
thermo-electron emission current (but not the work function) 
etc., must also depend on the isotopic composition. From 
this it follows, in particular, that a contact potential differ- 
ence (which is almost independent of T at low temperatures 
and is proportional to T at high temperatures) and a thermo- 
electromotive force (smaller by 2 or 3 orders of magnitude 
than in the case of different elements) must arise between 
different isotopes of the same metal. The isotope effects 
noted above must occur not only in metals but also in semi- 
conductors, where they are a consequence of the “polaron” 
ot the “condenson” effect. !4 
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3. INTERACTION OF LATTICE VIBRATIONS 
WITH INHOMOGENEITIES OF COMPOSITION 


In the investigation of the vibrations of the crys- 
tal lattice the inhomogeneities may consist either 
of a difference in the atomic masses or of a differ- 
ence in the potential energy of interaction of dif- 
ferent atoms. In the case when only the masses 
are different (solution of isotopes) the lattice vi- 
brations have been treated in a number of papers _® 
In the present article we shall investigate with the 
aid of the perturbation theory formulas derived 
above (on the assumption that no local vibrations 
appear) the more general case of a binary solid 
solution of atoms of different kinds in which not 
only the masses of the atoms, but also their inter- 
action energies, are different. The solution may 
be either in a disordered state with one atom per 
unit cell, or in an ordered state. 

The Hamiltonian of the lattice vibrations has in 
the harmonic approximation the form 


x epi 


sy i=1 Moy ia 


+>3> 


sy s’y’ 


3 

ae sys ryt Vsyil'sty'j + (41) 
Here i and j are indices of the Cartesian coord- 
inates, and rgyj is the deflection of the atom sit- 
uated at the lattice point y of the s-th cell from 
its equilibrium position (in a solid solution these 
positions do not form an ideal lattice). The atomic 
masses Mg, may take on two values, m, and 
m,, depending on whether atom A or B occu- 
pies the lattice point sy. 

We suppose that the coefficients V in (41) de- 
pend only on the kind of atoms situated at the lat- 
tice points sy and sy, and do not depend on the 
kind of neighboring atoms. Then for the pairs AA, 
AB, and BB these quantities may take on respec- 
tively the values 

V-GSD VY 2). 

For the zero-order Hamiltonian we choose the 
Hamiltonian for the vibrations of an ideal ordered 
crystal with masses m,, and constants V which 
are the average values of the corresponding quan- 
tities 


My, = Cyt te (Li — Cy) Ma, 
Vie ryt = Psys'y' (1,1) Veen (1,1) 4 [psysry (12) 
+ Psys'y’ (2,1)] Vistsrxt ( « (1,2) + Poysry (2,2) Vistss ryt (2,2). 
Here, for example, Pgys’ y (i, 2) is the proba- 


bility that the lattice point sy is occupied by atom 
A, while the lattice point 3’ y: separated from it 


(42) 


256 M. A. KRIVOGLAZ 


by the distance Rg’,/ —Rgy, is occupied by atom 
B. Then the Hamiltonian (41) takes on the form 


3 
eed a? 
H=H,+H,=-—=> eae » : 
2 —m a r 
yy; Studien OME 
{ 3 x 
\1 “Ve re) 
= oy > De Vays Vaal sy" (43) 
sy s'y’ i, j=1 
he? 1 S Q2 4 3 = 
| NON ij 
"a os ma > Usy ar TG >) oa > 1 ERS ae STS 
LOCA ta are Sy Sy i, j=4 


[ee y) (% /2N mex) Pexty (cos kRsy — sin kRsy) (Qke + ai); 
kt 


where 


AV =V—VP. 


a 


Psy = (my — Mey) | Mey; (44) 


We express the coordinates of the atomic de- 
flections in terms of creation and annihilation op- 
erators for Bose particles corresponding to dif- 
ferent normal coordinates: 


(45) 


ae 1 e. 
0/Orsy = 5s >) (2N myers | 4)” Tere (cOSkKRE, SsintkRe) (ai;— san): 
kt 


Here t indicates the branches of the vibration 
frequencies, w,;, are the eigen-frequencies inthe 
zero-order approximation, e,;,, are the polari- 
zation vectors satisfying the condition 


v v 
ys | Cxty |? my 2 >> Tey: 


SL ca. 


Substituting (45) into (44) we shall find the ex- 
pression for H in the second-quantization repre- 
sentation: 


H =H,+ Hy, =>) hed a an z) 
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sy 
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3 
Viewty = Nano. = > >) (MyM) — PAVE sltyile't'y'j 
LP el orth 
x exp [i(kRsy —k’Roy)], (47) 


while ’ and ” denote the real and the imaginary 
parts of the quantities p and V. 

We note that for k =k’, t=t’ in accordance 
with (47), (44), and (42) 


pend (my — m2)? 1 = = 
Vicrxe = 0, Patxt = 7 des Se ee 


The quantities pytp,’y’ and Vyy,’}’ may be ex- 
pressed in terms of cy, [see (24)] and of the Four- 
ier components of pg(p) defined by the formula 


1 ee 4. 
Pa (?) = 2N >) (Csylsry! — Coylsry’) EXP (— 2/4) Rsy + Row), 
. (49) 


where the summation is carried out keeping Rg’,/ 
=Rgy +p. The free energy may then be calculated 
up to the second order inclusively with the aid of 
formulae (12) and (14) (in which one should set 
2=2). Taking into account (48) and (26) and the 
fact that a small change in Q is equivalent toa 
small change in F expressed in terms of appro- 
priate variables we obtain 


2 (m , — me)? 
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MM, 
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where Fy is the free energy of the vibrations of 
a completely ordered crystal consisting of effec- 
tive atoms corresponding to the zero-order ap- 
proximation, and 

4 EKO KUO) k— ke? 


Uxtyt’ (@) = = sin -5 
MO Orr gs 
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x DS) exsiewrers [AV,! (1,2) — AVG! (2,2)], 


i, j=1 
Wren (p) = sin sin K® 2AVvii (1,2 
yeep th eta Diseneeey eave 
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exw = h [oie (Me + Mg). 
— ow (ae + 1/5)] / 2 (ke — ow). (52) 
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The thermal conductivity of the lattice is introduced into the phenomenological theory of 
paramagnetic relaxation! in parallel fields. It is assumed that the surface of the spherical 
sample is isothermal. Lattice thermal conductivity is found to be important at low tem- 


peratures (helium temperatures and below). 


te The first phenomenological theory of para- 
magnetic relaxation in parallel fields, developed 
by Casimir and Du Pré,” in which only spin- 
lattice relaxation was considered, was extended 
by Eisenstein® to take account of lattice relax- 
ation due to the finite thermal conductivity of 
the lattice; it was assumed that the surface of 
the paramagnetic sample is isothermal. In the 
present work we consider lattice relaxation in con- 
junction with.spin-lattice relaxation and spin re- 
laxation. The spin relaxation is considered only 
within the framework of the Shaposhnikov analy- 
Sis, nice. spin relaxation is considered without 
taking account of the modifications which have been 
introduced recently in Ref. 4. Thus, we are ex- 
tending the Shaposhnikov analysis in the same way 
as Eisenstein extended the Casimir-Du Pré theory. 
This extension and the evaluation of the roles 
played by all three of the above-mentioned relax- 
ation processes at various field strengths, frequen- 
cies, and temperatures are of interest for two 
reasons: on the one hand, at helium temperatures 
and low frequencies, where the Casimir-Du Pré 
theory does not agree with experiment, relaxation 
within the lattice is important (cf. Ref. 3); on the 
other hand, at high temperatures and frequencies 
the spin relaxation becomes important, assuming 

a decisive influence at room temperatures and 
ultrahigh frequencies (cf. Refs. 5—7). 

2. Before turning to the analysis indicated 
above, we shall consider the question of whether or 
not a complete theory of paramagnetic relaxation 
should take account of still one other relaxation 
process — relaxation within the spin system, due to 
the finite thermal conductivity of this system. 

The relaxation times 6) and @,, which char- 
acterize the rate of dissipation of temperature in- 
homogeneities in the lattice and in the spin sys- 


258 


tem, are proportional respectively to the ratios 
cy/A and c/Ag where cy is the heat capacity of 
the lattice, c is the heat capacity of the spin sys- 
tem, and A and Ag are the thermal conductivi- 
ties of the lattice and spin system. Thus the ratio 
of relaxation times 9, and 6% is given by: 


O, /8;~ cd / Cis. (1) 


To make a rough estimate it is sufficient to con- 
sider the behavior of 6,w at frequencies for which 
6g~ ~ 1; in the indicated frequency region, from 
the relation in (1) we have 


6,0 ~ ch / Crs. (2) 


Information as to c, Cg, and ) for various ma- 
terials can be determined over a rather wide tem- 
perature range. As far as Ag, however, we are 
familiar only with the work of Akhiezer and Po- 
meranchuk,® who obtained results for thermal con- 
ductivity of paramagnetic materials at very low 
temperatures; at these temperatures the small- 
excitation method can be used. At temperatures 
of 0.14—0.3° K and for H=0, Ag in potassium 
chrome alum was found to be approximately 5 X 
10° times smaller than 2.°* At these same tem- 
peratures and in the absence of a magnetic field it 
is found that c/cg > 10? (Ref, 10). In the fre- 
quency region in which the relation in (2) applies, 
we have Ow > 10°; consequently, the thermal 
conductivity of the spin system is not important in 
the indicated temperature region in the absence of 
an external magnetic field at frequencies for which 
lattice relaxation is of importance. These fre- 
quencies are approximately 10* sec™! because for 
the temperatures being considered 6) ~ 10 sec, 
as is shown by estimates carried out for a number 
of salts of elements of the iron group (cf. below, 
Sec. 7). However, there is a factor of 10° in the 
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right-hand part of the inequality given above. 
Hence our conclusion that the thermal conductivity 
of the spin system can be neglected holds for the 
entire frequency region used in studying paramag- 
netic relaxation. Obviously this conclusion is all 
the more justified when an external magnetic field 
is applied or at higher temperatures since Cp and 
A do not change as the field is increased, c does 
not change or changes slowly, and Ag falls off 
very rapidly as the temperature is increased. The 
rapid decrease in Ag predominates over the var- 
iation of the other quantities which appear in (2). 
It is therefore reasonable to assume that the ther- 
mal conducitivity of the spin system is not of any 
great importance in paramagnetic relaxation (it 
should be noted, however, that the data on Ag 
used in the present estimates refer only to the 
very low temperatures considered in Ref. 8). 

3. Following Eisenstein,® we consider the prob- 
lem of a spherical paramagnetic sample at the sur- 
face of which a constant temperature is maintained. 
The choice of a spherical geometry is occasioned 
by the fact that of all the simple shapes the sphere 
is the one which most closely approximates the 
shape of the samples used in experiments (cf. Ref. 
11, for example). As far as the constant temper- 
ature at the surface of the sample is concerned it 
must be noted that an analysis of the degree to 
which this situation corresponds to the experimen- 
tal conditions is not a simple one and requires in- 
dividual attention in each different experimental 
case. There is always, however, some exchange 
of heat between the surface of the sample and the 
medium which surrounds it. Hence, in any case, it 
may be assumed that an analysis of paramagnetic 
relaxation under the assumption of isothermal con- 
ditions at the surface of the sample, such as used 
by Eisenstein,® is closer to reality than earlier 
analyses in which the temperature of the lattice 
(hence, the spin system) was assumed to be uni- 
form over the entire sample. 

We consider a solid non-conducting paramag- 
netic material with pure spin magnetism which is 
magnetically isotropic. The paramagnetic mater- 
ial is placed in an external magnetic field of fixed 
direction and magnitude which depends on the time 
t as follows: ; 


H(t<0)=H,, H(t>0)=Hy + nei. (3) 


4, In a phenomenological theory of paramag-~ 
netic relaxation which treats both the spin-lattice 
relaxation and the spin relaxation attention must 
be paid to the fact that when the paramagnetic ma- 
terial is placed in an alternating magnetic field its 
spin system passes through non-equilibrium states 
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(cf. Refs. 1 and 4). Applying non-equilibrium 
thermodynamics (the justification for applying this 
analysis in paramagnetic relaxation is discussed 
in Refs. 1 and 12) in the general scheme used ear- 
lier! and taking account of the thermal conduc- 
tivity of the lattice the following equations are ob- 
tained: 


Ory Dyutie + Dr D yyti(9 + $1) 


== (O77 — 77D) 9 OOo (4) 
Dyatsé + Ount + Ory ($+ 91) = — Oxm%, (5) 
C1; = AX, + aS, (6) 

where 
=p =T a (Onm (O7-m — Dr7D um), (7) 
typ (OF. (8) 


Here € is the variable part of the magnetization 
M, 3 is the difference between the temperature of 
the spin system T and the lattice temperature, 

5) is the difference in the temperature of the lat- 
tice and the fixed temperature Ty) at the surface 
of the sample, the ©@ indices are the partial de- 
rivatives of the non-equilibrium thermodynamic 
potential of the spin system @(H, T, M) taken at 
H=Hy, T=Ty, and M=Mp where Mp is the 
equilibrium value of the magnetization, corre- 
sponding to T=T,) and H=Hp, @(Hp;, To) is the 
coefficient of heat conduction between the spin sys- 
tem and the lattice, x(Hp, T)) characterizes the 
rate of change of & due to the interaction within 
the spin system (cf. Refs. 1 and 4), Tg is the spin- 
lattice relaxation time, which characterizes the 
rate of equalization of the temperatures of the spin 
system and the lattice under the assumption that 
the spin system and the lattice each pass through 
their own states of internal equilibrium without 
coming to equilibrium with each other, and Tg is 
the spin relaxation time, which characterizes the 
rate at which the magnetization M approaches its 
equilibrium value My for an isothermal spin sys- 
tem at T=Ty) [by virtue of internal interactions 
in the spin system (cf. Ref. 13)]. 

It will be assumed that up to t = 0, at which 
time the variable external magnetic field is switched 
on, the system has been in an equilibrium state 
corresponding to a magnetic field Hy and temper - 
ature Ty; in this case the initial conditions are 
that 3, 3p, and € are zero. The boundary con- 
ditions are obviously 3% =0 at the surface of the 
sphere and d%g/dr = 0 at the center of the sphere. 
Thus, the initial conditions and boundary conditions 
for the problem are 
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fete Ont ie 0, eee: 


(9) 


r=R: %=0; r=0: (0%/dr) =0. 


5. The system of equations given in (4) — (6) 
and (9) is solved by means of a Laplace transform. 
The steady-state solution is used to find the com- 


plex magnetic susceptibility as a function of the 
radial coordinate. In order to obtain the general 
characteristics of the entire paramagnetic sample 
this expression must be averaged over the entire 
sample. The following expression is obtained for 
the susceptibility x: 


= 


x _ 1+i(t—F) to + (F*/G) [3coth(G'PR) / GPR —3/GR*—1]_ (10) 
re T+ i(t, +t, o—(1—F) 77,07 
F*=iFeyh [1 — (1 — F) yt? + E(t + 15) 0) 4, (11) 
G = ic) {1 + (cx /c1) (1 + i (1 — F) ct] [1 — (1 — F) tit" 
+ i (% + ts) @]7}; (12) 
— Orr Onum (Orr D ym ar Diy)’, (13) 
ho = — Pum / Pum. (14) 


The quantity yo is the equilibrium magnetic sus- 
ceptibility; the quantity F is equal to 1 — cy/cy 
where cy and cy are the specific heats of the 
spin system for constant magnetization and for 
constant field. 

6. The general expression given in (10) for yx, 
the complex magnetic susceptibility, is rather 
complicated. Hence we consider the two limiting 
cases in which the argument of the hyperbolic co- 
tangent in (10) is either very small or very large. 
In the first case 


fo< Il b0<c,/ Cx, (15) 
where 
6, = c,R? / 15d (16) 


{cf. Eq. (12)] and the following approximate ex- 
pressions are obtained for the real part y and 
the imaginary part y” of the susceptibility 


yale 4+ (1—F) tio? 
oe (=F) 2G ORO S(O te tay 
2F (t, + t,) o [1 — (4 — F) 7, 7,07] 


CH 


(=C=hator aaa cn; On 1) 
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a. og (oe FY tet ape t2 o 
Hi SF [t= (ai + 7)? 07 +. — FP aig Cre 
(1—(@—F)+,7,.°P + (4, +7203? co, % (18) 
In the second case: 
80 5>1/15 or bac, /1licy, (19) 


and an approximate expression for the complex 
susceptibility may be written as follows: 


x _ 1444 —F)to+(F* /G)[B/ YER—1] 
xo 1 — (1 — F) 77,6? + (7, Tt.) @ , 


(20) 


The quantity 6) given in (16) may be considered 
the lattice relaxation time which determines the 
rate of dissipation of spatial inhomogeneities in 
the lattice temperature. 

Below we shall examine the approximate ex- 
pressions given in (17), (18), and (20) to determine 
the role of lattice relaxation at various tempera- 
tures and to investigate the frequency region Ty, w 
~ 1 at low (helium) temperatures; the latter is of 
interest in connection with our analysis of various 
experiments (cf. below, Sec. 9). 

7. To delineate the role of lattice relaxation at 
various temperatures we consider the temperature 
dependence of the quantities 09, Tg, and ce/cpy 
which determine the temperature variation of the 
magnetic susceptibility. In a large number of 
cases the spin-lattice relaxation time, Ty, (for 
example, almost all investigated compounds of 
elements of the iron group) at temperatures which 
are not too low, lies within the limits 10™* — 1078 
sec; as the temperature is reduced the spin-lat- 
tice relaxation time reaches values close to 107% 
— 1073 sec at helium temperatures.'°)!! The quan- 
tity 0g depends on temperature through the heat 
capacity of the lattice cg and through the coeffi- 
cient of heat conductivity >. At temperatures 
which are appreciably above the Debye tempera- 
ture of the material cg is temperature independ- 
ent (cf. Ref. 16 for example). At these tempera- 
tures the heat conductivity of dielectric crystals '® 
is proportional to T~! so that 69~ T. At lower 
temperatures cg diminishes as the temperature 
is reduced whereas ) exhibits approximately the 
same temperature dependence (A-: T7!) so that 
6g increases with increasing temperature at a 
still higher rate. At helium temperatures the ther- 
mal conductivity falls off rapidly as the tempera- 
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ture is reduced, approximately as 1 (Refs. 9, 
17), while cg and 69 remain constant at temper- 
atures below the Debye temperature. In potassium 
chrome alums in the form of single crystals \ = 
Grob eL0: TY erg-sec !-deg™! for T =0.14—0,3° 
K,® p=1.8g-cem™ (Ref. 3), cg = 100 T? erg-g7! 
(Ref. 10). Whence, from Eq. (16), 6) = 2 x 107° 
sec; ina powder 69 becomes longer because of 
the reduction in X (Ref. 18). Hence it is clear 
that for a wide range of temperatures O9/Tp >> 1 
and 69/Tg ~ 1 and only at helium temperatures 
does 69/Tg « 1. Finally, in many salts of ele- 
ments of the iron group we have cp/cy > 1 down 
to very low temperatures; it is only as the helium 
temperature is approached that the heat capacity 
of the lattice becomes comparable with the heat 
capacity of the spin system. The lattice heat ca- 
pacity falls off rapidly as the temperature is re- 
duced further. Thus, in a number of salts of the 
iron group cp/cy ~ 10° in a field of 5,000 oersted 
at 15° K whereas a field of 1,000 oersted is re- 
quired to obtain this value at 10° K.!° 

We now consider the effect of the lattice heat 
conductivity on the magnetic susceptibility at var- 
ious temperatures. We have shown above that a 
wide temperature region, aside from extremely 
low temperatures, 09/Tyg > 1. At all these tem- 
peratures, in accordance with our approximation, 
it is meaningful to consider only the case Ow 
> ¥. since 09w « 1 is realized at frequencies 
which are small in the sense Tgw < 1, when the 
susceptibility is essentially equal to its static 
value. In the appropriate approximate expression 
(20) terms proportional to F*/G and F*/G3/ 2R 
take account of the effect of lattice heat capacity 
and heat conductivity respectively [cf. Eqs. (11) 
and (12)]. Because of the ratio F*/G, these terms 
are proportional to the quantity cy/cg which, as 
we have seen, is small down to very low tempera- 
tures. Moreover, the second of these terms falls 
off still more rapidly as the temperature increases 
because of the factor (qi/2/Ry71 which, in ac- 
cordance with Eqs. (12) and (16) is proportional to 
(Ogw)7} 2 (cf. the temperature dependence for 6 
indicated above). Thus we may conclude that the 
lattice heat conductivity, being considered in the 
present work, is important only at extremely low 
temperatures (helium temperatures and below). 

8. In accordance with this conclusion, we now 
consider the helium temperature region; this is 
the region which is of interest from the point of 
view of experimental results (cf. Sec. 9). At he- 
lium temperatures 69/Tg « 1, hence in our ap- 
proximation it is necessary to take the case O9w 
«<1 since when 0gw > 1 and 6gw~ 1, the con- 
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dition that 09/Tg « 1 corresponds to frequencies 
such that Tgw >> 1; at these frequencies lattice 
relaxation processes become unimportant. Having 
in mind a discussion of experiments at helium tem- 
peratures, we apply Eqs. (16) and (17) for frequen- 
cies such that Tg ~ 1. Inasmuch as Ty ~ 107 
10-3 sec at helium temperatures while the spin 
relaxation time Tg, as has been shown by many 
experiments," is temperature independent and of 
the order of 107 sec, Tg >> Tg. Hence we may ex- 
pand Eqs. (17) and (18) in a power series in Tow 
and consider only the linear terms; this procedure 
yields: 

Fria? 


22 
2F jo Tie 


a ny) ( > 4+ tHe? ay. 


2F ria? Cy 8, | ' 
(t+ U Fol + joy) cr 7 a 
uw Fr 
oe ibe ee gis 
Xo 1+ Tio? P 
14 (2 (4 — F) — F2) sa? + (1 — FY? rot 2, (22) 
1+ Po? 7) 
4 1—tia? cp, 0, 
1+ Te? Came 


It is obvious from the expressions obtained that at 
the frequencies being considered the spin-lattice re- 
laxation, which is governed by the Casimir-Du Pré 
formula,” plays an important role; the second and 
third terms reflect the effect of spin relaxation and 
lattice relaxation repsectively. Since the coeffi- 
cients for Tg/Tg and Ogcy/Tgcp are of the order 
of unity at average fields regardless of tempera- 
ture, the effect of both of the above-indicated re- 
laxation processes on magnetic susceptibility is 
determined by the quantities isl ay and Opcqy/T pcg. 
At helium temperatures Tg/tg ~ 107'—10~ while 
OgcH/Tecg, as has been indicated by estimates for 
a number of materials (cf. below, Sec. 9), is of 
the order of 107% — 107!; whence it is clear that 
spin relaxation is not important at the temperatures 
and frequencies being considered. However, at 
higher temperatures and these same frequencies 
the spin relaxation process becomes more impor- 
tant whereas the lattice relaxation becomes less 
important. Thus, at some temperature the effect 
of both of these processes on magnetic suscepti- 
bility should be the same. To determine this tem- 
perature and to evaluate the spin relaxation and 
lattice relaxation as compared with spin-lattice re- 
laxation, we consider the expression in (20). This re- 
lation, as has been mentioned above, is of interest 
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at relatively high temperatures for which cg/cy 
> 1 in the frequency region for which Tgw ~ 1 
(and Tgw « 1). Expanding the expression in (20) 


F Tie? 
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with Tgw K 1 and cy/cg « 1 we obtain the fol- 
lowing expressions for y’ and y”: 


1 — tw? | | 
Bc: + tio? ie (1 ++ tHe)? cy 


7 eae FT@ 
Xo 4+ vio? 


1 — tw? — 27,0 bul Cr (¥ y | (23) 
(1 + r202)(1 + (1 — F) 20%) (ty)? Oe \ 
2Ft cael fr + (2 (1—F)—F?)t7@? + (1 — F)? TjO* Ts 
(1 tiw?)? F (1+ tj?) Ty, 
So A 2g? Orion cee ta 
0.3 : a ( 24 
a V (1 + to?) (t,0)'2 c, \ 9, (24) 


The second and third terms, which are proportional 
to Tg/Tg and (cyy/cg)(79/T9) 1”? characterize the 
effect of spin relaxation and lattice relaxation on 
the susceptibility. If we estimate these effects for 
potassium chrome alum on the basis of the data in 
Refs. 3 and 14, at average fields (F ~ 1) these 
quantities become of the same order of magnitude 
at T~13°K, namely 10*—10~°, Thus, when the 
effects of both relaxation processes on the complex 
susceptibility becomes equal they are no longer 
important. 

9. In conlusion we shall use the results ob- 
tained in the present work for a qualitative discus- 
sion of a number of experiments carried out at 
helium temperatures !115,20,21 which have not been 
explained satisfactorily by the Casimir-Du Pré 
theory.” All these experiments were carried out 
in the frequency region for which Tgw ~ 1 and for 
average constant magnetic fields in the range (10° 
—10‘ oersted). In this region of frequency and 
field strength relaxation effects are described by 
Eqs. (21) and (24). It is apparent from these equa- 
tions that the role of lattice relaxation and spin re- 
laxation are characterized respectively by the 
quantities Ogcy/Tgcg and Tg/tg which we now 
evaluate. 

As an example we consider iron ammonium 
alums. The quantity cy is found from the for- 
mula ¢(b/c + H?)T~ where c and b are the 
constants in the Curie susceptibility relation and 
the specific heat of the spin system; c = 8.8107? 
deg-g"! (Ref. 22), b/c = 0.24 x 10° gauss? (Ref. 
14), We take 2 to be 1.31 10°T? erg-sec™!- 
deg"! (Ref, 23) iron aommonium alum in the form 
of a pressed powder. The results given below for 
powder and crystal samples may differ from the 
true values but are correct within an order of 


magnitude.'® Further, Tg = (0.2 —0.4) X 1073 sec 
for Hy = 285 — 968 oersted and Ty =2.13°K for 
the powder while Tg = 7.5 107 sec for Ty = 
0.94° K ina field Hp = 748 oersted for a single 
erystal;!! p =1.7 g-cm~ (Ref. 22), and Tg = 0.7 
x 10-® sec (Ref. 14). Starting from these data, 
for a powder sample in the form of a sphere of 
radius 1 cm we obtain the following values for 
Opcyy/Tgcg: for Tp = 2.13° K and Ho = 285 and 968 
oersted, 0.32 and 0.53 respectively; for To = 0.93° 
K and Hp = 285 and 968 oersted, 2.1 and 3.3 re- 
spectively. For a sample in the form of a single 
crystal an estimate gives the following values of 
Ogcy/T ecg for Hy = 748 oersted: 0,02 for To = 
2.16° K and 0.11 for Ty) = 0.94° K. In the case of 
the single crystal with Ty =2.16° K and Hy) = 748 
oersted we have Tg/tg = 107", Thus the role of 
lattice relaxation is important in the materials 
being considered whereas spin relaxation is com- 
pletely negligible. 

A similar qualitative evaluation of experiments 
has been carried out for potassium chrome alums, 
cesium titanium alums, and manganese ammonium 
sulphate (of these materials the potassium chrome 
and cesium titanium alums have also been consid- 
ered by Eisenstein*‘); the same qualitative re- 
sults were obtained. 

In conclusion we wish to express our gratitude 
to I. G. Shaposhnikov for proposing this work and 
for his guidance in the course of its execution. 
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USE OF COLLECTIVE VARIABLES AND TREATMENT OF SHORT-RANGE FORCES IN 
THE THEORY OF A SYSTEM OF CHARGED PARTICLES 
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The free energy and the distribution functions (binary and ternary) of a system of charged 
particles are calculated with effects of short-range forces included. Expressions for these 
quantities are written in terms of series of group integrals (correlations). It is shown that 
for an electron plasma in a compensating field the Coulomb potential does not give diverg- 
ences in the expressions for the free energy and the distribution functions. The total free 
energy of a system of particles with a Coulomb interaction potential is also calculated. The 
“transition function” for such systems is constructed. 


1. STATEMENT OF THE PROBLEM integro-differential equations. In these calcula- 
tions for systems of charged particles short-range 
forces could be taken into account only with special 
forms of force law; for example, with the choice of 
the mutual potential in the form! 


Una recently the determination of the thermo- 
dyanamic characteristics of ionic systems has 

- been carried out by the use of partial distribution 
functions — single-particle and binary functions. 
The calculations involved cumbersome computa- ® = (e?/r)[1—A (r)e-*]. 
tions and the solution of complicated systems of 
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The construction of the exact binary function of 
a system by the method of the Bogoliubov equations, 
independent of the actual form of the short-range 
part of the total interaction potential, remained an 
unsolved problem. 

Since 1949 there have been appearing papers by 
Bogoliubov, Zubarev, Bohm, Gross, Pines and 
others in which a new and original method of col- 
lective variables is presented, which makes it pos- 
sible to find at once the partition functions of sys- 
tems of interacting particles. In this method the 
behavior of the system is described from the point 
of view of the collective vibrations that occur owing 
to the interaction and motion of the particles. For 
the appearance of vibrations that include whole 
groups of particles it is naturally necessary that 
the sphere of effective action of the field of one 
particle must extend to many other particles. 
Langmuir and Tonks have shown? that the wave- 
length of the oscillations in an ionic system is not 
smaller than the Debye radius rg, which is of the 
order c™!/2x 1078 em, where c is the concen- 
tration in moles per liter. On the other hand, rg 
can be regarded as the radius of the sphere of ef- 
fective action of the Coulomb forces. 

From this it follows that for systems with a 
Coulomb interaction potential the coordinate space 
can be replaced by a space of collective variables 
Px, each of which describes a certain monochro- 
matic vibration in the system, with the wave vec- 
tor>K; 

The van der Waals forces and the repulsive 
forces act at distances considerably smaller than 
rg. The action of these forces does not give rise 
to collective vibrations, and consequently, they 
cannot be described in the space of the px. 

Bogoliubov has suggested the study of the 
“mixed” problem: the calculation of the integral 
over states (partition function) of an ionic system, 
in which the short-range forces are described in 
the coordinate space and the long-range forces are 
described by means of collective variables. The 
present paper is devoted to the solution of this 
problem, 

Let us consider a system in equilibrium, which 
is neutral as a whole and consists of M kinds of 
ions, containing Ng particles of type a. The in- 
teraction is described by the “exact” potential? 


ie. > €a%p fab 
2 Sree 3 6 
1<a,b<M if big 

1<i #/<Nq.Np 
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Let us calculate the free energy of this system 


P= rine (1.1) 
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where Ziq is the ideal part of the statistical in- 
tegral (omitted in what follows). 
We introduce the collective variable 


M 


i 
rx = 2) MeN" 


a=1 


By Pal 


1<i<Nq 


which is the Fourier transform of the function = 


f(r) = Dra "8 


i,a 


(r — Ti); 


ha = ea (J eee) fo eaaNe [tose 


and by its use we write the configuration integral 
in the form! 


ZL =3Ex@D (+ a ot (k)) \ exp (— a = da (k) rnp)! (ox) (dex), 
k 


: V 
= Dyernv(k) /08, O= 


(1.2) 


where v(k) is the Fourier transform of the Cou- 
lomb potential. J(p,x) is the “transition function” 
providing for the transition from Eq. (1.2) to the 
usual form 

ars rv) / 9} dq, 566 dqn. 


Lia \exp {—U(r, (1.3) 


From p,p__, = pe? + a it follows that the poten- 
tial energy of the Coulomb interaction of the ions 
is replaced by the potential energy of a system of 
harmonic oscillators, over whose amplitudes the 
integration is to be taken. The sum over k has 
an upper limit at some value kay depending on | 
the concentration, which corresponds to the ex- | 
istence of a value Amin- 

We do not expand the short-range potentials in 
Fourier series. They remain in the coordinate 
representation and can enter, for example, into the 
make-up of the transition function J ( Pr)s which 
is given by 


J (px) = \exp \~s6 Di ae (ri) | 


a,b,i,j 
(1.4) 
— dh N~ sin kr:)dqr .dqn, 


av (Tij) = Aaw/ rij + ban exp {— rj; / 0}. 


Taking g,p(r) = 0, we get the transition func- 
tion for the Coulomb potential. Since this case is 
of great importance for the further work, we shall 
examine it in more detail. 
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2. THE CONFIGURATION INTEGRAL IN THE 
CASE OF THE COULOMB INTERACTION 
POTENTIAL 


As in Ref. 4, we substitute into Eq. (1.4) the in- 


tegral representation of the 6 function 


=e aia) 
6 (ox — NV =, me te cal 


a=] 


= 
——s \exp | in ( One rg Beik i ) cog} do. 
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On integrating over the coordinates and over 
w, Wwe get the transition function in an operator 
form that is convenient for calculation: 


J* (64) = VN exp { (= 1D} {1— Dnal(4p Ft 


9 
33 2-3! 


a) ae 
x 2 Psi 
kthetk,=9 0PkOP—m, ++ + 9° x, 


x exp wm (snp: | (2.1) 


= 2iNaNo... bexp | — Sie: +- In n)\ ; 


where the operators are defined by 
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In the sum k, + ky +...+kKy=0 no sum of order 
less than n is equal to zero. 

We confine ourselves to calculations carried 
out with only the first two terms in the braces of 
Eg. (2.1). 

We shall show that the first term 


; 4 
ap = v" exp{> (Guy D; exp (ey D (x? ++ Inz)| 0 
i>3 < 
(2.2) 
gives the main part of the transition function, and 
the second 
’ jee 
i= —Vexp | 3 (— 1)' D,| Del sar we 
SPS} a 
os 
Oy, 00 _y,+--9P 0° (2.3) 
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x exp{ — oy ey Di| exp ye + (Oxe—K + In 7) 
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zk == Ty x(k) {wl 3 oP | (1+ eee Z )aq+ te > 7 
k a ¢ 


,b N 


(and subsequent terms) lead to quantities propor- 
tional to 1/V, which can be neglected. For this 
purpose we substitute Eq. (2.1) into (1.2) and ex- 
pand the exponentials of operators in series. 


Under the integral sign there remains the expo- 
nential function 


exp{ — Di(a(k) + Dowel, 


which is an even function of py. Therefore on in- 
tegration over the collective variables the expres- 
sions different from zero will be those in which 
the differentiation is an “even” one of the type 


o2n yf O0x,00_x, sient Op OP x, f 


Let us consider first the main contribution to 
the statistical integral, in which oné takes for the 
transition function the expression (2.2): 


1 


2 = exp (+ Sia (k))| exp (—— Sie (ke) pup) Jo (Ox) (An). 
k k 


(2.4) 


The expansions in TK px) can be written out in 
the form 


(1 —D,;+ D,—D; + oo Sm) + D3D3— D3D, + ema 
ste D,D,— D,D; a Se DsD3Dz 


+ DsDDi~ ---)exp(—— S,(eup—n-+ In). (2.5) 
k 


According to the definition of the py, all k 
#0; moreover, in the sums kj +k, +...+k, =0 
there is nowhere a kj equal to —kj; therefore 
the linear terms in Eq. (2.5) (except for the 1) 
can be dropped, since they give zero when one car- 
ries out the integration in Eq. (2.4). The same is 
true of many of the products of the Dj by twos, 
threes, and so on. 

In the sum in Eq. (2.5) we must consider the 
terms containing even derivatives. The factors 
PkP-k Obtained after the differentiations in the 
expression (2.4) for ak can conveniently be re- 
placed by operators [1+ 0/8a(k)], which can 
be taken outside the sign of integration over Px. 

Expanding, finally, the combination of operators - 
[1+ 9/d9a(k)], we get as the result of the inverse 
Fourier transformation the main contribution to 
the configuration integral in the following form: 


2 
Lab ngnyn, 


3 BA (o 148) 
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where Ogap(r) is the self-consistent Debye po- 
tential* 


Lav (r) = (eae, /eO)e-*" / r for the Coulomb potential 
(2.7a) 
ene, 4 Pathe iad ir 
Bav(r) = sO VY {— 4822 inne r. 


for the potential — 


(1—e-*), (2. 7b) 
5 (V1 + 28x + V1 — 28x), 
g = 4a (V 1 Be — VI — Be), 


a@=1/8~10%em7!,x=1/ 74. 


pasa 


For a system of ions of different signs inter- 
acting according to the Coulomb law the integral 


fe Bab ag diverges at zero.t Therefore in the 


case of a system of ions of different signs we shall 
use a cut off Coulomb potential and substitute the 
expression (2.7b) for gap. 

In order to get the terms in Eq. (2.6) propor- 
tional to (N/V)? it is necessary to examine prod- 
ucts of four operators in Eq. (2.5). For example, 
the calculation of the operator D3D3D3D3 leads to 
three integrals 


Ns 
N Vy | Gasgocealaakoekoatlqidgedgs, 


N3 ¢° ga g, ae ie 4 
ve J 9 Gacknadqidgadda, N* nal ar a) 


N 
The first two are the beginning of a series of com- 
plicated correlation expressions. The last is the 
third term of the series expansion of the expres- 
sion 


exp (w+ \ 5 gtedg). 


Developing the higher products of operators in 
Eq. (2.5) we get on one hand, new correlation 
terms proportional to N, and on the other hand, 
powers of these terms, corresponding to the ex- 
pansion of the exponential. 

Thus the whole expression for the main part of 
the statistical integral in an exponential function 
of the terms proportional to the first power of N. 
On the other hand, the free energy is the logarithm 


* After the inverse Fourier transformation one puts 


\C 


tFor oppositely charged particles g,,(t) < 0. 


1 : 
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of the statistical integral. The additivity proper- 
ties require that 


Fis —kT ln Z= Nf (T, V/ WN). 


Therefore in the expansion for In Z we must con- 
fine ourselves to terms proportional to the first 
power of N. This combination corresponds to the 
logarithm of the whole expression for the statis - 
tical integral(cf. also Ref. 5, p. 239). 

In calculating the expression (2.6) we were ex- 
amining only the main part of the statistical inte- 
gral. We shall now show that in the calculation of 
F the operator 3; leads to infinitely small quan- 
tities of the order 1/V which can be neglected. 

To do this we substitute a into Eq. (2.4) in- 
stead of Je and calculate the integral 


Zi = exp (> Seth) fexp(— J D4!) eno—x) FE () (de) 
(2.8) 


Comparing Eqs. (2.2) and (2.3), we find it useful to 
write J; in the form 


Jt = — >) Naexp{— Dz /N} (1+ D3/N—Da/N +--+) 


O° / Opn, + - + Op—a, + 


pe eres 2 


3! 3 
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I. (2.3a) 
After Eq. (2.3a) is substituted into Eq. (2.8), the 


further calculations are analogous to Eqs. (2.4) — 
(2.6) and lead to the following result: 


A= 2 3p 


g \ 
— 1+ Baa (7) — 5%) dg 
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o(q), 


where y(N/V) is a finite function of the concen- 
tration. 

The general expression for the statistical inte- 
gral of a system of charged particles (without in- 
clusion of short-range forces) is 


:m5\ gandg + |=-2 5 


Z*= Zo +2) =Z) (1+ Ne/V). (2.10) 
3. THE FREE ENERGY OF A COULOMB 
SYSTEM 
In the formula 
F* — — kT InZ* (3.1) 


we substitute zk from Eq. (2.6) and expand the 
logarithms in powers of N. Taking into account 
the considerations presented above, we confine 
ourselves to expressions proportional to the first 
power of N. Then 


_ 
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The last terms of Eq. (3.2) are smaller than the other terms by a factor 1/V and can be neglected.* 
aoe it is established that for the calculation of the free energy of a system of charged particles the 
transition function is given, apart from terms proportional to 1/V, by the expression 


J = Jp = exp( 5) (— 1)'D;) exp(— Spee + Inn). (3.3) 
k 


i>3 
Terms whose application would result in infinitely small quantities of the order e7 Saa(0) /V have been 
dropped. 
We now proceed to substitute into Eq. (3.2) the value of a(k) and to sum over k. 


The free energy of a neutral system of ions with (cut off) Coulomb interaction potential is given by 
the following final formula: 


F=— NET (nV + gig (Sell — (1 — be) VIF Pad) $a eed (e481 + gan — Fah) dg 


a,b 
N2 n =) Bo 
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For small concentrations this goes over into the relation 


F = — WaT [inV + op g (ae (1 — — 8) VF 2 HY, (3.5) 
which can be obtained by means of the zeroth approximation to the binary distribution function.t 
It is now easy to go on to treat the problem of constructing the distribution functions and the thermo- 
dynamic functions for the case in which one includes in the interaction energy all the central forces, of 
both long and short ranges. One can also deal with a system of ions in external fields. For the case of 
an external field potential that possesses a Fourier transform the transition function remains the same 
as in the absence of the field, and is given by Eq. (3.3). 


4, THE DISTRIBUTION FUNCTIONS AND FREE ENERGY OF A SYSTEM OF CHARGED PARTICLES 
WITH INCLUSION OF EFFECTS OF SHORT-RANGE FORCES 


By using the results of Secs. 2 and 3 one can carry out the study of systems of charged particles with 
the exact interaction law of Eq. (1.0) in two ways, which lead to identical results. 
In the first place, one can replace the configuration integral of the system, 


Z= exp{— my = (@op (rij) + Sas (rii))} dq,...dqn, (4.1) 


a,b, i,j 


*In the case of the Coulomb potential o* (r)= 1/r, gaa(0) = ©, and these terme are simply equal to zero. 
tIn the limit B + 0 Eq. (3.5) goes over into Debye’s result, which Zubarev” has obtained by the method of 


collective variables. 
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where 
6 —rjj/° ae : 
@*,(r;j) = Caen /eFij, Pav (ij) = Aav/ Tig + Save 11", Fig = |i — Vj |; 


by the expression (1.2), in which the Coulomb energy is represented by the energy of the harmonic vibra- 
tions, and the short-range part of the force law (1.0) affects the structure of the transition function, given 


by 


NN WX ae a im 
Hen) = V {1+ 57" \ fen) (1-H ex | y(— DIDP ING Da, deme yes 4 
a,b ise 
; abe 0? ke, kes 
2 y) aed) [3favf oc a fast oct ca) [1 + — exp {> (— 1)'D?? IN} ey kr, + ) Ae Kr. (4.2) 
Gee. . i>2 


+ dpdeeite—1) 4] dqndga + Sy > lt (ex), 


abcd 
Here 


i 4 >i at Ne ri 
fee O° 1, pe = Se ot fon oe DE 


Eien ee Kitestk; =0 i! NO? 
1 i 


/ Opx,* + - OPK; ; 


and in the sum k, +...+k, no sum of order less than i is equal to zero. JK is the transition function 
for the Coulomb potential, given by Eq. (3.3). After Eq. (4.2) has been substituted into Eq. (1.2) the fur- 
ther developments are analogous to the treatment for the Coulomb problem. Here one again has to group 
the operators Dj and to sum complicated series. 

This procedure is perhaps the more cumbersome. In this paper the calculation will be carried out by 
the second method, in which one uses the properties of the free energy as a generating functional. 

Let us introduce a functional of the Vab (Tij)> which are an arbitrary system of regular rapidly de- 
creasing radially symmetrical functions: 


L(o) =—OlInZ(p) = — On (exp = = (Ob (rij) + ap (Tij) + Yao (ris) dq, -- -dqn. (4.3a) 


The integrand can be transformed into a sum by the substitution 
Fao (riz) = exp {— [Pao (rif) + Pao (ris) / 8} — 1, 


The result is the following way of writing the generating functional L(w): 
di t x 2.8 x x 25 x 
L(y) = —@ In| exp (-> >, Pos (ri) {! lis Sf (rij) + >) (Fao (ij) foc (1 jn) + fav foc fea) + °° \ dq, ee One (4.3b) 


Carrying out the integration, we use the sequence of Bogoliubov distribution functions of Coulomb systems 


zk (exp (— eee (rii)) age). 2l. dgyeavr Re Line ey (4.4) 


Then we get from Eqs. (4.3) 


L(¥) = —OlnZ*—@ In {1 + Fe SiN Fav (Fas) Fe (705) quay + pe DV (Fao (ri) fhe (rin) + Fah ref ea) 


Fae (tity, ty wdapaq ane >) Pole (4.5) 
a,b,c,d 
where zk is the statistical integral of the Coulomb system and FAD (rp) and Fee are the binary and 
ternary distribution functions of the Coulomb system.’ The expression (4.5) is the starting point for the 
solution of the stated problem. 


Let us begin with the distribution functions. By the definition of functional differentiation the binary 
function is given by 


Fan (112) = V? (8L () / Mab (T1z))y=0 
or by Eq. (4.5): 
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Ns : 
Pap (tz) = exp {— ap (112) / 8} {Fav (r2) + SS v~\ (fac + foe + Fact pc) ae (fifef3) dqg +: - f- (4.6) 


The triple functional derivative leads us to the ternary distribution function 


F abe (Tif efs) = exp |- = (Gap ae Ope + ea) |{F ie 
NE 
+ Dy | lax + fos + Fee + Paste + teh act rin) Papen dg yo er (4 7) 
Substituting into Eqs. (4.6) and (4.7) the values of Be and Fae from Ref. 1, 


k fap (riz N = = 
Fao (112) = e7 £20 {1 oP +7 Dine\ le Fac 1) (@ ® — 1) — gages] dqe 


e 


nN? = ~ - , 
sea \ (eee — 1) (e414 ea) x (€7€t— 1) dacdga + opie (4.8) 
cde 
F*,. (ryrors) = Lo Pint: Bia vy Ne ((e Eis 1) (e 8x a 1) (e ta 1) dqx foieee, (4.9) 


and collecting the terms with equal powers of N/V we get the binary function 
4 N = es 
F ap = exp | ey (Pap + Zar) {1 = Va Se \ [(e Bac 1) (e Feb 1) 
eas d. f —(Baet Spc) d we ee 
Lack co) Ye + ( ae ar lige ar liaclbe) é e| + v2 >, \. (4.10) 


c,d 


The first term in the expression (4.10) is the product of the Boltzmann and Debye probabilities for the 
distribution of two particles. The subsequent terms involve group integrals of Coulomb and mixed types. 
In order to get the free energy of the system, we set ~» =0 in Eq. (4.5). Then 


2 i Ao  faaF ao (r) dq—9 a ae ve " Grapes + faol och ea) Fined dqz a a ae (4.11) 


where FK = —@1nZK is the free energy of the Coulomb system, given by Eq. (3.4). 
Substituting Eqs. (4.8), (4.9), and (3.4) into Eq. (1.11), we find finally 


F=—0(Inv + hae(S— gr - (1B) VT 2B) + ay DY natal § fave “hcg 


a ee Sisal ees y 820 )da| + ye Dd) rarote | \ fave %e { (e #2 — 1) (€-%” — 1) — gackheo} dan de 


QD ect: 


+\4 facheo + = Pach ee fea} eo Carttactte) dg, dq, 4 5 (eee — 1+ Ba) (6-8? — 1 + ge) (0% — 1 + Gas) dn da 


=| San (@>2e2 — 1 = Ben) (@—Fae — | + Bae) dq,dq,| a 8 ) (4.12) 

In Eqs. (4.10) and (4.12) expressions for the bi- sponding to pure Coulomb (or “cut off” Coulomb) 
nary function and the free energy of a neutral sys- interaction are made up of exponential functions of 
tem of ions are written in the form of series of the type e eab —1, where gah ~ eo tab/Td ‘a 
group integrals. The first terms of these series the self-consistent Debye potential. Thus the inte- 
correspond to the self-consistent (Debye) interac- grands go to zero very rapidly with increasing r. 
tion between the ions. The second terms, arising Furthermore, the group integrals decrease rapidly 
from combinations of pairs of operators Dj, char- — with increase of the order of the correlation. 
acterize the binary correlation between the parti- The mixed group correlations involve the 
cles. After these come triple, quadruple, and still usual functions of the van der Waals theory, 
higher correlations. ~Zab 

Each group correlation consists of integrals of exp (—@ab/@) — 1, and functions e- ik 1. 
Coulomb and mixed types. The integrals corre- Such group integrals also decrease rapidly with 
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increasing order of correlation. 

The expressions for the free energy and the 
distribution functions also have the form of power 
series in N/V. These are not, however, expan- 
sions in powers of the concentration. In the first 
place, such expansions lose their meaning when 
N/V > 1; in the second place, the group integrals 
depend on N/V. 

The expressions for the binary distribution 
function and the free energy are series expres- 
sions in the correlations. Because the Coulomb 
forces occur in the integrals in the form of the 
screened self-consistent potential, for which the 
screening radius (rg) decreases with increas- 
ing concnetration, these expansions are obviously 
valid for high concentrations. 

Let us consider further a special case of Eqs. 
(4.6) and (4.12) —a system of electrons in a com- 
pensating external field, for which fak dq = v(0) 
= 0. Since in this case fgh(0) =0, the quantities 
Fap = Fk, and F = FK are given by Eqs. (4.8) 
and (3.4), respectively. The binary and ternary 
distribution functions do not diverge at zero, and 
the integrands in the correlation terms of Eqs. 
(4.8), (4.9), and (3.4) are also free from singular- 
ities. This indicates that for electrons in a com- 
pensating field there is no need to “cut off” the 
Coulomb potential. 

In a subsequent paper the thermodynamic func- 
tions of ionic systems will be calculated and com- 
pared with experiment. 

In conclusion I express my sincere gratitude to 
N.N. Bogoliubov for suggesting this problem and 
to A. E, Glauberman for a discussion of the paper. 


IUKHNOVSKII 


Note (September 3, 1957). The remark in the 
recently published paper of Bazarov® about the in- 
correctness of the formula (2.4) for the free en- 
ergy in the paper of Glauberman and Tukhnovskii' 
is without foundation. The divergence of F and 
the departure from the Debye formula for 6B — 0 
are avoided by the choice of the arbitrary constant 
of integration (to the accuracy with which F is 
defined), after which Eq. (2.4) takes the form 


ee eka ee Maer es ; 
Fo=— x Nae Pole (x —1)8— 5 (x1) 
a 


+ (x1) + age 2) ie 2)4 x - ale 
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The maser is considered as an oscillating system with one degree of freedom, the steady- 
state oscillations of which are descrbied by the Basov-Prokhorov equations. It is shown that 
there is a “soft” mode and an analog of the “hard” mode which is preceded by a region of 
noise generation. The natural line width due to thermal noise is determined and found to be 
One cps for an ammonia maser at room temperature. 


ie The general form of the oscillating equation for 
a maser is represented by the system: 


T(E) 4rc) 0; "1 .(E) = s, 


where E is the field in the oscillator circuit and 
o is the molecular polarization. The first equa- 
tion is the usual differential circuit equation while 
the second applies to the system of molecules. 
The analysis of the second equation is extremely 
difficult and has not been carried out at the pres- 
ent time. However, certain problems in the the- 
ory of maser oscillations can be solved by means 
of the Basov-Prokhorov equation! which describes 
the steady-state oscillations and is a circuit equa- 
tion with a complex dielectric constant € associ- 
ated with the beam of molecules 


This equation can be obtained from the system written 
above ifthe well-knownrelation E(¢« — 1)/4n =o 
is applied in the second equation; in the present 
case this relation applies only in the case of sinu- 
soidal oscillations because of saturation effects. 
Fluctuations in amplitude and frequency in a 
maser are a result of thermal noise é(t) witha 
spectral density 


w; = 470; O = ho/2 + [eRe —1] tho 


and the “shot” effect associated with the dielectric 
constant of the gas, i.e., fluctuations in €. When 
these fluctuations are taken into account the equa- 
tion is written in the form 


a (V @o d (Ve) SESTAC: 
ee Do apa os 


It can be shown that the random dependence of & 
on t gives rise to a fluctuating emf ( containing the 
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derivatives dé/dt and d’é/dt”) which is negli- 
gibly small compared with &(t) even when T =0. 
However, the parametric effect of the fluctuations 
in € are important and are considered below. 

The final equation is 


Ge + OW =v [0.@(1—ea)V 
(1) 


w2 
mae a 3 ce 25 )% er ae E(t), 
where V =Ajexpiwt is the steady-state sinu- 
soidal voltage across the condenser, Q is the 
quality factor of the circuit, wy is the natural 
resonant frequency of the circuit in the absence 
of molecules, € = €4(w, Eg, t) — i€g(w, Ep, t) is 
the dielectric constant of the gas averaged over 
the volume, which is time dependent because of 
the shot effect, Ej =A/d is the field in the con- 
denser, and p =1/Q. 

Equation (1) can be used only when V changes 
in a quasi-static way. Consequently the applica- 
tion of Eq. (1) for finding fluctuations in V is 
valid if &(t) is characterized by a narrow spec- 
trum Aw; «K Aw, (where Aw, is the width of 
the absorption line of the gas) centered about the 
frequency of the steady-state oscillations. As is 
shown by the theory,” this spectrum determines 
completely the spectral line width of the maser. 

The solution of Eq. (1) is written in the form 
V =Acos®% and the fluctuations are analyzed in 
accordance with the Bershtein method.’ The usual 
transformations®”* yield the following equations: 


ds R O11 ¢ é 
Fo F(A.) (t) cos at; 


24 = © (A,S) — ok (2) sin af, 
2) 
¥ (AS) cm — (1 — gt); 


° Alo 5 2 
O(A,d)= cerca) lo rt oO ce], 
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where w= 4 and w, are respectively the instan- 
taneous and mean statistical frequencies of the 
steady-state oscillations. 

2. Using the well-known expression! for the 
polarizability «,(w,t) and K)(w,t) and the 
distribution over time of flight P(T) = (1/72) 

xX exp(—T/T9), the dielectric constant of the beam 
of gas molecules in the circuit, averaged over the 
volume, can be written 


4nM (t ey d x 
ea (Bost) = apo P (5) Z| (wil) at 
0 Fs (3) 
4anh® M(t 
faa wo aaa ‘ e1 (, Eat = eae | S5 F 


where u=(W.) —W)T), WwW, is the frequency of the 
photon, A? = E2 B72, d is the dipole moment of 
the molecules, S and 2 are the cross section 
and length of the beam of molecules and M(t) is 
the number of molecules in the condenser at any 
given instant of time. 

The fluctuations in M(t) are determined by 
the shot effect in the dielectric constant. Fora 
beam with the distribution denoted above by P(T), 
the spectral density in the fluctuations of the num- 
ber of particles m(t) =M(t) —M is 


Wm (F) = 2iie (3 + Ord) (1 +073), Q=2QnF. (4) 


3. The mean values of the amplitude Ag and 
the frequency 3, = w, are found from the condi- 
tions ®(Ap, w,) =0 and w, = ¥(Ap, w,). From 
the first of these, to an accuracy of fv we find 
the equation for power as a function of tuning and 
oscillation frequency 


A? = 4—1—w. (5) 


The second equation yields an equation for the cir- 
cuit frequency (or oscillation frequency if the 
maser is excited) 


u? — wv + u(1 + A?+ Ry)—v(1+A*2)=0, (6) 


where 7 = (8mh°/Sfd?)72NQ is a dimensionless 


qi ere (FI 


a cet ae ea 
Mies. A foerGig AA 


@ 5 
COS Wot — ca sin w,f, 
0 


It can be shown that the factor p.q — pd, is 
identically equal to zero, i.e., fluctuations in the 
number of particles do not produce fluctuations 
in the frequency of oscillation [assuming that Eq. 
(3) applies for €]. This is easily explained by 
the effect of saturation more precisely by the de- 


cee. Pod — PQ qo dm 4 [4 
Gen PORT Gee ge min meee eee te 


px = OO/AM; 
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parameter which characterizes the excitation of 
the maser (N is the mean flux of molecules per 
unit time), V = (Ww, — #9)To, R = W,T/2Q is the 
ratio of the quality factor of the absorption line 

of the gas Qg = wWeT/2 to the figure of merit of 
the circuit; usually R is approximately 10° 104 


The mean amplitude and frequency are deter- _ 


mined from the solution which satisfies Eqs. (5) 
and (6). From Eq. (5) we obtain the values at 
which self-excitation is achieved Ju] < Vn - 1. 
To determine the stability of these oscillations we 
write Eq. (2) with &(t) =0 in the form 


@, = Py (Ao), dA,/dt =P, (Ao, ‘F (Ao). (7) 
In accordance with the general rule the oscilla- 
tions are stable when 

a = Po = (p+ PE) <0, (7) 
where p =06/0A, p, =06/8w, q=0W/8A, qy = 
oW/dw for w=w, and A=Aj. An examination 
of this equation indicates that when 7» = 2 the re- 
gion of stable oscillations coincides with the exci- 
tation region |u| < V7 — 1; when 7 > 2 the re- 
gion of stable sinusoidal oscillations is smaller 
than the region of self-excitation and is equal to 
|u| = v7/2. In the unstable region V7n/2 <= |u| 
= v7 -1 one expects noise oscillations with a 
spectrum of absorption lines or relaxation oscil- 
lations in which both frequency and amplitude 
change. When 7 = 2 there is a “soft” mode of 
production of harmonic oscillations depending on 
u or 7 while for 7 = 2 there is an analog toa 
“hard” model. 

4. To determine the fluctuations in amplitude 
and phase we set 3=w=wW,+v(t); A=Ag + Ag 
xX a(t), where v(t) and Aja(t) are the fluc- 
tuations in frequency and amplitude. Substituting 
these in Eq, (2) and taking M(t) =M+m(t), 
after making a series expansion and separation of 
variables, limiting ourselves to linear terms we 
have 


€@, COSW,t — g&e, Sin wt —s € a cos ot)| 3 
0 


(8) 


G2 =OV/OM; Pm = Pe + Prgo/ (1 — qu). 


pendence of the frequency of oscillation (by virtue 
of €,) not only on M but alsoon Ey. From Eq. 

(8) we obtain an expression for the spectral densi- 
ties v(t) and a(t) (for usw0; 7 > 1) 


W (Py 


N (n—1)2 | P(n—1)2’ 


2 
9 w, 


R2PQ?’ (9) 
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where P is the oscillation power of the maser. 
The amplitude fluctuations are produced by the 
shot effect in the flux of molecules (first term) 

as well as thermal fluctuations (second term). 
The frequency fluctuations are produced only by 
thermal effects. In an ammonia maser with the 
circuit at room temperature kT > fiw and © 
=kT; setting tT) = 107 sec, P= 107 watts, from 
Eq. (9) the spectral line width is found to be® 


AF = W, (0) /4a = (RT /he,) (1/eN)co °& 107 eps. 


At low circuit temperatures, if millimeter waves 
are considered (or absolute zero for any wave- 
length) fw,> kT and O=fw,/2, yielding AF 
= w/87Q? for the line width due to “zero field” 
fluctuations. 

Equation (9) shows that the fluctuations in the 
frequency of a maser are R? ~ 10°—10® times 
smaller than the fluctuations associated with the 
thermal noise in an equivalent vacuum tube oscil- 
lator. The monochromaticity and stability of 
maser oscillations are explained by the automatic 
frequency-regulating effect which results from 
the dependence of ¢€ on the frequency of oscilla- 
tion. In accordance with Eq. (3), an increase in 
frequency by an amount Vv) leads to an increase 
in €,, thereby producing a compensating reduc- 
tion of frequency by an amount 1v,; the resulting 
frequency displacement is 


r=) yy, = = CS a y= G3): 

Thus v= /(1— 41) = %/R (it can be shown 
that 1-—q,; =a 2R). If % is the fluctuation in 
frequency which takes place without self-compen- 
sation (fluctuations in an ordinary oscillator), _ 
Eq. (9) is easily obtained from the expression pe 
= 2/R?. 


If the frequency of the fluctuations is such that 
2nF > 7)! the self-regulating effect of €, does 
not operate (€;, cannot “follow” variations in w 
and A) and one expects that at these frequencies 
W(F) will be R? times larger than indicated by 
Eq. (9). However, this situation does not lead to 
a broadening of the line but merely increases the 
intensity in the wings. The spectral line width has 
been considered in Ref. 6 by another method but 
the results obtained there differ somewhat from 
those described here. 

A detailed description of the present work is 
given in Ref. 7. 
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The energy and state function of a NaCl type cubic crystal with a single electron removed 
(with a hole) are considered in the Fock many-electron approximation assuming tight bind- 
ing. It is shown that three hole bands exist which are contiguous for K=0, corresponding 


to a stationary (but not minimal) value of the crystal energy. The dependence of the energy 


E on K inthe vicinity of K=0 is anisotropic 


and is not of a tensor nature. The band of 


the lightest holes is important for conduction. This band has four absolute minima for values | 
of K{+7/d; + 1/d; + 1/d} and three relative minima for K {+ 27/d; 0; 0}, {0; + 22/d; 0} 


and {0; 0; + 22/d}. 


Values of the effective masses when K =0 are given for various directions of K and the 
effective mass tensor for the afore-mentioned extremal values is written out. Numerical re- 


sults are given for KCl. 


1. STATEMENT OF THE PROBLEM AND BASIC 
ASSUMPTIONS 


We shall consider a binary cubic ionic crystal 

of the NaCl type with one electron removed. We 
shall assume tight binding, i.e., the hole will be re- 
garded as localized close to halogen sites. This is 
permissible because of the large energy required 
for double ionization of alkali metal atoms by com- 
parison with halogen atoms. 

As in other papers by the author!” we shall use 
rf to denote the equilibrium position of an s-type 
ion in the £-th cell (s=1,2 for + and — ions). 
pir will denote the set of 3N, coordinates of the 
N, electrons of ion s,£ (A is the permutation 
index of the electrons in the crystal), and Phe 


will denote the radius vector of the n,-th electron 
(ng =1,2,....N,) with respect to the nucleus at 


rk. Because of the translational symmetry of the 
crystal and the corresponding degeneracy the 
function of the crystal is taken in the form 


M 
; Heit a: 
Noe A deere) 


l=1 


(1) 


where vk is an auxiliary many-electron function 
which is the antisymmetrized product of the func- 
tions of all ions ~ including the function & of 
the ion which lacks a single electron (see Ref. 1). 

The wave functions ye, and gh, of individual ions 


as well as of ions and the atom, will be considered 
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as orthogonal in the same sense as in Ref. 1. 

The Hamiltonian of the system will consist of 
the sum of the Hamiltonians of the individual ions 
and of interactions between different ions. Since 
the hole moves only about the halogen ions (the 
tight binding assumption) its energy will be deter- 
mined by the exchange integrals of neighboring 
halogen ions. In calculating these integrals we 
have neglected the exchange of electrons in the p 
valence shell with inner electrons, i.e., we have 
considered? only 6 (or 5) of the outermost elec- 
trons for nuclear charge Z=5. Since the Hamil- 
tonian is independent of spin the wave functions of 
atom and ion which we use are those of Fock‘ for 
many-electron atoms. We thus have 


He) = Tag Di (— Il) 2)» BM 8(m) BO 
¥e() dO bl) } 1M by WO dell 
x Ib) OD dU) | lomo, Om eeom |. 
(A) Yy(R) ¥2(2) | \de(m) by (nr) de(n) |) 
Here 
by (n) = R (4, ) sin Se cos of (3) 
by (2) = R(o! )sin 3, Sino! , o:(n)=R(o! )cos 


are the normalized one-electron functions of the 
p state of the ng-th electron of ion s,£ in the 
coordinate system whose center is as the corre- 
sponding nucleus. As the functions in (3) are spa- 
tially asymmetrical, the directions of the axes 
must be specified. We shall assume hereinafter 
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that function (1) is given in the coordinate system 
where the axes of all ions are parallel to each 

other and to the edges of the crystal, as shown in 
rig. tl. 


The form of the radial part R(r) of (3) de- 
pends on the crystal and in first approximation on 
the halogen. For KCl, R(r) in the region that is 
important for exchange between ions is taken to 
agree with Hartree’s results® for the 3 p shell of 
Cl. For lack of other information we assume that 
the radial function is identical for the atom and 
ions in the crystal and for chlorides is given by 

R(r) = (803 /x)e-*" with 
ad /2 == 4.835: (4) 
where d/2 = 3.145 x 1078em is the lattice con- 
stant of KCl. For fluorides Eq. (4) can also be 
used, with a = 1.481 x 108cm™', but with less 


accuracy; in this case it is better to use Py 
12 
Hy= [8 — D> 1 exp ix (r}—r2)}]. (5) 


Vai 

In (2) a(n) and B(n) denote the usual one-elec- 
tron spin eigenfunctions of the corresponding elec- 
trons® (of different orientations). The number of 
these functions corresponds to the total zero (sat- 
urated) spin of a halogen ion. The summation in 
(2) is performed over all permutations of six elec- 
PEOUS IL, Th wie cles « with two spins a,f, of which 
20 are possible. The factor (-1)” is +1 or -1 
depending upon whether the given term is obtained 
by an even or odd number of electron permutations 
from some initial order such as 1,2,....,6. 

In the atom one electron of the p shell is ab- 


sent, so that its electron functions are triply degen- 


erate and their linear combination must be used. 
The total spin of the crystal is unchanged (and is 
assumed to be negative). Then for the atom, using 
the previous notation, 


1) (7) « (A) B (2) B (m2) B (72) 

Qe () by) be (2) 

he (1) dy(m) dz (m)}; (6) 
x(n) Py (n) 2 (1) 


; nl 10 
saa 
Yam = Ps (Ps) 1120 al 
1 
Oa. a 


x [be by) v2 (7) 
Pe (k) by (hk) 2 (A) 
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here b, c, a are coefficients, so far unknown, of 
the linear combination of mutually-orthogonal func- 
tions (minors of the determinant) which satisfy 
the normalization condition 


bees Oi cr KC [ome ke (7) 


They will be determined subsequently by minimiz- 
ing the total energy of the system. 

A check of the orthogonality of (4) and (6) for 
KCl shows that Ipyth = 5.2 X 1074 for two ions and 
=5 x10 for an atom and an ion. 


2. TOTAL ENERGY AND EXCHANGE INTEGRALS 


The average energy, using the function (1), is 


Ay = Sj...) \ Ya Pade 


oO; on 


= a Di exp {ix el rl) A (8) 


The diagonal term is 
Hes =\WeAVide =" B=2 4VG4U,, (9) 
where @ =1.747 is the Madelung constant, V@qj = 
3.72 ev is the electron affinity of Cl (Ref. 7), and 
U;, is the eigenvalue of the energy of a hole in the 
field of the ions which it has polarized. As shown 
in Ref. 2, Uy, = —1.352 ev for KCl. Hence we ob- 
tain for (9) 10.4 ev. ti 
The offdiagonal terms HM differ from zero 
only when sf and st’ are nearest neighbors. We 
denote 
Huy Ver Betds = —2F Ip, 13, (10) 
where 6y.9:,; #0 only for the 12’ of the nearest 
like neighbors of the site sf. Then 
12 
i= a [B — >} I exp {ix Ghai 


V=1 


(11) 


Substituting (1) into (10) and taking into account the 
orthogonality of the ~ functions,! we obtain 
/ ad 1% * 
pu =— 2... dD) 4 of aa 


—s 2 
oe, 2me 


Hada Veile x18) a Lohlp 1th P=atealnanea ey 


5 5 
+> We-el+ D Vleet | bplerae. 
ny =1 


ny =1 


In (12) the electron whose radius vector is de- 
noted by p passes from site sk tosite st’. The 
first term in the braces is its kinetic energy oper- 
ator, the second term is the potential of all ions of 
the crystal except sf and sf’ at p, and the last 
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four terms describe the interaction of the indicated 
electron with nuclei and with the other five elec- 
trons at sites sf and sf’. Here Zg =5 is the 
effective charge of the halogen nucleus, since part 
of the charge is screened by inner electrons, the 
interaction with which we are neglecting in the 
exchange integral. 

We shall add a second term to the Madelung 
potential in the brace of Eq. (12). For this purpose 
we must add inside the braces terms which are the 
average quantum mechanical potentials at the point 
p of ordinary halogen ions at the sites sf and s&’. 
The exchange integral of the Madelung potential is 
zero, by virtue of the latter’s constancy within the 
important region of integration between ions and 
from the orthogonality condition. Since the ionic 
functions wh have been antisymmetrized, all ions 
are equivalent and all components of their average 
quantum mechanical potentials are respectively 
equal. On the other hand, the integrals of the exact 
electron potentials depend on whether the spins at 
p and Ph, (or Pn.) are equal or different. 


There are two of the first kind in each ion and three 
of the second kind. Therefore 


, d Us 1* h2 
(a ae ates S t q 
a 2, alge >| ts Ps tae A, 
o 


1 Oy 


| 1 ly 4 
same 
spin 


i \e— en, 


— —— 1 Me — / 
le=er, jhe ordeal aaa) 


different 
spin 


SOV ep 


To obtain the energy we must substitute into (11) 
the 12 exchange integrals of (12), and for this pur- 
pose (13) must be calculated. 

The functions ~ and qg under the integral sign 
in (13) are the 3rd order determinants (2) and (6), 
whose elements (3) in each row are three “projec- 
tions” of certain “vectors” on the coordinate axes. 
These “vectors” are of equal “length” R(r) with 
the exception of the “vector” a{b;c;a}, which is 
of “length” 1. The determinants are then analogous 
to “volumes.” When the coordinate system is ro- 
tated the lengths of the vectors and magnitudes of 
the volumes are unchanged, and the projections of 
the vectors change in magnitude but not in form. 
Therefore in integrating (13) we can rotate the co- 
ordinate axes at will without changing the form of 
the integrands nor the magnitudes of the integrals. 
However, b,c, a then are transformed into b’, c’, 
a’, which are linear combinations of the original 
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quantities depending on the angles of rotation. We 
now rotate the coordinate axes in (13) so that the 
polar axis Z” passes through the sites sf and 
sU’ (Fig. 1). The new coefficients, which differ for 
different sites, are denoted by pL’, ch", al’. The 
t’ will be identical quadratic forms of their co- 
efficients. ’ 

Simple calculations show that the terms ve 
and ph’ in (13) are identical (exchange with elec- 
trons of different spin is forbidden). The remain- 
ing term eve is also reduced by the Coulomb 
part 4E“". The general result? is 


_ 


rh = 7 4 (ove — 48") = D( jo P+ |o P)— Ela” P 
= D—(D+ E){al’?, (14) 


where D and E are exchange integrals, i.e., con- 
stants of the crystal. In the case of crystals for 
which the radial part can be given in the form of 
(4), such as all chlorides, we have 


E = —§\{Q(r8) + PED} 95 (08) bs (18) de, 


| ale ’ (15) 
Pi + \{Q (rs) + P (rs )} pi (ts) ba (rs) des 
where 
Y2lr) = sin See"; y(t) =4e(r); (16) 
Q(r) + P(r) = see (2-4-5) 


. 2 ies serie » iia #2 ooaee 
tie Pet eee (40 + 13 + et gat =) 


— 85? Ei (—2p)]. (17) 


Here p=ar and Ei(-—x) is the familiar tabu- 
lated function.® 
For KCl with the already indicated values of a 
and d we obtain 
D =0.9-10"%; E.= 4.6-107; 
(18) 
2e*D /d = 0,04 lev; 2eE /d = 0,211 ev. 


For the other crystals which contain Cl the nu- 
merical difference from (18) should not be very 
large since their lattice constants are approxi- 
mately the same. 
Substituting (14) in (11), we obtain 
ie 
2e2 


12 
Hyg = B—D Syexp {ix ri —r’)} 
V1 
re (19) 
+ (E+ D) D)\ a!” 2 exp {ix (r} — rh}. 
Val 


For the determination of Hy it is necessary to 
replace a’ by {b; ¢; a} for all sites. (The lat- 
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TABLE I. Coefficients of a{b, c, a} 


Coordinates 
2 of site lf in & ee ye 
@ | units d/2 | a a | unite d/2 
Caleta are ciel Sire Vint a/b Mallee ee | beg pls” ol ye ial 
s 2h alba lesa h 7 2 # iy 2 

| 

{ He AM, —a (—b=- €)} (b-+-c) |} 7J—4) O|—1 b+a G —(b +a 
2\/—-1; 110 —a —(b-+-c)| (—b+c)|} 8] 4] O/—1 yee c areas 
3 |--1|—1! 0 —a (b—c)|—(6+ c)| 9) O} 4] 1) (ce —a) —b (c + a) 
4 At 0 —a (6+ c)} (6—c) |} 40} Oj—1| 41) —(e +a) b (—c + a) 
By he alGyial (b— a) C (6+ a) |) 14) Oj—4|—41) —(c+ a)| —b (c —a) 
6|—1] 0] 1 |—(b+a) c (6—a) |} 12] O} 41|—41) (c—a) b —(c¢ + a) 


ter are determined from Fig. 1 and are listed in 


Table I.) When this has been done, using k = Kd/2, 


we obtain, in the original coordinate system, 
ails = B—4D BS cosy cos ky 
4-2(/E+D){ S bcoskx (cos ky + cos kz) (20) 
Boy, 


B= 25 “besin kysin ky}. 
xy 


2cosk, (cosk,-+cosk,)—r —2sink, 


A= 


He —2sink, sin Ry 


2) Sin k, sin es 


There are three real roots A, 5.3 of (21), giving 
three hole bands that do not generally coincide. 
The roots A and the coefficients b,c, a depend 
essentially on K and are independent of the crystal 
parameters D and E; they are identical for all 
cubically symmetrical crystals with p electrons. 
In the general case the energy can be expressed 
in terms of the exchange integrals D and E 
[ Eqs. (14) and (15)]. The values of E and D vary 
with the crystal but are always positive with E > D, 
because E (15) is derived from %3 = %, which 
contains cos 3, while D is derived from 7%; and 
%, which contain sin 3 and therefore overlap 
much less. In KCl, for example, E/D =5. There- 
fore for alkali-halide cubic crystals it is possible 
to establish the general approximate character of 
the dependence of the energy on the wave vector K 
in hole bands by assuming D ~ 0. Such “reduced” 
curves for one direction of the wave vector K in 
units of 10E are plotted with discontinuous lines 
in Fig. 2. K is taken along the diagonal of the co- 
ordinate cube. The same figure shows correspond- 
ing curves of the energy for KCl, in ev by continu- 


* 


*Nothing is changed when the integer vectors of the reci- 
procal lattice are added to K. When the sign of a component 
of K is reversed, the sign of the corresponding component of 
a is reversed. \ and Hy remain unchanged. 


2 cos R (cos Kt COS Rh) —A 
—2sin Ry 


3. DETERMINATION OF THE COEFFICIENTS 
b, c, a AND OF THE ENERGY AS A FUNCTION 
OF K 


From the minimum of (20), taking into account 
the normalization of a (7), we obtain for a three 
linear homogeneous equations which can be solved 
if their determinant is zero: 


sink, —2 sink, sin k, 


—— Sin ky sink, =i) (21) 


sink, 2 cosk ,(cos k,-+-cos ky)—d 


BIG, 2 


ous lines. The usual notation’ is used to indicate 
points on the boundary of the first Brillouin zone, 
namely the points I'(0,0,0) and L(/d, x/d, 
m/d). 

Table II contains analytic expressions for the 
branches of H(K). It can be seen that the curves 
in the figure essentially provide a qualitative de- 
scription of the energy variation for all three 
branches. It can be regarded as established that 


278 Age a 


KUCHER 


TABLE II. The energy Hx as a function of the modulus of k, for the directions of k(0;0;1), (Osa Sis 
and (1;1;1) 


a 


in the given wave vector direction 
Vector k al Vector a iy! At (0; 0; 0) For a= 7 
(6.2 Energy — Hy-B 
33 a 2e For al f For 
hy hy ke ($i b c a General form | ¢cj General form | (qj 
Ee) 
1 4cosk 0 0 1 4[Ecosk —D (1+ cos k)] —C(E—D)-.0.5|—1,14| 0.5C (E — D)*> 1,44 
; 9 =F sl oa peosay lortorat| 0 RIEU +cos4)—D(L + Scose)]] —C(E—3D)4 |-4.45) C(E—3D)> | 4.45 
4 4 cos 4 4 0 0 4cosa[E— D(1-+ cos a)] —C(E—3D)-! |—4,45 C(E+D)> 1,55 
1 |—14 
2 2[c 4 0 —— a 2[E (1+ cos a) — 2C (7D — E)} 10.0 2C (E+ D)7 On 
0) Psa Sa te V2 V2 — D (2 cos’a — 1+ 3 cos a)] 
2 4 4 2 
0 —- | — 2{E (cos a + cos 2a) — — 2C (5E — 3D)-1 |—0.84| — — C (E + D)-1 |=1.0 
3 | 2 [cos a + cos 2a] Vi | Vi ra ae a 3 C ( ) 
| if 
4 1 4 3 for a =7/2 
S| pe aye — Zi —FZ — D)-1|—0.77| 3 0). 2/7i 
4 4 cos? 2a V3|\V3| V3 4[E cos 2a — D (1 + cos?a)] Z C (2E — D) 0) = (2D) 
k ae * 
leas 3.” Ba etal 3 
2; 2 =f 2 [E (1 + cos®a) — 3 ys + C(E=5D) 128 
33} 2(1-+ cos? ¢) ac +.ab + ac = Ate la — 5 C(E— 5D) |-128 a : : 
orad= 2 


in the crystals under consideration* the energy 
minimum corresponds to k{ 7/2, 1/2, 7/2} rather 
than to K =0. In the vicinity of k{ 1/2, 1/2, 1/2} 
branch 1, which is important in all processes, lies 
6(E+D) (corresponding to 1.5 ev for KCl) be- 
low the other two branches. Therefore in crystal 
calculations involving holes, for which the present 
theory is employed, it is not essential to take the 
spin-orbit interaction into account, because the de- 
generacy at the unimportant minima of the 2nd and 
3rd branches is thus removed while the main branch 
is only slightly shifted. The absolute minimum of 
the energy Hx is that required for transferring 
an electron from the valence band to the vacuum. 
In our case this is Hy jn = 10.4 -1= 9.4 ev. 
This is in fair agreement with data on the funda- 
mental absorption bands of alkali halides,!” which 
for KCl give 7 =1320A or 10.4 ev. 

Since the minimum energy corresponds to the 
edge of the Brillouin zone it is not unlikely that for 
localized hole states (such as hole F center) 
with w functions which, according to Ref. 1, can 
be written as linear combinations W, = 2 pawk, 


the minimum energy state will be similar toa p 
state, with coefficients bh of opposite signs on 
the two sides of the defect. Indeed, this state will 
possess a minimum number of nodal surfaces. 


*The energy of the hole in all cases means the energy of 
the crystal. We have not used the concept of an “almost 


filled” valence band. 


4, EFFECTIVE MASS IN A HOLE BAND 


We shall now expand the energy (21) in powers 
of Ak =k — kj - in the vicinity of the stationary 
point k+0 andthe minima ky {7/2; 0; 0} and 
ky { 1/2; 1/2; 1/2}, where k is the dimensionless 
wave vector k=dK/2. As E. I. Rashba has noted, 
the existence of the stationary condition for K =0 
and of the extremals at k){7; 0; 0} and kp {2/2; 
1/2; 7/2} can be derived through group theory 
from considerations of symmetry. 

1. About the point k){0; 0; 0} (for small K), 
A is given by 


28 + 4e% + (6—3u) ¢ + (2—3u + 5v) = 0, 


where 


(22) 


A=) te=4+¢; 
u= B fy?, v= by b= Ak, /|Ak|. 


x+y 

Since (22) is a cubic equation, the energy cannot 
be expressed as an analytic function of K. This 
results from the fact that for K=0 all three bands 
are contiguous, i.e., this is a case of degeneracy. 
But here also we can introduce the effective hole 
mass m, and the dimensionless mass w= m,/m 
(which is not a tensor) depending on the direction 
of K through the equation h?/m, = 8?|E(K)|/a|K|?. 
The values of » for a number of directions of k 
in KCl are given at the end of Table II. 

2. Near the point ky{7; 0; 0} in the branches 
of light holes, for which Hy, — (2e7/d) B = —4E, 
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TABLE Ill. Variation of the energy in the vicinity of extremals 
inside of the Brillouin zone 


oe een ein ay SS 
° 


8 ae 
' ‘ Pan: : Energy =,H,—B in the vicinity of the “. for | Kind of 
x y z : strane! KCl | extremal 
7 ; . 2 2[E (1 + C2) —D (2C3—1+43C,)| 653 max 
3 2[E (C3 + cos 2a3) — D (3C3 + 4)] 0,16 min 
Me hehe: acre 2 Hy — [3.5E + 1.5D (4 —C,)] —6.08 max 
3 | Ho +h [4D (1 + Cs) + (E+ D) (3 — c3)] 10.12 min 
{ 
2 Hy — 8°C,(E — 3D) —193 max 
540 a 3 = B 
si g Hy —32|—ac,D + FE +D)| | —7.6 | max 


1 
Here oa: =arc cos — z(—34 3): 


Siero = 5Gs eect in shes 


He Hy, = (Ak) {ELD 48(E 
— 3D) *}. 
Thus the constant energy surface is an ellipsoid of 
revolution which is oblate along the x axis of ro- 
tation. The effective mass is a tensor; for KCl 


OE ay nl 15, toy 


= uz, = C/(E + D) = 1.55, C, == Sil MOP. 
An analogous expansion with respect to Ak at 
the same point for the other two (degenerate) 
branches gives, in virtue of the non-analyticity, 
AH, = (Ak)? {— 4D + (E +D) 


(23) 


(24) 


«x £(E2 — C2) ch 4 (2 — 7?) ap — 4ayc.ca]}, (25) 


where 
anfiebetey:  a-[+8=gey)” 


Qe = 2 — PV yh + 1490. 


The numerical values of AH, and p for these 
branches can be obtained only for specific values 
of Ak, i.e., when é,7 and ¢ are given. For ex- 
ample, with Ak {0; Ak; 0}, ie., €=¢=0, AH 
has the two values 0 and —(E+D) (Ak)?, which 
in KCl correspond to the effective masses [= ©; 
ff. = —1.55. In the direction (13:0; 0.) 


ty = = C/(E— 3D) = 4,45. 


3. In the vicinity of the most important point 
ky { 1/2; 1/2; 1/2} for which Hy, — (2e?/d) B= 


1 


D 
a3 = arc Cos ~7 (1-37): G= cosa A 


—4(E+D), similar calculations lead to 


Fix — Hx, = (Ak)? 4 {D+ E + (E+ 4D) S ei}. (26) 


The constant energy surface is again an ellipsoid 
of revolution, which is more oblate than the pre- 
ceeding one and has its axis along the diagonal of 
the coordinate cube; w is againatensor. Along 
the diagonal of the coordinate cube, with § =n=£, 


4% = U-min = (2E + 5D) soy 


while perpendicular to the diagonal, with &+7+¢ 
=0, w=4.56. 

Thus in the principal hole band there exists 
strong anisotropy of the hole effective masses, 
which are positive. The principal role in conduc- 
tion and in other effects is played by light holes. 

In addition to these three points extremals were 
also found at two points on the less important 
branches of Table III. The locations and character 
of these extremals depend on E and D, but they 
were not investigated in detail. In Table IV, which 
gives the band widths, these extremals provide the 
top of band 2 and the bottom of band 3. 

A simplified calculation of the hole bands was 
also carried through in which Yl was calculated! 
not by means of the functions (2), (3), and (6), but 
using linear combinations of simplified, spherically 
symmetrical one-electron functions of the form 


ob (p!) = 0 (ee) xh.) el 
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12 


es <lectee! de X(6n,) =R(or) Hy >) Ripe); 2 
Iw | 82 8 8 S Vet 

a =| — = = here R(p) is given by (4) and y was chosen to 
zg = = Sie satisfy orthogonality.’ 
a I a A For KCl the result was yl’ == = Oe The 
a - : = oe a | nondegenerate energy obtained in this approxima- 
ap ee = . 7 nN ~ tion has a minimum at K{0, 0, 27/d}, andthe _ 
. = 3 Ks ie a = band width in the last line of Table IV is in good 
= Pet aa ee, | agreement with the width of the important band in 
= | ae Ne the foregoing stricter approximation. 

® ert | The present paper presents a relatively simple 
3 2 Se: method of calculating the hole bands of all halo- 
g reas = = a genous crystals as well as of others, such as ox- 
ue} = i) wane ; ides, with NaCl type lattices. The author is pre- | 
g ° 2S paring to calculate the bands for LiCl, NaCl, RbCl | 
a | & ae and AgCl as well as for the fluorides. | 
a ¢ 2 In conclusion, it is a pleasure for the author to _ 
rs e E = =s thank K. B. Tolpygo for suggesting this research 
Pa za sf a and for his continued interest, and E. I.-Rashba 
E E ao) ia = ay < for a discussion of the results. 
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where ¢g is the y function of the five electrons of 

the halogen ion, which function is left undetermined, 

and x isthe y% function of the sixth electron of Translated by I. Emin 
the Cl atom, given by 74 
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A study is made of peculiarities of the scattering of x-rays and thermal neutrons by single- 
component crystals near phase-transition points of the second kind. Explicit account is taken 

of geometric distortions of the crystal lattice owing to fluctuations of the internal parameters 
characterizing long-range order. The general case is considered, in which the long-range 
order is characterized not by just one parameter, but by several. Inclusion of the geometrical 
distortions can lead to a decided change of the qualitative pattern of intensity distribution of the 
diffuse scattering in the reciprocal lattice space, and in particular to the appearance of compo- 
nents that are inversely proportional to the distance from a point of the reciprocal lattice, i.e., 
that become infinite with approach to such points. Near a phase-transition point of the second 
kind peculiarities can be observed in the distribution of the diffuse scattering both near super- 
lattice reflections and also near the main regular reflections. The type of temperature depend- 
ence shown by the scattering and its position in the reciprocal lattice space depend in an essen- 
tial way on the symmetry of the crystal. Ferroelectric crystals are discussed in greater detail. 
In this case the parameters that determine the intensity of the diffuse scattering near reciprocal 


lattice points can be found by means of independent experiments. 


ls the preceding paper! (cited hereafter as I) the 
discussion of the geometrical distortions of the 
crystal lattice of a solid solution was based on a 
method in which the distortions were related to 
waves of variation of composition or of the long- 
range order parameters. Important lattice distor- 
tions can also arise from fluctuations of the inter- 
nal parameters that characterize the long-range 
order in single-component crystals (ferroelectric, 
ferromagnetic, antiferroelectric, and antiferromag- 
netic substances, quartz, etc.). As Landau has 
shown,’ particularly large fluctuations of the long- 
range order parameters, giving rise to anomalously 
large scattering of x-rays, must occur near a 
phase-transition point of the second kind. In Ref. 

2 the calculation of the scattering was carried out 
without including the geometrical distortions of the 
lattice, and the case considered was that in which 
the long-range order can be characterized by only 
one parameter. In a number of cases, however, as 
can be seen from the results obtained for solid 
solutions (cf. 1), the presence of geometrical dis- 
tortions leads to the appearance of qualitatively 
new effects. Therefore the purpose of the present 
paper is to discuss the scattering of x-rays and 
thermal neutrons near phase-transition points of 
the second kind, including the effects of geometri- 


cal distortions of the crystal lattice. In addition, 
the results of Landau will be extended to the case 
in which the change of the long-range order in the 
crystal is characterized not by just one, but by sev- 
eral parameters. The scattering by ferroelectric 
crystals is considered in greater detail. 

We consider the case of scattering of monochro- 
matic radiation by a single crystal, and take into 
account neither scattering by thermal vibrations, 
nor Compton scattering of x-rays and magnetic 
scattering of neutrons by the electron shells of 
atoms. The calculation is carried out in the frame- 
work of the kinematic theory of scattering. For 
definiteness the formulas given will be written in 
terms appropriate to the scattering of x-rays. For- 
mulas for the scattering of neutrons can be obtained 
from them essentially by just a simple change of 
notation. 

Let us first consider the case in which the val- 
ues of the long-range order parameters that are 
subject to anomalously large fluctuations can be 
uniquely specified by giving the values of the com- 
ponents of the spontaneous polarization, P;. This 
is the case, for example, in BaTiO3. In addition to 
the long-range order parameters, there can also 
be fluctuations in the internal parameters that 
characterize the local order in the distribution of 
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atoms at the lattice points. But in the cases con- 
sidered with below, in which the fluctuations of the 
P; lead to anomalously large scattering, fluctua- 
tions of the local-order parameters evidently play 
a relatively small part and will not be taken into 
account. 

The fluctuations Pj; — P; of the polarization 
components can be expanded in Fourier series: 

Pip — Pi = Si [Pxi exp (— ikRy) + Pi exp (ikR,)). (1) 

k 

Here P; is the average equilibrium value of the 
i-th component of the polarization vector, P;, is 
the value of P; corresponding to cell number t, 
R; is the radius vector of this cell, and the prime 
on the summation sign means that the summation 
is taken over values of the vector k/27 that lie in 
a half-cell of the reciprocal lattice and satisfy cy- 


clic conditions, the term with k=0 being excluded. 


The polarization wave for each value of k corre- 
sponds to a wave of displacements of the atoms. 

In what follows we shall study the diffuse scatter- 
ing only in the neighborhood of the regular Laue 
reflections (where this scattering is anomalously 
large). Because of this we can restrict ourselves 
to the consideration of long waves of fluctuation. 
For these waves the displacements of lattice points 
of different types are almost identical (cf. Sec. 2 
in I), so that the displacements of the various 
atoms of cell number t corresponding to the k-th 
polarization wave are practically the same and can 
be written in the form: 


3 
bRix =i >) Axikk? [Pai exp (— ikR,) — Py exp (ikR,)], (2) 
i=] 


where k’ is a vector along the displacement of the 
atoms in the k-th wave, with k’ = k. 

The intensity of the x-ray scattering in the 
neighborhood of the Laue reflections, expressed in 
electronic units, can be represented in the follow- 
ing form: 


1 =| Spfu exp (i. Rr + 3R) 
t (3) 
Here q; is the difference of the wave vectors of 
the scattered and incident waves, the averaging is 
taken over all possible configurations of the atoms, 
and fot is the structure factor of cell number t 
corresponding to the 2-th Laue reflection and cal- 
culated with inclusion of effects of geometrical dis- 
tortions. The quantity fy can be written as the 
sum of the average value of the structure factor 
corresponding to the f-th reflection, fy, and the 
departure from the average value, Afp,, corre- 
sponding to cell number t. In the calculation of 
fp, the atomic factors for the individual lattice 
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points must be multiplied by factors exp (—- Ly/ 2) 
for each type Y of lattice point, to take account of 
the weakening of the amplitude because of the geo- 
metrical distortions (cf. Sec. 2 in 1). Since in the 
determination of the L,, one must include not only 
the long but also the short waves, we shall not give 
formulas for these quantities, recalling that the 
structure factor fy can be determined directly 
from x-ray data on the intensities of the regular 
reflections. 

When the components of the polarization vector 
are changed by amounts APj the average structure 
factor f) is changed by the amount dgjAPj, where 
dg; depends on the number of the reflection (for 
some reflections dg; = 0). Here and in what fol- 
lows, summation over repeated indices i is un- 
derstood. The deviation of the atomic factor of 
cell number t from the average value is (Pj; — 
P;) dgj. (Some difference is possible between the 
values of dg; that are involved in the change of the 
fy, by fluctuations and are defined for unchanged 
values of the short-range order parameters and 
the values of dg; that correspond to the equilibrium © 
values fy and are defined for values of the short- 
range order parameters that do not vary with 
changes of the P;.) For the neighborhood of a | 
regular reflection, where we can use for the calcu- 
lation of the diffuse reflection the dg; correspond- 
ing to that reflection and the displacements of the 
atoms can be determined according to Eq. (2) with- 
out taking account of the atomic structure, by Eqs. 
(3) and (2) the contribution to the scattering ampli- 
tude from elementary cell number t is given by 


[i ate > (dis — Fr@xak’qu/k?) Pui exp (— i kRz) 
K 


i = , ~ * . 4 (4) 
+ (dus + fia: k’qy/R) Pri exp (é KR) | exp (i qiRz). 
k 


In the summation of the expression (4) over the 
elementary cells (over t) near regular reflec- 
tions (where a condition of the type of Eq. (9) of I 
is satisfied), the most important part in the sum 
over k is played by the term with k=q or k= 
—q, where q=q;— 27Ky, and Ky is the vector 
of the reciprocal lattice lying closest to the end of 
the vector q,/2m and corresponding to the 0-th 
reflection (the “reduced” vector q/27 lies in the 
first cell of the reciprocal lattice). Therefore, 
squaring the indicated sum in accordance with Eq. 
(3), we find that the intensity of the scattering is 
given by 


_ g3Noir 2 2 De on 2 
I= Be fe FO (a) + NOU (FAG Gar du) Pat | so 
where Ny is the number of elementary cells in 
the crystal and A’ is the volume of a cell. The 


ON THE SCATTERING OF X-RAYS AND THERMAL NEUTRONS 283 


first term, involving the 6 function, gives the in- 
tensity of the regular reflection, and the second 
term gives the intensity Ig of the diffuse scatter- 
ing. 

To carry out the averaging in Eq. (5) one can 
use the probability distribution for the Fourier 
components Py, of the polarization fluctuations 
for small k: 


j 


V af eo a 
Om Sues kT a OP ,0P ae Asjnnlemkn)) PP (6) 


Here @ is the thermodynamic potential per unit 
volume, and “ijmn 
Using the fact that 0°p/OP,aP; = Ki where ii 
is a tensor, the reciprocal of the electric suscepti- 
bility tensor,® we get from Eqs. (5) and (6): 


No 1 F9 
P= 8x? 5 | Fr? 8 (qu) 


(Faas a = dis) (Fiag; ue a di;) (7) 


x (e+ AienGndaiy 


NokT 
an aAe 


Here (k~'+ Anydmdn)i;7 are the components of a 
tensor, the reciprocal of the tensor ji + 
AihmnGm4Gn: For sufficiently small values of q 
the last factor in Eq. (7) is just the electric sus- 
ceptibility Kij- 

The quantities dg; appearing in Eq. (7) can be 
determined from the dependence of the structure 
factors (i.e., the intensities of the regular reflec- 
tions) on the polarization (or on the intensity of 
the external electric field). One can find the quan- 
_ tities agi by considering the expression for the 
stress tensor in an inhomogeneously polarized 
crystal. If we note that in the presence of fluctua- 
tions 6P the expression for the free energy of the 
deformed crystal contains the term — €jjmUjjoPm, 
we get for the components jj of the stress tensor 
the expression 


i Kijmntlmn — €7jmOP ms (8) 


where up) are the components of the deformation 
tensor and Ajjmn are the components of the elas- 
tic modulus tensor. In order to get the formula 
for agm we must insert in Eq. (8) instead of 6P,, 
a periodic function corresponding to the k-th fluc- 
tuation wave, and instead of umn the components 
of the deformation tensor corresponding to the 
wave of geometrical distortion produced by the 
fluctuation wave in question when the boundaries 

of the crystal are kept motionless. Then, noting 
that 90;;/dxj = 0, and carrying out the same argu- 
ment as for the derivation of Eq. (16) of I, we get 
three equations for aymkr: 


is a tensor of the fourth order. 


hijprNiftpymkz/R = Ejjmllj i= 152 a) (9) 
where nj; are the direction cosines of the wave 
vector k. Here it is clear that the third-order 
tensor €jjm is to be determined from the depend- 
ence of the stresses (or deformations) on the 
polarization (i.e., on the external electric field). 
Thus, just as in the case of scattering by solid 
solutions, all the parameters appearing in the ex- 
pression for the diffuse scattering, with the excep- 
tion of Aijmn, can be determined from independ- 
ent experiments. 

As follows from the thermodynamic theory of 
ferroelectricity ,' at a phase transition point of the 
second kind the components of the reciprocal die- 
lectric susceptibility tensor i go to zero, and 
by Eq. (7) this has the consequence that an anoma- 
lously large diffuse scattering should appear near 
this point. In this connection the nature of the de- 
pendences of Ip on the temperature and on q de- 
pends on the symmetry of the crystal. Near the 
temperature Ty of a phase transition of the sec- 
ond kind the tensor €jjm can be written in the 
form 


0 
Cijm = Fijm Se Omak ns 


Let us first consider the case in which the ten- 
sor components evi are different from zero 
(i.e., in which there is a piezoelectric effect in the 
non-ferroelectric phase). For this case Eqs. (7) 
and (9) show that for reflections for which fy = 0 
in the non-ferroelectric phase, both above and be- 
low the temperature Ty) there is a term in the ex- 
pression for I, that has the factor aes and thus 
goes to infinity as we approach a point of the recip- 
rocal lattice. For sufficiently small q the coeffi- 
cient of this term contains kjj, i.e., it becomes 
anomalously large for T—T) (this coefficient is, 
of course, decidedly dependent on the quantity 
elim): The terms containing the factor q™* must 
lead to a strong anisotropy of the intensity distri- 
bution of the diffuse scattering, regarded as a func- 
tion of position in the space in the reciprocal lat- 
tice, since they are proportional to cos? gy, where 
gy is the angle between the vectors q’ and qj. 
Since according to Eq. (9) the agm can also depend 
strongly on the orientation of the vector q, this 
anisotropy does not reduce to just a proportionality 
to cos? gy, and the pattern of the intensity distri- 
bution of the diffuse scattering will be different in 
the neighborhoods of different reciprocal lattice 
points. The term proportional to q is absent 
for small scattering angles, when q=q;, and the 
coefficient of this term increases with increase of 
the order of the reflection (with increase of |q;|). 
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Besides the terms containing factors q™? and Ga. 
for reflections with dg different from zero there 
is also a sharp increase near the temperature Ty) 
in a term proportional to dij, which plays an im- 
portant role for somewhat larger values of q. If 
fp =0 for T >To, only this term remains in the 
non-ferroelectric phase, and near such regular re- 
flections the intensity of the diffuse scattering does 
not go to infinity for q—0, but reaches its maxi- 
mum value (which increases rapidly as T — To) 
at the point q=0. For T< Ty the quantity fp in 
this case is small near the temperature Ty, so 
that the terms proportional to q™ have a small 
proportionality coefficient. Along with the sharp 
increase of Ip, near the temperature Ty there 
must be an increase of the quantities Ly that de- 
termine the intensities of the regular reflections. 
It can be shown that near the temperature Ty) these 
quantities contain terms proportional to / a rhs 
sort of qualitative picture of the intensity distribu- 
tion should be found, for example, in scattering by 
crystals of the type of Rochelle salt, KH,PO,, etc. 
The qualitative picture of the temperature de- 
pendence of Ip is changed if the éijm vanish 
identically because of requirements imposed by 
the symmetry of the crystal. This occurs if the 
crystal in the non-ferroelectric phase has a center 
of symmetry. In this case in the non-ferroelectric 
phase Eqs. (7) and (9) indicate that even in the 
neighborhoods of reflections at which fg ~0 the 
coefficients of q™? and q@! arising from the po- 
larization fluctuations considered here are equal 
to zero (there can be some nonvanishing contri- 
butions to these coefficients, arising from fluctua- 
tions in the short-range order). In the ferroelec- 
tric phase the coefficient in question is proportional 
to P? (since agm ~ P), where P is the spon- 
taneous polarization, and because of this for small 
values of P, near an ordinary phase transition 
point of the second kind, the term proportional to 
q~ does not become as large as in the case con- 
sidered above. The term proportional to dj; here 
gives the anomalously large scattering at the tran- 
sition point. But near the critical point at which 
the curve of points of phase transition of the sec- 
ond kind goes over into a curve of phase transition 
of the first kind, the product P? Kjj_ is very tee. 
so that just as in the case considered above (ef; m 
#0) the term containing the factor q~’ pbeoiies 
anomalously large for the ferroelectric phase as 
we approach the critical point (the same thing hap- 
pens for phase transitions of the first kind, near 
the critical point). In the non-ferroelectric phase 
the coefficient of q~? must be considerably smal- 
ler. The scattering proportional to q™? should 
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appear particularly strongly in crystals with a 
large discontinuity of the coefficient of thermal | 
broadening. Crystals with ein = 0 include, for 
example, ferroelectrics of the type of BaTiO 3. In 
these crystals the polarization is directed along 

the cubic axis (the z axis), and the only nonvan- 
ishing components of the electric susceptibility 
tensor are Kj, = Kg. and K33. In this case the ex-~ 
plicit form of the temperature dependence of If 
can be found if we substitute for «jj and P (in- 
volved in agm) in Eq. (7) the expressions for these 
quantities obtained in the theory of ferroelectricity 
[for example, Eqs. (19) and (20) of Ref. 3]. 

One can deal in the same way with the general 
case of crystals observed near phase transition 
points of the second kind. Here the inhomogeneity 
of the crystal is characterized by the fluctuations | 
of the quantities cj which determine the change of 
the symmetry of the crystal in the phase transition. 
These quantities can be taken to be the coefficients 
in the expansion of the change dp of the density 
function of the crystal in the transition: 6p = 


>) Ci?i, Where the gy; form the basis of the irre- 


ducible representation of the symmetry group of 
the more symmetrical phase which is manifested 
in the transition to the less symmetrical phase.°® 

It is clear that the intensity of the scattering aris- 
ing from the fluctuations of the cj can be deter- 
mined in the same way as the intensity of the scat- 
tering arising from the fluctuations of the Pj, i.e., 
by a formula analogous to Eq. (7): 


bande 


— (Ze 
+ Gaara 


di) (2 ee = dus) Pail: (10) 
The summations over i and j are here taken 
from 1 to p, where p is the number of functions 
forming the basis of ee irreducible representation 
in question. The Pqiij are the elements of the 
matrix reciprocal to the matrix 8*g/8cjdcj + 
Ajjmndm4Gn- The quantities dgj are the coeffi- 
cients in the expansion of the fy in terms of the 
cj, so that they can be determined from the change 
of the fy (the intensities of the regular reflections) 
below the transition temperature. The coefficients 
agi can be found from Eq. (9) if we substitute in- 
stead of the €jjm the quantities €jjm that give 
the dependence of the stress tensor components on 
the cj: 

oi Aipantlnar a4 Stim: 


(11) 


The application of these formulas to various 
systems (antiferroelectrics, ferromagnetic sub- 
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stances, antiferromagnetics, quartz near the point 
of the a—f transition, and so on) and the deter- 
mination of the connections between the cj and 
the macroscopic parameters of the crystal require 
special considerations involving the concrete 
changes of symmetry in the various transitions. 

A qualitative picture of the dependence of the in- 
tensity of the scattering on the temperature and on 
q can, however, be obtained from the general for- 
mulas given here. As is well known,° the deriva- 
tives 0°p/dc;ae; go to zero at a phase transition 
point of the second kind. Because of this an anom- 
alously large scattering should be observed near 
the temperature Ty. As in the case of ferroelec- 
tric crystals considered above, the type of depend- 
ence of If on T and q depends essentially on 
whether or not there is a term of degree zero in 
the expansion of €jjm in powers of the cj. De- 
pending on this, one gets a qualitative picture of 
the intensity distribution of the scattering which 

is of some one of the types discussed above. In 
particular, in the neighborhoods of those regular 
reflections at which dg; = 0 (in the case of x-ray 
scattering by ferromagnetic and antiferromagnetic 
crystals dy; =0 for all reflections), there must 
be characteristic peculiarities of Ip near the 
temperature Ty) in crystals for which ein #0, 
and also in those for which am = 0 but at the 
transition point there is a large change of the ther- 
mal expansion coefficient (neighborhood of the 
critical point). In the neighborhoods of reflections 


for which dy; = 0 the expressions for Ip always 
contain large terms not proportional to Gass In 
particular, characteristic peculiarities in the in- 
tensity distribution of the diffuse scattering should 
be found in quartz near the point of the @—f tran- 
sition. 

In conclusion we remark that near a phase tran- 
sition point of the second kind there should also be 
characteristic peculiarities in the intensity distri- 
bution of the diffuse scattering by the thermal vi- 
brations. This problem will be dealt with else- 
where. 


‘M.A. Krivoglaz, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 204 (1958), Soviet Phys. JETP 7, 

139 (1958). 

21. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
‘natzec(193"). 

3M. A. Krivoglaz and S. A. Rybak, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 139 (1957), Soviet 
Phys. JETP 6, 107 (1958). 

AE Ginzburg, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 15, 739 (1945); 19, 36 (1949); Usp. Fiz. 
Nauk 38, 490 (1949); A. F. Devonshire, Phil. Mag. 
40, 1040 (1949); 42, 1065 (1951). 

51, D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
7, 19 (1937); L. Landau and E. Lifshitz Crarucruue- 
(Statistical Physics), GITTL 1951. 


ckaa dpu3suka 


Translated by W. H. Furry 
75 


SOVIET PHYSICS JETP 


VOLUME 34(7), NUMBER 2 


AUGUST, I90a 


ON THE THEORY OF FERROMAGNETIC SUPERCONDUCTORS 


G. F. ZHARKOV 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor July 19, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 412-416 (February, 1958) 


We obtain the conditions for the existence of a superconducting state in bulk, single-domain 
ferromagnetic samples in the shape of an ellipsoid of revolution. The direction of the spon- 
taneous magnetization is assumed to make an arbitrary angle 4) with the direction of the ex- 
ternal field, which is parallel to the axis of the ellipsoid. We give estimates from which it 
follows that the superconducting state can occur only if the angle 0) < 107. If this condition 
is satisfied, the use of oblate samples with a large demagnetization factor should formally 
favor the possibility of detecting the superconductivity. 


ly The problem of a possible observation of super- 
conductivity in ferromagnetics was considered in 

a paper by Ginzburg.! It was shown that in the case 
of a bulk cylindrical specimen, magnetized along 
the axis of the cylinder, the possibility of a transi- 
tion to a superconducting state was hampered be- 
cause of the presence inside the specimen of the 
magnetic induction By = 4m™My, which is connected 
with the spontaneous magnetization My of the fer- 
romagnetic. For specimens with a large demag- 
netization factor (for instance, for thin disks mag- 
netized perpendicularly to their plane) the induc- 
tion B in the sample in the normal state turns out 
to be very small compared to 47M) which can as- 
sist the onset of superconductivity. Ginzburg, when 
considering this, pointed out at the same time the 
necessity of a special analysis of that case, taking 
boundary effects into account. In the present paper 
we elucidate the conditions for the existence of a 
superconducting phase in ferromagnetics of finite 
dimensions and ellipsoidal shape with a spontane- 
ous magnetization at an arbitrary angle with the 
direction of the external field. 

2. It is well-known?» that if the processes con- 
sidered take place at constant temperature T and 
everywhere constant and uniform magnetic field 
Hp, the following function is extremal in the equil- 
ibrium state, 


Gn@rery,) | Fido — -\ H,B do + ge \ Ho do. (1) 


Here Fy, is the internal free energy density of the 
system under consideration, taking the total mag- 
netic field H into account, B is the induction 


field, and the integration is over the whole of space. 


For a solid in the normal state the free energy 
is of the form 
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| Fay do =| F,.d0-+ (wm do, (2) 


where Fy is the free energy density when no 
magnetic field is present and wy, the free energy 
density connected with the field. For a ferromag- 
netic we must take 
B 
4 H? 2 B 
Tie F\ HdB = 2 — 25M = = —M,B, (3) 


0 


where we have used in (3) the expression B=H + 
4nM, for the induction inside an “ideal” ferromag- 
netic (the magnetic permeability pw is put equal 
to unity, which corresponds to the saturated case). 
We shall assume that the specimen consists of one 
domain and that at liquid helium temperatures My 
is constant and does not depend on the temperature. 
From (1) to (3) we get for a specimen in the 
normal state 


OB yee \ Fn dom 
4 5 5 = 
Je ag \(H— H,)? dv — MH, v — 2nMi v ; (4) 


where v_ is the volume of the specimen. 

We shall consider specimens which are suffi- 
ciently large so that we can neglect surface effects. 
For a ferromagnetic in the superconducting state 
the free energy is equal to 


| Fen do = | Fa do + \ (5 — MB) do 


TT 
=| Fedo + g-\ (Ht)? de", 


inasmuch as within a superconductor B=0 and 
outside the specimen B = H* (Ht is the field out- 
side the specimen and v* the volume outside the 
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specimen). For the thermodynamic. potential (1) 
we get 


©, (T, H.) =| Feado” + ge \ HB dom 


a 


+ ge \(H*—H,)*do*. (5) 


Equilibrium between the normal and the super- 
conducting phases is possible only if the potentials 
are equal, 


®n(T, Ho) = Os (T, Hp). (6) 


Below we evaluate the quantities (4) and (5) for 
the case of samples having the shape of ellipsoids 
of revolution with the axis of revolution parallel to 
the external field. 

3. First we find the magnetic field outside and 
inside a prolate ellipsoid of revolution, the spon- 
taneous magnetization of which is in the direction 
which makes an angle 4) with the direction of the 
external field. Introducing spheroidal coordinates 
€,7, @ (see, for instance, Ref. 4) and solving the 


usual magnetostatic problem in the case of a speci- 


men in the normal state, we get for the scalar po- 
tential of the magnetic field the expression 


of = cin [Hy + A ()) +coV2—1 V1 — 7P?Aal, (6) cos ¢, 
o = chy [Hy + Als (&)] 
+cVP—1V1—WPAbls (&) cos $; (7) 


A, = — 40M of (&% — 1) cos 9, Az = 4nMoE, (& — 1) sin 49, 


co 


DiS | eye? (e— 1), I, (6) = RG = 1), AZa) 
3 2 


The coordinate surface § = & coincides with 
the surface of the ellipsoid considered, the equa- 
tion of which is of the form 


+ 9)/@—N+2R=c, 


where 2c is the interfocal distance. 
In the case of a superconducting ellipsoid (in- 
_ side the specimen B™~ = 0) we find 


Hf, (@2—1) 


S20 ee I (8 
i=. @eeoy © 


ey = cin, + 


For the case of an oblate ellipsoid of revolution we 
obtain similar expressions. 


Evaluating the field H =— grad gy and perform- 


ing the integrations indicated in (4) and (5), we ob- 
tain equations which are correct both for a prolate 


and for an oblate ellipsoid of revolution.* 
os 2 \ Fas do — — (4nM,)° [(1 — my) cos, 


+ (1 —n,) sin? 6,5] — 0 M,H, cos 6), 
2 


g- Hi 
®,=\Fodo+ pa. (9) 


In the case of a prolate ellipsoid of revolution 
the quantities n, and n, entering into (9) have 
the form 


my = & (6 — 1) [Fin PES |, 


E—1  & 
& 1 yale a 
Ne = & (& — acy a ee (10) 


In the case of an oblate ellipsoid of revolution, 
the equation of which is 


(P+ ¥)/B+2/G—N) =e, 
the quantities n,; and np have the form (py = 
vez —1), 
= 1 
My = p, (92 + 1) [tan a as oghe =| 


Po hae 4 “1 
Sie mi eo (A) 


‘ 
Me = Po (P38 + 1) |Z 


4. Equating the thermodynamic potentials (9) we 
find the critical external magnetic field Hey for 
which the normal and the superconducting phase 
can exist in equilibrium with one another, 


H,,-= — 4nM, cos 9 + R; 
R= {8rA (1 — 1) — (4xM,)? (1 — my) (1 — ng) sin? 65}"2, 


Mize =| (ha ah i)doa (12) 


We note that for 6,=0 the expression for Hey 
coincides with the one obtained by Ginzburg.’ 

The direction of the external field Hp) will al- 
ways be taken as positive so that we must have 
Hoy = 0. As far as the spontaneous magnetization 
M, is concerned, two cases are possible. 

(1) The case where cos 4) = 0. Then 


H == — 4xM, cos 8) + R. (13) 


In order that Hoy be real and positive, the follow- 
ing inequality must be satisfied 


SrA > (40M)? [(1 — m1)-cos? 6) + (1 — ng) sin? 6]. (14) 


*Since at infinity the field H—H, is the field of a dipole 


with moment p,’the same result for ®, can be obtained by 
using the equation (see Ref. 3). 


8 
o,= (F940 — “x He Ho. 
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To violate this inequality we must have ®y)- ®g 
<0, i.e., the superconducting phase must be. ther- 
modynamically unfavorable. If Eq. (14) is satisfied 
the superconducting state is possible* for Hp < 
Hey, and for H > Hey the normal state. 

(2) The case where cos 6) = 0. Then there 
are, generally speaking, two critical fields possi- 
ble, 


Aes = 4M, COS 86 7 R, Aopg= 42M | cos 8, | a R. (15) 


In order that such critical fields can exist it is 
necessary that the following conditions be fulfilled 


(4zM,)? (1 — ng) sin® 0) < 8A; (16) 


(4<M,)? [(1 —n) cos? 4, + (1 — nq) sin? 8] > 8xA. (17) 


Condition (16) is necessary for the possibility of 
the existence of superconductivity. If it is violated, 
we get n— 5< 0, i.e., the normal state will be 
more favorable. If (16) is satisfied, but condition 
(17) is-violated, Hey; turns out to be negative, but 
6, —- , > 0 for Hp < Her2. This means that the 
critical field Hey; does not exist and superconduc- 
tivity is possible in a field Hy = Hey. If both condi- 
tions (16) and (17) are fulfilled, the superconducting 


state is possible only inthe range of fields Hey; = Hy S 


Her2. In the last case it is clearly necessary that 
the field Her; directed against the spontaneous 
magnetization My is less than the coercive force 
of the sample He; that is, we must have 


{8nA (1 — ny) — (4nM,)? (1 — ny) (1 — ng) sin? 05}'" > 
> 4xMy (1 — ny) | cos 4 | — He. (18) 


5. Let us now go over to a discussion of the con- 
conditions which we have obtained for the existence 
of a superconducting state in ferromagnetic speci- 
mens. The quantity 87A = (Horm) which occurs 
in Eqs. (14), (16), and (17) is clearly the square of 
the critical magnetic field, as it was in a non-ferro- 
magnetic metal with the same difference A= Fy 
— Fgo, as also for the ferromagnetic considered. 
For the known superconducting elements the value 
of Hi-m at T=0 varies from several tens to 
several thousands of oersteds. Below we shall 
assume Horm ~ 100 oersted and By = 41M) ~ 
104 gauss to obtain some estimates. The quantity 
ny varies from zero for a cylindrical specimen to 


*Indeed, as in the case of ordinary superconductors a 
pure superconducting state is possible only if the maximum 
field at the equator of the ellipsoid of revolution does not 
exceed the critical field, that is, in a field Hj < H.,y4(1—n,). 
In the range of fields H,,y4(1—n,) < H, < H,,., the interme- 
diate state is realized 
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unity for a specimen in the shape of a thin disk. 
The quantity n, varies from zero (disk) to Ys 
(cylinder ). 

Let us consider the case cos 6) > 0 and condi- 
tion (14). It is easily seen that for the values of 
Hat and By chosen by us, it is necessary for 
the possible existence of a superconducting state 
to take a disk-shaped specimen with 1—n, S 10-43 
magnetized perpendicularly to the plane of the disk, 
while the angle 9) of the deflection of My from 
the direction of Hy) may not exceed 4 ~ 1077 ai 
the case of prolate specimens or for angles 9 > 
10~, the superconducting state is possible only 
for elements with an anomalously large value of 
A= Fy — Fgo or else with an anomalously small 
value of By) = 4mMy which strongly decreases the 
probability of observing the superconductivity of 
ferromagnetics. 

In the case cos 0) < 0 the necessary condition 
(16) also requires that the angles are small, 0 < 
10~. Condition (17), i.e., the condition for the ex- 
istence of the critical field Hey;, can be satisfied 
only for not too oblate specimens (or for anoma- 
lous values of A and By). In that case it is nec- 
essary to take also into consideration condition (18) 
which in several cases apparently can be realized. 

In the case of prolate specimens the known val- — 
ues of M) and. H, for ferromagnetic elements do 
not allow any hope for the observation of supercon- 
ductivity in bulk specimens. 

For very oblate specimens with 1—n, ~ 10 
superconductivity is possible in an arbitrarily 
small external field, limited by the requirement 
Hye. 

Thus we can summarize and say that the possi- 
bility to observe a superconducting state in bulk 
ferromagnetic samples is formally facilitated by 
using specimens with a large demagnetization 
factor. 

In practice, however, it is impossible to obtain 
a single-domain sample with the quantity 1—n, ~ 
10~4, or in other words with the ratio of the trans- 
verse dimensions of the specimen to its thickness 
equal to 104. In view of this it is necessary to 
analyze further the problem taking into account the 
role of domain structure, the energy of magnetic 
anisotropy, and so on. 

In conclusion I want to use the opportunity to 
thank V. L. Ginzburg for valuable hints and for his 
interest in this paper. 
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It is shown that the techniques of quantum field theory can be applied to a system of many 


bosons. 


The Dyson equation for the one-particle Green’s function is derived. Properties 


of the condensed phase in a system of interacting bosons are investigated. 


1. INTRODUCTION 


N recent years Green’s functions have been 
widely used! in quantum field theory, and in par- 
ticular in quantum electrodynamics. This has 
made possible the development of methods? which 
escape from ordinary perturbation theory. The 
method of Green’s functions has also been shown™ 

‘to be applicable to many-body problems. In such 
problems the one-particle Green’s function deter- 
mines the essential characteristics of the system, 
the energy spectrum, the momentum distribution 
of particles in the ground state, etc co 

The present paper develops the method of 
Green’s functions for a system consisting of a 
large number N of interacting bosons. The spe- 
cial feature of this system is the presence in the 
ground state of a large number of particles with 
momentum p=0 (condensed phase), which pre- 
vent the usual methods of quantum field theory 

from being applied. We find that for large N the 

usual technique of Feynman graphs can be used for 
the particles with p = 0, while the condensed 
phase (we show that it does not disappear when 
interactions are introduced) can be considered 
as a kind of external field. 

The Green’s function is expressed in terms of 
three effective potentials 2Zj,, describing pair- 


*Private communication from A. B. Migdal. 


production, pair-annihilation and scattering, and 

in terms of a chemical potential yw. This is the 
analog of Dyson’s equation in electrodynamics.*?! 
Some approximation must be made in the calcula- 
tion of 2}, and yw. If these quantities are com- 
puted by perturbation theory, the quasi-particle 
spectrum of Bogoliubov® is obtained. In the follow- 
ing paper® we evaluate 2, and yw in the limit of 
low density. 

2. STATEMENT OF THE PROBLEM. FEYNMAN 
GRAPHS 


We consider a system of N_ spinless bosons 
with mass m=1, enclosed ina volume V. We 
suppose N and V become infinite, the density 
N/V =n remaining finite. A summation over dis- 
crete momenta is then replaced by an integral ac- 
cording to the rule 

Yi Onyrv\d 
> 

The Hamiltonian of the system is H = Hy + Hy, 
where 


2 
Hy = ZV VEO) VE) dx = Detatas =, 2d) 
P 


fal Sel i“ ME? (XU (x= x) EF KY (x) dx 


= 57 2 U Aa 5, 3 Taig: (2.2) 
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The units are chosen so that h=1. U(x-x’) is 
the interaction between a pair of particles, Ug = 
fete U(x)dx is its Fourier transform, and 


a3 ipx ae Say iy eee 
Y=V aba fot =v Ve ays 
P P 


where a, and at are the usual boson operators 
F . +) = 
with the commutation law [ap, ap’ ] = Opp’: 
The one-particle Green’s function may be de- 
fined in two equivalent ways. In terms of Heisen- 
berg-representation operators we may write 


iG (x — x’) = «Dy, T {¥ (x) ¥* (x')} OY), (2.3) 


with the expectation value taken in the ground-state 
of the N interacting particles. In terms of inter- 
action-representation operators we may write 


iG (x — x') = (T {¥ (x) ¥* (x) SP/ KS, (2-4) 


with the expectation value taken in the ground-state 
of the non-interacting particles, which has all the 
particles in the condensed phase so that Np xo = 0, 
Ny = N. The S-matrix for this system has the form 


S=T {exp (— = \ d4x,d*x,U 


(1 — 2) ¥* (1) ¥* (2) ¥ (2) ¥ (1))} (2.5) 
where we have written for convenience U(1-2) = 
U (x; — X_,)6 (t;-— t). Here and henceforth x,...,p 
are four-vectors, and px = px — ppXp. The definition 
(2.3) is convenient for relating G to physical quan- 
tities, while Eq. (2.4) is convenient for calculations. 

In the numerator of Eq. (2.4) we expand the S- 
matrix ina series, each term of whichisa T- 
product of a certain number of factors © and vw. 
A T-product can be expressed by standard meth- 
ods’ as a sum of normal products in which some of 
the factors Y and W have been paired. In quan- 
tum electrodynamics the vacuum expectation value 
of every term which contains an unpaired annihila- 
tion operator vanishes from this sum. The surviv- 
ing terms, which contain only pairs of W and UT, 
are represented by certain Feynman graphs. In 
our case the expectation value is taken in a state 
containing N particles with momentum p= 0. 
The expectation value of an N-product containing 
a does not vanish, and the usual method of con- 
structing graphs is not applicable. 

Because of the special role of the state with 
p=0, it is convenient to separate the operators 


a and ay from W and wW*. Thus we write 


AP a gy Ve ee tee as VV 26) 


The Green’s function (2.4) is also divided into two 
parts. The uncondensed particles give 


S.-T. BE Lay 


iG’ (x — x!) = <T (¥" (x) ¥"* (x) SP / <S (2.7) 
while the Green’s function of the condensed phase, 
a function of (t-—t’) only, is 


iGo (t —t') = CT {ag (t) ag (t') S}> /V <>. 


The two functions are not independently deter - 
mined, since the S-matrix appears in the defini- — 
tion of both and itself contains both W’ and ay 
operators. We shall prove later that when N is 
large the usual method of Feynman graphs can be 
adapted to the calculation of G’, the condensed 
phase behaving just like an external field. 

We divide the operations T and <...> into 
two successive operations, the first acting only 
upon W’ and yr, the second acting only upon ag 
and ay. Thus 


(2.8) 


PTT aay ee 


where T° and <...>° acton ag and aan 
We now drop the prime from G’ and write Eq. 
(2.7) in the form 


iG (x — x’) = (T° {@(x — x’)}9°/ XS), (2.9) 


with 


G(x — x’) = CT’ {¥" (x) W* (x) Sy’. (2.10) 


Eq. (2.10) has the same structure as the numerator 
of Eq. (2.7), but the operators ag, ag occurring in 
S are now to be treated as parameters. The ex- 
pectation value in Eq. (2.10) is taken in the ground 
state of the operators W’, W’*. This equivalent to 
a vacuum expectation value, and so the usual for- 
malism of Feynman graphs can be used for calcu- 
lating ©. 

We represent the potential -—iU(1-2) bya 
dotted line joining the points 1 and 2. The pair of 
operators W(1) W’*(2) = iG()(1—2) is repre- 
sented by a continuous line directed from 2 to 1. 
From the form of the interaction Hamiltonian (2.2) 
it follows that every graph contributing to Eq. (2.10) 
is a combination of the eight elementary graphs 
shown in Fig. 1. These correspond to the various 
terms which appear in Eq. (2.2) after the substitu- 
tion (2.6). A missing continuous line (incomplete 
vertex) corresponds to a factor ( ao/VV ) or 
(at VV ). Fig. 2 shows an example of one graph 
which appears in ©(x;-—x)), corresponding to 
the integral 


My (Xy, Xo) = 2 Re (lose a yl 


x (3 — 4) 6 (3 —5)G (46) U(5—6) (2.11) 


x G (6 —2) Vag (ty) do (ts) d4xgd4xyd*x,d*x,. 
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Let N(x; x’) be any graph contributing to Eq. 
(2.10) and not containing disconnected parts or 
vacuum loops. Together with IN we may consider 
all graphs differing from 9m by the addition of 
vacuum loops. The totality of such graphs gives 
IN multiplied by a factor which is just the vacuum 
expectation value of the S matrix, namely <S>’ 
in this case, since we are taking matrix elements 
only of © and w’t. Thus the inclusion of vacuum 
loops changes 9” into 


IN (x; x") <S)’. (2.12) 


In quantum electrodynamics the factor <S> can- 
cels the denominator of Eq. (2.4), so that we can 
ignore the vacuum loops and merely omit this de- 
nominator. In our case, as we shall see later, the 
factor <S>’ has a real significance. 

Eq. (2.12) substituted into Eq. (2.9) gives 


<T° {IN (x5 x’) <S"} DP] CSD, 


where the operation T° acts on the factors ag; ay 
occurring in 3% andin <S>’. Suppose that Mm 
contains m pairs of operators ag, at. Then 


(2.13) 


OM (x; x’) =v" ( M(x; TENE RET Te cL aOR UD Lc 


PCG) sales). Ge (ta) (dt), (ae. )s 


and Eq. (2.13) becomes 


| MiGo ante t2)t) (dey, (2.14) 


where 
POMC: fat et in) 


CTY. (b,) nde (tm) St >/V <S> (2:15) 


is the m-particle Green’s function of the con- 
densed phase, Eq. (2.8) being the special case 
m=1. 

The graphs for the Green’s function (2.9) thus 
coincide with the graphs for ©, only the factors 
(aad /V) in the integrals are replaced by the cor- 


responding Green’s function of the condensed phase. 


For example, in the integral (2.11), the factor 

(ag (t4) ag(ts)/V) is replaced by iGo (ts — ty). 

We need not consider graphs with disconnected 
parts, since these are already included in Gp. The 
problem is therefore reduced to the determination 


of the Green’s functions Gy of the condensed phase. 


3. THE GREEN’S FUNCTIONS OF THE CON- 
DENSED PHASE 


We write the m-particle Green’s function (2.15) 
of the condensed phase in the form 
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ae 1 
v™ <S> 


CERCACA obur (tm) as ita yie 


+2 + Ae (tm) <S>} >°. (3.1) 
The quantity <S>’ is the sum of contributions 
from all vacuum loops. If A is the sum of con- 
tributions from all connected vacuum loops, then® 
the sum of contributions from all pairs of con- 
nected loops is (A?/2!), the sum of contributions 
from all triples is (A°/3! ), and soon. There- 
fore <S>’ = eA. In our case 2 is a functional 

of aay» and is proportional to the volume V 

if we take (ajaj/V) to be finite. This can be 
seen by considering any vacuum loop as obtained 
from a graph with two free ends, carrying momenta 
p and p’, by setting p= p’ = 0. The graph with 
free ends gives a contribution proportional to 
5(p—p’) ~ (27)~* Vépp’, and so the vacuum loop 
becomes proportional to V. Therefore A = Vo, 
where o isa finite functional of (ajaj/V), and 


<S>’ = eVe, (3.2) 


The commutator of ay and aj is unity, and is 
small compared with their product which is of 
order N. At first glance it would seem that the 
order of factors a9, aj was unimportant, and that 
the T-product in Eq. (3.1) could be omitted. But 
one must remember that the T° in Eq. (3.1) links 
the product aj...ai with the quantity eY%, which 
contains all powers of the volume and hence may 
compensate for the smallness of the commutator 
of ag with af. Only after disentangling ap... at 
from the T-product may we neglect the commu- 
tators. We observe that ag and at commute with 
Hy given by Eq. (2.1), so these operators are inde- 
pendent of time in the interaction representation. 
The arguments of the aj(t) and at (t’) in Eq. 
(3.1) are only ordering symbols for the operation 
of T°. After carrying out the T-ordering we may 
consider ag and af as time-independent. 

The disentangling of ap.. fay from the T- 
product is done by means of the following theorem. 
Let B(aat/V) and o(aaj/V) be any function- 
als of (aja{/V), which is considered as a finite 


quantity. The “disentangling rule” 
T° {B (ayat /V) e¥°} = B(AA*) T° {eV}. (3.3) 


holds with an error of order (1/V). The quanti- 
ties A and A‘ are defined by the integral equa- 
tions 


A(t) =C(AA*) + \ ae’ 6 (¢ —t’) 8s (AA*) /8A* (t'), 


At (t) = Ct (AA*) + dt’ 6(t’ — t)8s(AA*)/8A(t’), (3.4) 
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where 6@(t—t’) is the contribution from a. factor- 


pair (a, aj), 
| torre 
ONTOR tar. 


and VC, ct are time-independent functionals de- 
fined by the quadratic equations 


0(t—t') =a, (t) at (t’) = { (3.5) 


8c (AA+) Gs 
omc) SAG: a aaa 
+2 
is 80 (AAT) a 
Cr 4 ctl ta at =H (3.6) 


A proof of this theorem is given in the Appendix. 
Applying Eq. (3.3) to (3.1), we obtain 


fonttr.  b = A era try, 

The denominator of Eq. (3.1) cancels against 
<T°<S>’>° = <S>. When the expectation value 
of the product (A... At) is taken, we may with 
an error of order (1/V) replace all factors ap, 
at by VN. Let K and Kt denote the result of 
making this replacement in A and At, Then 


IGE eet kt Nentae) 


Soi ean) KGa nce a) ma (S80) 


holds, with K and K’ given according to Eq. (3.4) 
by the integral equations 


K (t) =C + \at'o¢ 87) SKK) 


3K*(f)’ 
K+) =C* + \ ato — 2) SR (3.8) 
and with C and Ct defined by 
c+C\ SRD di = 
c+ C+( Seat = : (3.9) 


Eq. (3.7) shows that the Green’s functions of 
the condensed phase are products of factors, each 
factor being a function of one time variable. The 
physical meaning of this result may be clarified 
by the following qualitative argument. For sim- 
plicity we consider the one-particle function for 
non-interacting particles iG (0) (t-t’) = 
<ap(t) aj (t’) >/V. It describes the propagation 
of a particle from t’ to t. If there was originally 
a vacuum, then this process can proceed only by 
creating a particle at time t’ and annihilating it 


at the later time ee which is represented by the 
factor-pairing 44{ = 9. In this case G(°) coin- 
cides with the factor-pairing, as is the case in 
electrodynamics. But if the process occurs in the 
presence of N particles of the same type, the 
created and absorbed particles may be different. 
In this case the propagation of a particle from t’ 
to t is composed of two processes, the creation 
of an extra particle in the condensed phase at time 
t’, and the absorption of one particle from the con- 
densed phase at time t. The time sequence of 
these two events.is immaterial, to order Neo if 
N is large. The processes are therefore inde- 
pendent. These arguments are valid also for the 
exact function Gp). It is also a product of two fac- 
tors K(t) and K*t(t’), describing the two inde- 
pendent processes of emission and absorption of a 
particle at the two corresponding times. 

We consider in greater detail the one-particle 
function of the condensed phase 


iG, (t —t’) = K (t) K* (t’). (3.10) 


The left side is a function of the difference (t—t’). 
The right side is a product of functions of t and 
t’. Therefore K(t) and K*(t’) must be exponen- 
tials 


= 


K@Q=Vne KOS) ier um 


so that 
IG (b— Feat (3.12) 


To understand the physical meaning of the quanti- 
ties ng and yp, we go back to the definition (2.3) 
of Go 


iGy (t —t') = Dy’, T {ay (t) ag (¢’)} By'y /V. (3.13) 
Putting t’=t in Eq. (3.13) we find 
iG, (0) = <@, aga,®)>/V=N,/V. (8.14) 


Comparing Eq. (3.14) with (3.12), we see that Ny = 
(N)/V) is the mean density of particles in the con- 
densed phase. 

Next, suppose for definiteness t >t’, 
Eq. (3.13) in the form 


and write 


iG ae = <ONa, (t) OY) (ON Hat (1) OY5 


Dy LOY, (t) OY (OY Hat (1) OF, 


s+ 0 


Separating out the time dependence of the Heisen- 
berg operators, this expression becomes 
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: , 4 7 
iG, (¢—t') = —,- exp {—i (Ey '* — EQ) (t —1')} <O90,0)" 4) (OF Hat oF) 


4 ; ; 
+ = >) exp {—i (EN** — BY) (¢ — £9} oN OY Hy CON Hato, 


s+#0 


We compare the exact Eq. (3.15) with the approxi- 
mation (3.12) which is valid as N—», and con- 
clude that the second term in Eq. (3.15) must van- 
ish as N—-«. Comparison of the time dependence 
of the first term in Eq. (3.15) with that of Eq. (3.12) 
then shows that yw is the chemical potential of the 
system, 


p = BVH EN ~ OENIAN. (3.16) 


The parameters ng and pp which appear in K 
and Kt can be calculated in principle by solving 
Eq. (3.8). In practice this is very difficult. The 
trouble is that, in calculating the vacuum loops 
which contribute to o, one has first to integrate 
over a.finite time interval (—T,T), so that the 
parameter T appears in Eq. (3.8). One may pass 
to the limit T—~- in the solutions, but not in the 
equations. Thus it is incorrect to use in o (KK) 
the limiting expressions (3.11) for K and K”. 
One has instead to solve the nonlinear equations 
(3.8) directly. 

We can obtain from Eq. (3.8) one relation be- 
tween the quantities ng and pw. Differentiating 
Eq. (3.8) with respect to t, and remembering that 
dé (t —t’)/dt = 6(t—t’), we obtain the differential 
equations 


dK | dt = 8 (KK*) /8K* (t); 


dK* / dt = — 0 (KK*) /8K (t). (3.17) 


Let o be expanded in a series 
SKK) i VW m(tie-- Be heegd NaU eee 
(W) 


IGG ea) oy 0K (Gin) (dt) (di), | 9 (3-18) 


in which each term corresponds to a certain vac- 
uum loop with m pairs of incomplete vertices, 
and the sum is taken over all such loops. The 
“vacuum amplitudes” W,, are functions of only 
(2m—1) variables (time differences), so that 
the limiting values of K and Kt would give an 
infinite result when substituted into Eq. (3.18). If 
Eq. (3.18) is varied with respect to Kt, one inte- 
gration disappears, and the result becomes finite. 
The Fourier transform of W,,(t’; t) may be 
written 


= \ Wn (t/; t) ello't”) —Hlot) (dt) (dt’), 


(3.15) 


Then Eq. (3.11) and (3.18) give 


80 (KK*) 


SK+t (2) 
=—i1V nd) Wn (wees. -pyemit. (3.19) 
(W) 


Substituting Eq. (3.19) into (3.17) and using Eq. 
(3.11), we obtain the desired relation 


tice icity ue Ween (tome th 
(Ww) 


(3.20) 


The summation here extends over the various vac- 
uum loops which contribute to the quantity 
(60/5K* (t)) according to Eq. (3.19). Each such 
loop is to be taken with unit weight, remembering 
that there is one special incomplete vertex t, at 
which the variation with respect to Kt was taken. 
Two loops are to be counted as different if they 
have the same geometrical structure and differ 
only in the position of the special vertex. 

Equation (3.20) may be considered as an equa- 
tion for uw(np)). There is one free parameter in 
the problem, the total particle number N or the 
density n. Thus p and np ought to be expressi- 
ble in terms of n. However n does not appear 
explicitly in the equation. It is thus convenient to 
consider np instead of n as the free parameter, 
and to express all other quantities as functions of 
ny. The connection between np and n can be 
found after the problem is solved. From this 
standpoint, Eq. (3.20) completely determines K 
and K* and consequently all the Green’s functions 
of the condensed phase. We might also solve the 
problem with two free parameters uw and np, and 
only consider the connection between them in the 
final result.® But this procedure would consider- 
ably increase the mathematical difficulties. 


4, PROPERTIES OF THE CONDENSED PHASE 


The form of the functions Gy of the condensed 
phase leads to some deductions concerning the 
properties of the condensed phase in a system of 
interacting particles. 

In the absence of interaction, the momentum 
distribution of particles in the ground state is 
6(p) = (27)73 Vopo- When interactions are intro- 
duced the distribution is smeared out. In principle 
two possibilities are open. Either the term in 
6(p) completely disappears and the distribution 


294 


becomes continuous (there is no condensed phase), 
or aterm in 6(p) remains and the state p= 0 
is still exceptional (there is a condensed phase). 
In the first case all average occupation numbers 
Np are finite, and Ny -~No as p~ 0. In the sec- 
ond case Np=0 is finite but No ma 

The neglect of the second term in Eq. (3.15) is 
equivalent to the assumption that aj, operating on 
the ground state oN, does not excite the system, 
or in symbols 

a,Dn ~ ( 


Ne (4.1) 


This assumption seems at first glance strange. A 
change in the number of particles with p=0, dis- 
turbing the stationary relation between the occupa- 
tion numbers, must excite the system. If Ny were 
finite, a change of it by one unit would change the 
state appreciably, but if Ny ~ V this change will 
practically not disturb the ground state. Equation 
(4.1) supports the second alternative. Therefore 
the introduction of interactions never causes the 
condensed phase to disappear entirely. 

We next examine the problem of the fluctuation 
of the number of particles in the condensed phase. 
The quantity Ng does not have an exact value in 
the state oN, We expand 4 into eigenstates of 
the operator No. The expansion may be written 


N 
N N-m_N 
Do = ») one a) Lm 


m=0 


(4.2) 


where oNo is a function only of the occupation 
number of the condensed phase, while xn de- 
pends on the other variables. xN describes a 
state of m particles with momenta distributed 
over all values p ~ 0. It is a superposition of 
states with definite occupation numbers for the 
momenta p ~ 0. The coefficients in this super- 
position depend on the upper index N. The nor- 
malization of xv ‘is given by <xNxN> aa : 


Equation (4.1), with the orthogonality of oN 
and gNo for Ny = Ng, now gives the result 


<y Tay 


N-1 
— >) y N — fil (Cyseoe Cn ie ee (4.3) 
m=0 


N 
We assume that Cy_y, and are smooth func- 
tions of N, so that 


CN an i NO —m 


— OCH—m/ON = Chom {1 +0 (N7 ys 
ee O | ON tnt HOW. 


8. Te BAC Bay, 


Then Eq. (4.3) becomes 
N-1 

(Dy 'a,Do) = SVN = m|CK—-mP {1 + O(N}. 
m=0 


The sum here is simply ni e so that 


co’ —g,0%y = Net {1 + O(N}. (4.4). 


A similar expression naturally holds also for 
Nt+1,+ aN 
<6)" ' ay B>- 
We estimate the sum in Eq. (3.15) after setting 
t=t’. Using Eq. (4.4) and (3.14), we find 


‘5 Ve N N. 
» {Do a, 9; nes costae 


s#0 


0") ~No— (Ne) (4.5) 
from which it is clear that the sum is connected 
with the magnitude of the fluctuations in the number 
of particles in the condensed phase. From the fact 
that the sum is negligible as N—-»-», we conclude 


[My — (Mo") 1/ N,— oc for Noo, (4.6) 
Thus the fluctuations in the number of particles in 
the condensed phase are relatively small. 


5. GREEN’S FUNCTION FOR A PARTICLE WITH 
p #0 


The expressions obtained in Sec. 3 for the func- 
tions of the condensed phase allow us to reformu- 
late the rules which were described in Sec. 2 for 
the construction of graphs. 

Every graph is a combination of eight elemen- 
tary graphs (Fig. 1). Every incomplete vertex 
carries a factor K(t) = Ving eimt corresponding 
to a missing incoming continuous line, or a factor 
K (t) = Ving eipt corresponding to a missing out- 
going line. These factors mean that the interaction 


ad \ yt 7 
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FIG. 1 


involves the absorption or the emission of a parti- 
cle of energy mu in the condensed phase. We may 
draw a wavy line corresponding to every incoming 
or outgoing particle of the condensed phase. All 
such lines have free ends. In analogy with quan- 
tum electrodynamics, we may say that the con- 
densed phase behaves like an external field with 
frequency uw. 

Consider the general structure of a graph which 
contributes to the Green’s function (2.7). Every 
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graph contributing to G has the form of a chain 
consisting of separate irreducible parts connected 
to each other by only one continuous line. There 
are only three types of irreducible parts (i.e.; 
parts which cannot be separated into pieces joined 
by only one continuous line). The three types dif- 
fer in the number of outgoing and incoming contin- 
uous lines (Fig. 3). The sums of the contributions 
from all irreducible parts of each type we call re- 
spectively —i24;, —i2q2, —i2g9. 24, describes 
processes in which the number of particles out of 
the condensed phase is conserved. Zo. and Xo 
describe the absorption and emission of two parti- 
cles out of the condensed phase; in these processes 
two particles in the condensed phase must be si- 
multaneously emitted or absorbed, and their energy 
2u. must be taken into account. In the momentum 
representation, 24;(P4; p2) contains a factor 
6(Pi- Pz), while 22(pyP2) and 2gq(PyP2) con- 
tain* 5(p, +p. — 24). Henceforth we shall as- 
sume momentum conservation in the arguments of 
the functions 2j,, representing the quantities 
which multiply the 6-functions by the notations 


Xi (p; p) = Di1(P)3 Loe (MP + Bs — P +H) = Yoo (Pp + ¥); 
Deo (P + Us— P + L)= Xap (P + PB). (5.1) 


The functions 2, are characteristic of the parti- 
cle interactions, and we may call them the effec- 
tive potentials of the pair interaction. 

Besides the Green’s function G we introduce 
an auxiliary quantity G, consisting of the sum of 
contributions from graphs with two ingoing lines. 
Graphs contributing to G have one ingoing and 
one outgoing. Figure 4 shows some of the graphs 
which contribute to G. The quantity G describes 
the transition of two particles into the condensed 
phase. In momentum representation we write 
G( p +p) when the ingoing lines carry momenta 
(p +p) and (-p+}). 

There are two equations, analogous to the Dyson 
equation in electrodynamics,°” for the functions G 


a 


and G, 
G(p +u) =G (pty) +6 (p+ ¥)2u(p +H) G(p + B) 


*Here p represents a 4-vector having only its fourth com- 


ponent non-~zero. 
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+ G (p+) 2 (p+ vw) G(p +n), 
G (p+p)=G(—p+u)2un(—p+e)G(p +») an 


+ G(— p + p)Soo(p+u)G(p +H). 


The structure of these equations is illustrated 
graphically by Fig. 5 and does not need any further 
explanation. Solving the system (5.2) for G and 
G, we find 


G(p + ¥) 
= (GO — Eny (G2 — By)t GO — Buy” — BapBoa} 
G (p + 2) = Boe (GO — By)* GO" — By)” — Dag¥ge} 3, 
(5.3) 
where the suffixes + indicate the values (+p +p) 
of the arguments. Equation (5.3) for G may be 
written in the usual form of a Dyson equation 
Gt =a Gu => 
U(p +e) = Yu (p + 2) 


+ Ly By2/(G"(—p+p)—Bn(—p+p)]. (5.4) 


Into Eq. (5.3) we substitute the explicit form of 
the free-particle Green’s function, 


GO. (p) = p°’— ep | 76; (ep = p?/2; 8->+0), (5.5) 


and obtain for G and G the expressions 


G(p +p) 
po+eS+ 55—u 


[p° — (23, — Bq) / 2)? — fe9 + (SEF EQ) /2—ul? + Dood ” 
(5.6) 
“pte pre pte pre 
FIG. 4 
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G(p +p) 
= = Loe ° 
[p° — (Sy — By) / 2 —[e8 + (BH + By) /2— wl? + Bao%re 


(5.7) 


Equation (5.6) determines the Green’s function in 
terms of the effective potentials 2j, and the 
chemical potential » of the system. Equations 
for jk and p cannot be obtained in so general 
aform. To calculate these quantities we have to 
use approximate methods to sum over series of 
graphs. In Sec. 7 we shall calculate Zj, and yu 
by perturbation theory. In the following paper® we 
develop an approximation in which the density is 
considered as a small parameter. 


6. CONNECTION BETWEEN THE GREEN’S 
FUNCTION AND PROPERTIES OF THE 
SYSTEM 


The energy Ep ) of the ground state is the ex- 


pectation value of the Hamiltonian (2.1), (2.2) in 
the state oN, 
E,=(®)H®)) = a <ap Gp) 
(6.1) 


Los! + a+ 
+ oy > Uq (Ap Ap/Ap—qAptq > 
Pp’ 


The last term in Eq. (6.1) is connected with the 
Green’s function G. Consider G inthe (p, t) 
representation, i.e., in the momentum representa- 
tion for the space-components only. Taking the 
expectation value in the state aN, Eq. (2.3) be- 
comes 


iG (p; t—L') = CT {ap (t) ap (t’)}), 
from which it is easy to deduce 
(id / Ot — 6) G(p; t—t’) = 8(t —t’) + R(p; t —1t’), (6.3) 
with 


(p#0), (6.2) 


R(p; t—?’) 


6.4 
Sahin Waa aaa ein 
P’q 


We multiply Eq. (6.3) by eiP® (t-t’) and integrate 
with respect to t. Then using Eq. (5.5) we obtain 


G6" (p)G(p) = 1+ R(p), 


This, with the definition (5.4) of Z, gives imme- 
diately 


R (p) = 2 (p) G(p), (p+ 0). (6.5) 


On the other hand, Eq. (6.4) shows that R(p;-0) 
is related to the last sum in Eq. (6.1), namely 


ae >) Usa) Ghdpaapre = ZUR p; —0). — (6.6) 


pp’q 
The expression (6.5) for R holds only when p = 0. 
For p=0 the left side of Eq. (6.2) is iVGy(t — te) 
according to Eq. (3.13). Instead of Eq. (6.3) we 
have in this case 


——_ 


i2a@¢—t)=Pst—t+7 RO; ¢#—1). “(677 


We neglect the 6-function since it is of order Vag 
and use Eq. (3.12) for Gp. This gives 


RO; —0) = [Go] _, 


Equations (6.6) and (6.8) bring the expression 
(6.1) for Ep into the form 


E\= Die ers Ap7 + - ROC 


P oI 


From Eq. (6.2) we find 


Np = (aja, = iG (p; —0)=i\G(p)dp?/2n (6.10) 


= — iUf. (6.8) 


+ Suny. (6.9) 


Using Eq. (6.5) and (6.10), and passing from sum- 
mation to integration in Eq. (6.9), we obtain the 
following expression* for the ground-state energy 
Eo, 


Biv i\ tes + 2% (p)]G(p) dtp / (2n)* + wny/2 (6.11) 


The pg-integration is to be taken with a small de- 
tour into the upper half-plane. 

The quantities = and G depend parametrically 
upon p and np, supposing that Eq. (3.20) has not 
been used in order to eliminate one of these param- 
eters. Therefore Eq. (6.11) gives a relation be- 
tween (E)/V), w, and no. There are two further 
relations between these quantities. First there is 
the definition of the chemical potential p, 


BEES 8 
= Sr = oa (BP) (6.12) 
and second there is the condition that the total 
number of particles is conserved, which by Eq. 
(6.10) can be written in the form 


Nn=Not i\G (p) dp / (2x). (6.13) 


Equations (6.11), (6.12), and (6.13) determine 
(E)/V), #, and ng in terms of the density n, or 
determine any three of these quantities in terms 
of the fourth. The relation (3.20) which we found 
earlier does not give any new information; it is 


*V.M. Galitskii informed me that a similar relation exists 
for Fermi systems. 
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Satisfied identically when Eq. (6.11), (6.12), and 
(6.13) hold. 


7. PERTURBATION THEORY APPROXIMATION 
TO Xy, AND yp 


In the first order of perturbation theory, the 
graphs which contribute to 2; are the elemen- 
tary graphs shown in Fig. 1. Graphs b and ec 
refer to 24, d to Zo. and e to Xo. These 
graphs give the contributions 


as NU pi 


B= Mo(Uo+ Up). (7-1) 


In first approximation the only vacuum loop is the 
elementary graph a of Fig. 1. Thus Eq. (3.20) 
gives for p the value 


B= NU. (7.2) 


Inserting Eq. (7.1) and (7.2) into the expression 
(5.6) for the Green’s function,’ we find 


G(p+p) = p°+ep+ MoU, | (p°? — 25° — 2nU pep + 8). 
(7.3) 


The Green’s function G(p+yu) hasa pole ata 
value py(p) which defines the energy of an ele- 
mentary excitation of the system? (quasi-particle). 
Equation (7.3) gives for the quasi-particle energy 


Aid 02 0 
op = V 2 + 2noU pep- 


Substituting Eq. (7.3) into (6.10), we obtain the 
mean occupation number of the ground state, 


Np = (—&pt ep + MUp) /2e) 


(7.4) 


3 (Z-5) 

= (MU p)? | 22 (ep + &p + Mop). 
Equations (7.4) and (7.5) coincide with the results 
of the well-known work of Bogoliubov.° 


APPENDIX. PROOF OF THEOREM (3.3) 


We use the method of Wick’ to transform the 
T-product in Eq. (3.3), which may be written sym- 
bolically 


T {Be"°} = N {e*Be"}, (A.1) 


where A is an operator which changes a pair apap 
into its replacement (3.5), 


4 ; , 3? : 
A= 5 (dtat'0t— 1) sae 
7 r A.2 
(1 =a,/VV; at=aji/ VV). OOS) 
The proof of the theorem proceeds in two stages: 
(1) pulling B out across the operator eA, and 


(2) a final disentangling of the N-product. 
(1) The result of the first stage can be formu- 
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lated as follows. With an error of order V7! we 
have 


e° {B (a; at) e”"} = B(B; Bt) e*{e"y, (A.3) 


where 8 and £* are defined by the equations 
B(t) = a + \ at’o (4 — 1") 85 (ppt) /28*(t') 


(A.4) 
Bt (t) = at \ a’0 (t’—£) 80 (88*) / 88 (t’). 


Proof. The factor V~! in A canbe compen- 
sated on the left side of Eq. (A.3) only if eY% is 
involved in at least one operation of A. We write 
4 =Agg +t Apg t+ Agp, where the first suffix indi- 
cates the object upon which the variation with re- 
spect to @ operates, and the second suffix refers 
to the variation with respect to a‘. The result of 
operating with e497 can be written 


eos feroy a oS 


(A.5) 


It will be shown later that o’ is independent of V. 
Equation (A.5) gives 


e* {Be’’} = exp (Age + Ags) {Be”"}. (A) 


A 
We let e BO operate first on eV". From Eq. 
(A.2) we obtain 


la 
=e" D3. 


1 Anse’ =e” dedt'0 (t—t') sy Exo 
(A.7) 


3a (2) JB 
Successive application of Eq. (A.7) gives (Apo) x 
evo = eV (Dp yk, since the operators Apg pro- 


duce variations only in the exponential. Therefore 
(A.8) 


, at 9} 
ABopV° =p B. 


D 
From (A.7) it is clear that e Bisa displacement 
operator, displacing a(t) by the quantity 


é 


ote) | a's (t —t’) 80’ /8a* (¢’), 
Therefore 
e880 (B(x; at) eV} =e’ %e3 B(a; at) (A.9) 
ONS (a + a; a"). mn 
An analogous result holds for the operator e oB 
which displaces at (t). We obtain finally from 
Eq. (A.6) 
e* {B (a; a*)e”"} = B(B; Bt)e”” = B(B; Bt) e4 fe", 
A.10 
where ( ) 
Bite) toate \ ae’ (t —t’) 80’ / dat (t’); Bt (t) 


meg | d’0(4*—#)30' fda’); (A.11) 


Equation (A.10) is identical with (A.3). It remains 
to show that Eq. (A.11) and (A.4) are identical. 
Varying both sides of Eq. (A.5) with respect to 


298 

a(t) and at (t), and using Eq. (A.10), we obtain 
Ba! (aac*) / Ba (t) = 83 (83*) / 38 (t) 
8a’ (xa*)/ dat (t)=83(88*)/38*(t) 


Equations (A.12) and (A.11) define o’. When Eq. 
(A.12) is substituted into (A.11), the result is Eq. 
(A.4). 

(2) In the second stage of the proof we may con- 
sider a@ and a to be constant operators (see 
the beginning of Sec. 3). Then o’ and B (BB) = 
B’(aat) are functions of a, at instead of func- 
tionals. By integrating Eq. (A.12) with respect to 
time we obtain the connection between the functions 
o’(aa*) and o, 

oe + Oo’ 86 (33+ 
aa oy ar die da’ \ Hr = dt = 
(A.13) 


(A.12) 


For the following argument it is important that 0’ 
and fp’ depend only on v= ata. This being so, 
the disentangling proceeds according to the rule 


N {B’ (v) eo ee (v) N teiear: (A.14) 
with PV obtained from v by the relation 
= vy [1 +00’ (¥)/dy] = vX? (A.15) 


We defer the proof of Eq. (A.14), and show first 
that Eq. (A.3) and (A.14) imply the truth of the the- 
orem (3.3). After the infinite factor eV is re- 
moved, the lack of commutativity of a and at can 
be neglected. The substitution v—-v _ which ap- 
pears in Eq. (A.14), can therefore be divided into 
the two substitutions a—-a@, at —-at, where 
@=aX and at =atX according to Eq. (A.15). 
After some algebra we find 


a? = a2 + ado’ (v)/dat; at? = at? 4+ atdo’ (¥)/da. (A.16) 


We denote by A, At the quantities into which £, B* 
are transformed under the substitution a, qt 
@, @*. The equations for A and A™ are obtained 
from Eq. (A.4) by changing the terms outside the 
integrals into @ and a‘, thus 


— 


AQ) =e { at" (t — t’) 8c (AA*) / 8A* (t’); 
O (A.17) 
Oy aan \ ai’ (t’ — t) 80 (AA*) /8A (t’), 


By the definition of B’(v), B’/(v) = B(AA‘), and 
so Eq. (A.3) and (A.14) imply (3.3). To complete 
the proof of the theorem it remains to show the 
equivalence of Eq. (A.17) and (3.4). To do this, 
we substitute a, at ~@, a@* in Eq. (A.13), and 
find the result 
00’ (v 80 (A At) 
saa mae 


do’ (v) __ i (AA*) 


sargy dt (A.18) 
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Equation (A.16) for @ and @* are identical with 
Eq. (3.6) by virtue of Eq. (A.18). Therefore a, at 
are identical with C, ct, and the theorem is 
proved. 

We now return to the proof of Eq. (A.14). 
L bea quantity related to o’ by the equation 


(A.19) 


Let 


Nee} = vl 


We shall later express L explicitly in terms of ; 
o and shall verify that L is independent of V. 
Suppose that B’(v) has the form 


B’ (v) = Diba, 
k 
Then Eq. (A.19) implies 


(A.20) 


N {B'e hee — Pas A {evo} ako io eee (A.21) 


The commutation relation ay(v) = (y 


holds for any function y(v). Applying it repeat- 


edly, we find 


4 oO \R 
akey = exp {(1 oo ee y} ak, (A.22) 
; . 
We choose y to satisfy (1 +T =) y = VL. Then 
Eq. (A.22) gives the rule for sae ak through 
eVL 
4 @\-k 
exp {VL} at = at exp {(1 +7H) vi} 
A.23 
ez ak exp (—é 5) exp {VL}. ( ) 
Applying Eq. (A.23) to Eq. (A.21), we obtain 
N {Bev} be, aes (ve He NPigY” = B’ () er (A.24) 
k 
with 
v= ve CEI, (A.25) . 


L can be determined by differentiating both sides 
of Eq. (A.19) with respect to qa. On the left side 
we find 


which with Eq. (A.24) and (A.19) gives 


eels. (A.26) 
ov 

In differentiating the right side of Eq. (A.19) with 

respect to a, we must remember that (9L/8a) 

eae L do not commute. Since (9L/ allt 

at (aL/v), the commutation rule Lat 


ot ois 
,i9b 
(L Vor ) implies 


ees (ee eC 


a ee ee 
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and hence 


Bah) ge... (A.28) 


By comparing Eq. (A.28) with (A.26), we obtain the 
desired relation between L and Oo’, 


Ge) rovae 1. (A.29) 


Equations (A.29) and (A.25) imply Eq. (A.15), and 
by Eq. (A.24) this proves Eq. (A.14). 
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The one-particle Green’s function is calculated in a low-density approximation for a system of 
interacting bosons. The energy spectrum of states near to the ground state (quasi-particle 


spectrum is derived. 
1. INTRODUCTION 


hg the preceding paper! the method of Green’s 
functions was developed for a system consisting of 
a large number of bosons. The one-particle Green’s 
function was expressed in terms of the effective po- 
tentials 2j, of pair interactions and the chemical 
potential y of the system. Approximate methods 
must be used to determine 2;, and yw. In the 
present paper we study a “gaseous” approximation, 
in which the density n, or the ratio between the 
volume occupied by particles and the total volume, 
is treated as a small parameter. The interaction 
between particles is assumed to be central and 
short-range, but not necessarily weak. The first 
two orders of approximation involve only the scat- 
tering amplitude f of a two-particle system. But 
in the next order (proportional to (Vt? )?) the 
effects of three-particle interaction amplitudes 


appear, which means that practical calculations to 
this order are hardly possible. 

From the Green’s function which we calculate, 
we derive the energy spectrum of excitations or 
quasi-particles, the energy of the ground state, 
and also the momentum distribution of particles 
in the ground state. 


2. ESTIMATE OF THE GRAPHS CONTRIBUTING 
TO THE EFFECTIVE POTENTIALS 


The definition of the potentials 2j,, and the 
rules for constructing Feynman graphs, were de- 
scribed in our earlier paper,! which we shall call 
ie 

We shall estimate by perturbation theory the 
various graphs contributing to Zj, and mw. For 
the Fourier transform of the potential U(p) = Up, 
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we assume for simplicity* Up =U, for p< 1/2, 
and Up=0 for p> 1/a. Then a is of the order 
of magnitude of the particle radius. 

For definiteness we examine 2). The graphs 
for Xo, D4, and p are essentially similar. The 
first order of perturbation theory, as we saw in 
Sec. (I, 7), gives >{) = ngUp; fb = ngUo. 

In the estimate of any graph there may appear 
three parameters — Uy and a, characterizing the 
interaction, and ny, characterizing the density of 
particles in the condensed phase. The three pa- 
rameters can be combined into two dimensionless 
ratios, 


B= Vine. 


The quantity & is the usual parameter which ap- 
pears in perturbation theory (in ordinary units 

é ~mU(r)a*/fi*), while B is a parameter of 
gas-density. 


eS Ua. (2.1) 


FIG. 1 FIG. 2 


The only non-vanishing graph in second order 
is the one shown in Fig. la. This gives a contri- 
bution 


Ma ~ t\ G°(q + 2) G°(—4 + #) UU p tad 
Substituting for G° from 


G°(p) = (p9— 2 + i), eo = p?/2, 


and carrying out the q°-integration, we find 


ba omi2s2) 


Mee nie. Vid \ ie ee Se eee 
SW arse ere STCETT 
~n (Oe d ete the eres ; 

ay Ta +i 


In the last integral the main contribution comes 
from q~1/a, where p/e? ~ NgU ya? Sie aT. 
Therefore 


Ma ~ nU2/a= 2%, (2.3) 


We consider next the third-order graph (1b). This 
gives a contribution 


*The letters p, q, ... are used to denote the lengths of 3- 
vectors, or to denote 4-vectors. There can be no confusion, 
because they denote 4-vectors only when they appear as argu- 
ments in G(p), X(p), etc. 


My ~ n8\ G° (q+ v) [6° (—9 + w)P UU aU nadia 
~ niU3 \da/(u—e5 + 22). , 


The last integral, unlike the previous one, con- 
verges at the upper limit, and the main contribu- 
tion now comes from the range q ~ Vn = VngUy. 
Therefore 2 


My ~ nbU3 [Ve = Dio 8. (2.4) 


From Eqs. (2.3) and (2.4) we see that Mp/Mg ~ 
EV2g, This is a consequence of the fact that Mg 
contains an integral of a product of two factors Ga 
formally diverging at the upper limit, while Mp 
contains an integral of a product of three factors | 
G° and converges without any cut-off. In the | 

| 


graphs this difference is indicated by the number 
of continuous lines in the closed circuit formed by 
the continuous and dotted lines. The same result 
holds when the circuits form part of a more com- 
plicated graph. 

Thus every circuit containing more than two 
continuous lines introduces the small parameter B, 
while circuits with two continuous lines do not in- 
volve B. In the lowest order we need consider only — 
graphs whose circuits are all of the two-line type. 
All such graphs are of the “ladder” construction 
shown in Fig. 2. We denote by —iI(12; 34) the 
total contribution from all such graphs. The first- 
order approximation in 8 then differs from the 
first-order approximation in perturbation theory 
by changing the potential U (arising from a ladder 
with one rung) into I (arising from ladders of 
all lengths). Similar conclusions hold also for the 
higher approximations. A summation over a set of 
graphs, differing only by the insertion of ladder 
circuits into a fixed skeleton, produces a change 
of U into IT. If we represent IT by a rectangle, 
all graphs can be constructed by means of rec- 
tangles and continuous lines only. In this way the ) 
potential U is eliminated from the problem. The | 
effective potential is I. 


i} 


3.* EQUATION FOR THE EFFECTIVE 
POTENTIAL [T 
We can write down an integral equation : 
T (12;34) = U (1—2)8 (1—3) 8 (2—4) 
+ ilu (i—2) G° (1—5) G° (2—6) T (56; 34) d4x,d4xz. (3 
for the sum of contributions from all graphs of the 
ladder type (see Fig. 2). The notations are the 


*The problems connected with I’ were solved in collabora- 
tion with V. M. Galitskii, who was working simultaneously on 
the analogous problems in Fermion systems. 
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same as in I. Wenext transform Eq. (3.1) into 
momentum representation. In order to relieve the 
equations of factors of 27, we shall use the con- 
ventions 


d*p = (2x) *dp*dp*dp*dp°; 
8 (p) = (2n)*3 (p") 8 (p?) 8 (p) 8 (p®), 
and similarly we understand dp and 6(p) to 


carry factors of (27). We write 


T'(p1P2s PsPa) 8 (Pi + P2— Ps — Pa) 
os \exp {— ipyX, — i pexX2 + ipsxs (3.2) 
+ ipyx4}T (12; 34) d4x,d*x.d4*x5d4x,, 

and introduce the relative and total momenta by 
Pit P2= P'; ps t+ pa =P; 
Pi— P2 = 2p', Ps — Ps = 2p, 


Then, by Eq. (3.1), ['(p’; p; P) = I (py P23 pg pq) 
satisfies the equation 


(3.3) 


P (p's ps P) = U (p' — p) +i \ dq (p'—q) G? (P/2 + 9) 
Gee — Gilg; p; P). (3.4) 


Since the interaction U is instantaneous, 
U(i-—2)=U(x,;-—x,) 6(t,;-—t,), and therefore 
the points 1,2 and 3,4 in [(12; 34) must be 
simultaneous. In momentum representation this 
means that I'(p;pP9; P3p4) depends on the fourth 
components only in the combination Dp + ps = ps + 
py = Pp’. Therefore IT (p’; p; P) is independent of 
the fourth components of its first two arguments 
(the relative momenta). The q’-integration in 
Eq. (3.4) can thus be carried out, giving 

dgG? (+ P+q)G°(4P— 
{ dga?(5 P+ 9)G°(zP—4) 2.8) 
= —i(P\—zP*—4@ +i)", 


and then Eq. (3.4) takes the form 


, 2 U i= Ip aD sels . 
P(p’;p; P) = U (p 0h nee 
0 
(3.6) 


Equation (3.6) cannot be solved explicitly, but 
its solution can be expressed in terms of the scat- 
tering amplitude of two particles in a vacuum. We 
write x(q) = (kj —q?+id)7* I'(q; p; P). Then 
Eq. (3.6) becomes 


(—p") x(P') —\ U (p’ —4) x(4) da = UP —P)- (3.7) 


Let Y% (p’) be the normalized wave-function which 
satisfies the equation 


(4 — p') Fx (p') | U (P' — 4) F(@) a= 9, 8.8) 
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Then the solution of Eq. (3.7) may be written 


(YP) PK (a) 
x) = \eoeae ae, 


and so I(p’; p; P) becomes 


¥ (P’) Fy (@) 
TED pee ene Dp = 
(B's B: P) = (Hb — p)\ 3 U (ap) da. (8.9) 
We observe now that Eq. (3.8) is the Schrédinger 
equation in momentum representation. Thus & (p) 
is the wave-function for a scattering problem with 
potential U. The scattering amplitude* f(p’p) 


is related to the W-function by 


f (p’p) = \e- U (r) Vp (r) dr = | U (P' — 4) ¥p (a) da, 
(3.10) 


or by 
U, (p’) =3(p— p’) + f (’p)/(p? — p? + f8). 


In the first Eq. (3.10), Vp (r) is the wave-function 
in coordinate space which behaves at infinity like a 
plane wave with momentum p and an outgoing 
spherical wave. The usual scattering amplitude is 
the value of f(p’p) at p’ =p. We consider arbi- 
trary values of the arguments, so that f(p’p) is 
in general defined by Eq. (3.10). 

Because Vp (p’) satisfies orthogonality condi- 
tions in both its arguments, f(p’p) satisfies the 
unitarity conditions 


i (p’p) — f* (p’p) 


as \ dar (p’q) f* (pq) leo Fa ra ao =al 


(10) 


= \ af" (qp’) F (ap) =a 7 ap | 
(3.12) 


When p’ = +p, Eq. (3.12) gives the imaginary part 
of the forward and backward scattering amplitudes. 
Since f(-p’-—p)=f(p’p), Eq. (3.12) implies 


Im f (+ pp) = — in \ dqf (pq) f° (pq) 6 (q? — p?). (3.13) 


For the forward scattering amplitude, Eq. (3.13) 
gives just the well-known relation between the 
imaginary part of the amplitude and the total cross- 
section o, Im f(pp) = —ipo. 

We substitute Eq. (3.11) into (3.9) and use Eq. 
(3.12). This gives two equivalent expressions for 
I'(p’; p; P), 

T (p’; p; 2) = f (p’p) 
4 4 


aly \ af (pq) f° (pa) Pup ie t PHP | (3.14) 


al 
aif (pp’) + | daf (p’q) f° (pa)| ae ren eer “Fail: 


*The quantity f(p’ p) differs by a numerical factor from the 
usual amplitude a(p’ p), in fact f=-47a. 
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expressing the effective potential [(p’; p; P) in 
terms of the scattering amplitudes of a two-parti- 
cle system. 


4. FIRST-ORDER GREEN’S FUNCTION 


The effective potentials 2j, are determined by 
special values which I takes when two out of the 
four particles involved in a process belong to the 
condensed phase. Thus two of the four particles 
must have p=0, p’=y. Each particle of the con- 
densed phase also carries a factor Ving . There- 
fore we find 


Yen (9 +B) = 11 (Pp; 0; 2n); Xoe(p +4) = nV (0; p; 2p), 
Dui (p+ ve) = nl (p/2; p/2; p + 2) 
+ nV (— p/2; p/2; p + 2y). 


(4.1) 


To obtain the chemical potential we must let all 
four particles in I belong to the condensed phase, 
and divide by one power of ng [see Eq. (I, 3.20)]. 


We then have 
th ett, «(O3,0; 2). (4.2) 


Substituting into Eqs. (4.1) and (4.2) the value of I 
from Eq. (3.14), we find 


p= Mof (00) + ng \ da jf (04) [gras + cal 
Yeo (p + L) = Nof (pO) 
+ ny\ daf (pq) f*(0q) |= —a3 + : |, 
Zoo (p + uw) = nof* (pO) 
* 4 4 
+m, \ dq f (04) i (Pq) oS + cal 


Xu (p +p) = 2nofs 4 +) 


p a 1 
ex a)| SS a 
4 
ik Popeaal 


In the last equation we have introduced the sym- 
metrized amplitude 


fs(p'p) = If (p’p) +f (— p’p)]/2. 


All the integrals in Eq. (4.3) converge at high 
momentum, even if the amplitudes are taken to be 
constant. For dimensional reasons these terms 
are of order nf Vu . Compared with the first 
terms in Eq. (4.3), these terms contain an extra 
factor Vif , which is just the gas-density param- 
eter (2.1) obtained by substituting the amplitude f 
for the particle radius. In first approximation we 
neglect the integral terms in Eq. (4.3) and obtain 


= Nof (00); Xoo (p +2) = Doo (Pp + 2) = Nof (pO); 
4. 
Dh=Eu (Lp +e) = 2ofs(44). (4.4) 


a 2no| 


(4.3) 


ST Be rey 


The Green’s function G is given by Eq. (I, 5.6), 
G(p +P) 
pote +2 —4 
Da iel? — lege Hh + Bp)/2 — vl? + ZeoBo2 + 18 
(4.5) 
and after substituting from Eq. (4.4) this becomes 


—_ 


[p? — (= — 


p? +e" + 2nof, (2B) — nof (00) 


(4.6) 
p? — ef + id 


’ 


G(p+pe)= 
with 
co = V [8 + 2nofs(-S F-) — of (00) | — ng F (P0) P - (4.7) 


The point py(p), at which the Green’s function 
G(p +p) has a pole, determines the eneriya Ep 
of elementary excitations or quasi-particles? car- 
ryingmomentum p. To calculate €, we must 
know three distinct amplitudes. fg (p/2 p/2) is 
the ordinary symmetrized amplitude for forward 
scattering, and f{(00) is a special value of the 
same amplitude. However, f(p0) does not have 
any obvious meaning in the two-particle problem, 
since it refers to a process which is forbidden for 
two particles in a vacuum. 

At small momenta, we may neglect the momen- 
tum dependence of fg(p/2 p/2) and of Ms a 
setting fs (p/2 p/2) 8 f(p0) + £(00) = 
This approximation is allowed when the BE. 
is long compared with the characteristic size of 
the interaction region, which has an order of mag- 
nitude given by the scattering amplitude fy. There- 
fore when p < fp 1 we may consider all the ampli- 
tudes in Eq. (4.6) and (4.7) to be constant. For 
higher excitations with p 2 f', the momentum 
dependence of the amplitude becomes important, 


and the problem cannot be treated in full generality. 


We shall examine the higher excitations (in Sec. 8) 
for the special example of a hard-sphere gas. 

Confining ourselves to the case pf) <1, we de- 
duce from Eq. (4.6) and (4.7) 


G(p +p) = 
with 


(p? + 20 + Mofo)/(p*—e2 + i8), (4.8) 


ep = V ef + Wnrofoe’ (4.9) 


Equations (4.8) and (4.9) are formally identical 
with the results obtained from perturbation theory 
in Eq. (I, 7.3) and (I, 7.4). Only the scattering am- 
plitude fy) now appears instead of the Fourier 
transform Up of the potential. 


Equation (4.9) shows that quasi-particles with 
p< Vinofy have a sound-wave type of dispersion 
law =p Vingfy - When p> vnof) they go over 
into Dee free particles with Ep © ep + Nofo. 
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This sort of energy spectrum appears also when 
one considers particles moving in a continuous 
medium with a refractive index. The transition 
= phonon to free particle behavior occurs at 

~ Vingfy « 1/f, so that the approximation of 
eee amplitudes is valid in both ranges. 

The conditions Vino fe «1 and pf) «1 are 
not independent. If we look at momenta p_ not 
greatly exceeding Vif , then the second condi- 
tion is a consequence of the first. If we are then 
neglecting quantities of order Vng fs ,» we must 
also treat the amplitudes as constant. 

In Sec. (I, 5) we introduced the quantity 
G ( p+), the analog of the Green’s function G 
but constructed from graphs with two ingoing ends 
instead of one ingoing and one outgoing. The analo- 
gous quantity with two outgoing ends will be denoted 
by G(pt+yu). It is obtained from G(p +p) when 
22 is replaced by Zo). In the constant-amplitude 
approximation, Eq. (I, 5.7) and (4.4) give 


G(p +p) =G(p +2) = — Mofo/(p — ep + 18). (4.10) 


5. SECOND APPROXIMATION FOR THE GREEN’S 
FUNCTION 


For the second approximation to 2 and yp, 
we must retain quantities of order vnjf). As we 
saw at the end of the preceding section, we must 
then also retain terms of order pf) in the ampli- 
tudes. The real part of the amplitude involves only 
even powers of p, and the imaginary part only odd 
powers. Terms of order pf) arise only from the 
lowest approximation to the imaginary part of the 
amplitudes. The imaginary part of fg(p/2 p/2) 
is given by Eq. (3.13), and from Eq. (3.10) we see 
that the amplitude f(p0) is real [and anyway in 
this approximation we need only the square of the 
modulus of f(p0)]. 

The graphs of the first approximation give terms 
of order Vio fh , hamely the integral terms in Eq. 
(4.3). In these terms, as in Eq. (3.13), we may take 
the amplitudes to be constant. We have seen in 
Sec. 2 that graphs containing one circuit with three 
or more continuous lines give contributions of the 
same order. The summation over sets of graphs, 
which differ only in the number of continuous lines 
in a circuit, is automatically performed if one re- 
places the zero-order Green’s function G° by the 
first-order functions G, G and G. We therefore 
consider immediately the circuits which can be 
built out of G, G, G and I. There are altogether 
ten essentially different circuits (see Fig. 3). A 
rectangle with a cross denotes a sum of two rec- 
tangles, one being a direct interaction and the other 
an exchange interaction. The two differ only by an 


sit sa BE 


ht ae bre 


FIG. 3 


interchange of the upper or the lower ends. The 
sum of the two rectangles introduces a factor 
-i[T (12; 34) + T'(12; 43)], or in momentum 
representation —i[T(p’; p; P) + F(—p’; p; P)). 
If G, G and G are expanded in powers of the 
effective potential I, then in the lowest approxi- 
mation the graphs (3c, 3i, 3k) become circuits 
with two continuous lines. But all such circuits 
are already included in I’ and must therefore be 
omitted. This omission is represented in Fig. 3 
by the strokes across the continuous lines. Let 
—iFa pb... (Pis--->Pi---) denote the contributions 
from the graphs of Fig. 3. In the constant-ampli- 
tude approximation these contributions are: 


Fa (pips; PrPs) = i4fo\ G (q + v) G(pi— pi + 9 +2) a9; 
Fy = i4fo| Gq +u) G(r —mi+9 +uydcg; 
Fe = ifo\ (Gg + uw) G (rit Po—a +4) 
— 6°(q +8) q+u)} dig; 
fase) GG Si) 0 (eas) Para etal 
F,= eV GG 120 (pi + P2—9 + 2) ag; 
= ifo\ G(q +4) G (pi + p2—q +») dq; 


ek 


° (py + Pe— 


(5.1) 


(g +2) G(pi+ p2—qt vat; 
Fp = i2f.\G(g + w) aq; 
Fi= ify \(G (9 + w)— MofoG? (9 + ¥) G9 (—9 + »)} tgs 
Fu = ify (Gq + 2) — NofoG? (9 + ¥) G°(—4 + #)} dg. 


Momentum conservation aoe = Zp’ is assumed to 
hold everywhere. The q’-integration in Fh is 
performed with a detour into the upper ge a 
since this contribution must vanish as G— G’. 
Everywhere on the right of Eq. (5.1) the first- 
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approximation value p(!) = nofy should be substi- 
tuted for wp. 

The Xj, involve special values of the F, to- 
gether with a factor Vn) for each particle of the 
condensed phase: 


Doo (DP +P) = NF a(p— p; 00) 
+ oF »(p — p; 00) + MF e(p0 — p; 9) 
+ nyFe (Op — p; 0) + noFe(— pOp; 9) 
+ nF e(O — pp; 0) + noF ¢ (p0 — p9;) 
+ tyF g (p00 — p;) + Fi(p — p;); 

Doo (Pp + #) = MoFa (00; p — p) 
+ NyFy (00; p—p) + mFa(0; p — pO) 
+ oF a (0; pO — p) 
+ MoFa (0; — pp0) + toFa (0; — pOp) 
+ noF7(; pO — pd) 
+ nol p00— p)-P Fi; p—p); 

Di (p +p) = oF a(p0; Op) + nF» (p0; Op) 

+ NoF¢(p0; pO) + noFc(p0; Op) 
+ noFa(p; 0p0) + noFa(p; 00p) 
+ NoFe (p00; p) + noFe(0P0; p) + Fr(p; Pp). 


(5.2) 


To enumerate the vacuum loops which contribute 
to wp, we must first distinguish one incoming or 
outgoing particle of the condensed phase (see Sec- 
tion (I, 4)). After this we must sum the loops, 
counting separately all possible geometric struc- 
tures and all possible positions of the distinguished 
particle. The vacuum loops include three types of 
rectangle, differing in the numbers of incoming and 
outgoing continuous lines, and corresponding to fac- 
tors D{t), x(!) and xf!) The distinguished parti- 
cle of the condensed phase may come out from 
= (1) or from x(t), The sums of contributions 
from graphs of these two types are respectively 
—-iFh (0; 0) and —iFj(00;). The term in p 
arising from all these vacuum loops is thus 


uw’ = F, (0; 0) + Fi (005). (5.3) 


To carry out the q’-integration in Eq. (5.1), it 


is convenient to represent G and G=G in the 
following form, 
A B 
_ q < q : 
G(q +P) q?—e,+ id Gos. — 10 * 
G=G(q+p) 
oe 4 4 
2 Cleat at (5.4) 


S.- Ls BE wITALW: 


with 
Ag = (Sq mie ey ae Nof o) | 2843 
By = (—&q+ eq + Mofo) | 2&q 


= note | 2&q (Eq a eq + Rolin) Cg = Nolo / 2eq (5.5) 


depending only on |q|. The q’-integrations are 


now performed and the results substituted into Eq. 


(5.2) and (5.3). After some manipulations we ob- 
tain 


ms (20) (P +») = 2nofo \ dq [(Aq; Bx) 


naa (Aq + Ba; Cx) + 3CqCx] 


il 1 
* Garereay crac 


Nofo 


~ fo) da (Cat goer a 


(Ag; By) + 2CgC, + Ag Ay — 2 (Ag; ©) 
poi — 248) = is 


Dus (p +H) =2nofe \ da { 


SAG BD AOC Tse ae 
0 + e, —id 
ee ek (5.6) 
4 
\+2f0\ da By 


p® + 2nofo — eq — ep + i8 


PIAL ethmeat ta CC: 


Nofo 
Znofo — 269 + i8 : 


Here k= p-—q, and the symbol (;) denotes a 
symmetrized product, (Ag; Bx) = AgBx ar BgAk. 
The integrands are all symmetrical in q and k. 

Before we add to Eq. (5.6) the second-order 
terms from Eq. (4.2), we transform the expression 
(4.3) for 24,. Remembering’ that 


g? + p?/4 = bora + epie—a 


and introducing the new integration variable q’ = 


q+ p/2, we find that Eq. (4.3) gives to the required 
approximation 


Eis (p + 2) = 2ofy + 2ny Im fe (2 2 


on? \ d : 
a nofo\ Wp inp oa 


4 
ep — fg tid i 


(5.7) 


The total of all second-order terms in now obtained 


from Eq. (5.6), (4.3), and (5.7), and after some al- 
gebra becomes 
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Hu = 2a dq By + > nels da (se ——-), 
q 


“q 
“oon (P +4) = 2nofo | dq (Ags Bu) . 


— (Aq + Bg; Cx) + 3CqC\) 


x 4 iW, 1 
ee a pote, +e, 3) 


q “q 


+ ynofel da (5-2); 


on (p+ w) 


re 2 (AG; By) + 2C,C, + AyAy — 2(Ag; C,) 


“i (Ag By) + 2C,C,, + B,By, — 2 (By; € 
p?+ Eq + && — 18 


ta (a + <,)} + 2to)da Be 


k) 


(5.8) 


+ 2n,Im fs (f 5) 


4 
= Oe al | 
nofo | oI eer ener 


4 4 

4eq ar Ze, | i 

The value of Im fg (p/2 p/2) can be obtained from 
Eq. (3.13), and the integrals not involving p’ can 
be carried out exactly. In this way Eq. (5.8) be- 
comes 


4 


5 d 
Dioto) (P +B) = 3 rofe\ So Sak shi eye tis 


il 
i p+ e,+e,—id ae an Vins Noto» (5.9) 
Rk 
(p+) = znobo\ oo A a ea 
es Eade Nofo Mofo» (5.10) 
pO = (5/3n*) V nofs- Mofo, (5.11) 
with 
R (gk) = Qeten — Qegek + Hota 
Q* (gk) = Beqek — eqee + Mofo (eq + ek) + 

a nofo + [Mofo (Eq + &x) — Sqek — exe. (5.12) 


It is convenient to express the Green’s function 
(4.5) in a form analogous to Eq. (5.4). In this ap- 
proximation we find 
Bat % 
G(p+p)= po — »— Ap arm pote, + At’ 


(5.13) 


where Ap and AS are the second-order correc- 
tions 
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__ Nof 
Xp = 4a (2e ig Tol Hie hg ee Oo 


INES 2 (peas oy ab 


+ = (Ei Sep ee (ake 


seeiuth Ma) ) bet) 


are combinations of the in- 
In the limits of small and 


These a, and AS 
tegrals (5.9) and (5.10). 


large momentum (compared with Vnof) ), explicit 


expressions can be obtained for the functions Ay = 
a(p’; p) and Aj = A*(p; p). When these are ex- 
amined it is found that there are no new poles of 
the Green’s function. We here exhibit the behavior 
of the Green’s function near to the poles py © +€p- 
In this region we may write |p®| =e, in Ap, and 
we need retain only terms of first order in the dif- 
ference (€)# p*) in AR. For small momenta 
(p « Vnof) ) we then find 

ap = V rf (ae “We ey 4 = 


z T 
oT? £5 647 Noho 


FIV Tigo) 


Ap =O,+h, (ep Fp) = V ingle (are io 


(D<KV nofy; @ 
5 


6407 ep 


= i Tauif al A CaN 
+ (ep Fp") V nofi(soe + i ge ag) 15) 
For large momenta only the imaginary part of Aj 
is important, 
Ap =Q7=— ZPhotofo (P>Vioho). (6-16) 
For small momenta, in virtue of Eq. (5.13) and 
(5.15), the Green’s function near to the poles may 
be written in the form 
Ay +4, 
p®— nae Q, 


_ _ Ba t % | 
pon OF 
(5.17) 


G(p +H) =(1—p)| 


For large momenta, @p and Ap may be neg- 
lected in Eq. (5.17). 


6. QUASI-PARTICLE SPECTRUM AND 
GROUND-STATE ENERGY 


We have already mentioned that the energy of a 
quasi particle is determined by the value of p’ (p) 
at a.pole of G(p+p). Only those poles are to be 
considered for which the imaginary part of the en- 
ergy is negative, so that the damping is positive. 
In the range p «K Vinof) , Eq. (5.15) and (5.17) give 


ee alc 


— bgggg V tole goo Th (Dp <V nofo)s (6.1) 
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In the high-momentum range, according to Eq. 
(5.16), we have 


e = e+ Mofo (1— ge Pho) = e 
+ nof (pp) (p> V nofo)- 


Equation (6.1) shows that for small p the quasi 
particles are phonons. The second approximation 
gives a correction to the sound velocity, and a 
damping proportional to p°? which is connected 
with a process of decay of one phonon into two. In 
the high-momentum range, the second approxima- 
tion gives a damping which is related to the imagi- 
nary part of the forward scattering amplitude, and 
so to the total cross section. 

In Sec. (I, 7) we found connections between the 
Green’s function and various physical properties 
of the system. The mean number of particles N 
with a given momentum p in the ground state of 
the system is related to the residue of the Green’s 
function at its upper pole, 


(6.2) 


Np = i\Gdp?/2n= (Bp +a,)(1—2p). (6.8) 
When p Kvnofy , Eqs. (5.15) and (5.5) give 
Np = 20 ( ae ae Ve nf) (6.4) 


The imaginary parts of a, and Ap here cancel, 
as they should. To find the total number of parti- 
cles with p = 0, we need to know Np for all mo- 
menta. We therefore use only the first approxima- 


tion formula for N,, namely N, = Bp. For the 
density of particles with p ~0 we find 
n—ny=i\G (p+) dtp 
= |B, dp =V nf ng / 3x? (6.5) 


Equation (6.5) gives the relation between the den- 
sity ng of particles in the condensed phase, which 
appeared as a parameter in all our equations, and 
the total number of particles in the system. 

We note here one important point. It can be 
seen from the way the calculations were done that 
the validity of the “gaseous” approximation re- 
quires that ny be small. It is not directly required 
that the total density n be small, since n does 
not appear explicitly in the problem. But Eq. (6.5) 
shows that when ny is small n is necessarily 
small, too. This means that it is not possible to 
decrease significantly the density of the condensed 
phase by increasing the interaction or the total 
density, so long as ny « ee This result confirms 
and strengthens the assertion made in I that the 


S.°T. BE GYAEY 


condensed phase does not disappear when interac- 
tions are introduced. 

We can calculate the ground-state energy from 
the chemical potential pw. By Eq. (4.4) and (5.11), 


ea nofo( 1 + a on? 2 V nol) 


Expressing ny in terms of n by means of Eq. 
(6.5), we have in the same approximation 


(6.6) 


—_ 


rat eV) ae 


By definition we have p = fall Oy. Therefore, 


= Vv 
integrating Eq. (6.7) with respect to n, we obtain 
the ground-state energy 


Eo 
= = 5r'f,(1 Ze ay nfs), 


(6.8) 
This coincides with the result of Lee and Yang® 
for the hard-sphere gas, if we remember that in 
that case fy = 47a. 

The condition for the system to be thermody- 
namically stable is 9P/9V = —8°E/aV" < 0. This 
condition reduces to f) > 0. Our results are only 
meaningful when this condition is satisfied. 


7. POSSIBILITY OF HIGHER APPROXIMATIONS 


In the first two approximations, all the results 
can be expressed in terms of the amplitudes f. 
Thus the problem of many interacting particles is 
reducible to the problem of two particles. 


FIG. 4 


In the next approximation we must consider con- 
tributions to Xj, proportional to Tigts. Among 
other graphs, we must include the “triple ladders” 
illustrated in Fig. 4. The integrals arising from 
graphs of this type diverge at high momenta and 
become finite only when the momentum dependence 
of f is taken into account. For an estimate we 
may cut the integrals off at a momentum p ~ fj?. 
We see then that an increase in the number of 
“rungs” does not change the order of magnitude of 
the integral. In fact, each rung adds a factor f,G? 
and an integration over one momentum 4-vector. 
For a rough estimate we take q° ~ Ops Cac ieee: 
and find 


ENERGY-SPECTRUM OF A NON-IDEAL BOSE GAS 


| foG2d%q~ fy \ dg ml 


Therefore we have to consider simultaneously all 
such graphs with any number of rungs. The total- 
ity of these triple ladders describes completely the 
interaction of three particles. Therefore the sum 
of contributions from such graphs can be expressed 
only by means of three-particle amplitudes. 

In the third approximation (terms proportional 
to nofé ) we thus require a solution of the three- 
particle problem (see also Ref. 4). Since the 
problem of three strongly interacting particles is 
in general insoluble, the higher approximations to 
the many-particle problem are physically mean- 
ingless. 


8. HIGH EXCITATIONS (pf) ~1) IN A HARD- 
SPHERE GAS 


For the high-energy excitations, the momentum 
dependence of the amplitudes becomes important. 
We therefore consider as an example the case of 
a gas of hard spheres of radius (a/2). We also 
consider only the first approximation in the den- 
sity expansion, i.e., we use Eq. (4.6). The ampli- 
tude {(p0) can be computed exactly from Eq. 
(3.10). For f,(p/2 p/2) we consider only s- 
waves. The higher waves (the symmetrized am- 
plitude involves only even values of 2) adda 
numerically unimportant contribution. For exam- 
ple the d-waves at pa ~ 1 contribute about 10 
per cent. We substitute into Eq. (4.7) the values 
of the amplitudes 


f (pO) = 4x ia AG ss = = sin e-isal, 


> Sins (8.1) 


and obtain for the quasi-particle energy 


sin pa 


Bee, see 
2 = [( og 8rny 3 
At high momenta this becomes 


2 in? "le 
4enya) —16n%n2=P")", (8.2) 


em + 4nnga(2 224 —1). 

The second term in Eq. (8.3) changes sign at 
pa ~ 1.9. An oscillating component is superim- 
posed on the usual parabolic dependence. This 
oscillation will not be important since the magni- 
tude of the term is small; when pa ~ 1 it is of 
relative order na. However, if one formally 
allows the parameter nya? to become larger in 
Eqs. (8.3) or (8.2), the second term of Eq. (8.3) 
produces an increasing departure of the disper- 
sion law from the parabolic form, until at suffi- 
ciently high densities there appears first a point 
of inflection and finally a maximum and a mini- 


(8.3) 
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mum in the curve. The spectrum then resembles 
qualitatively the spectrum postulated by L. D. 
Landau’ to explain the properties of liquid helium 
II. This extrapolation is certainly unwarranted. 
But it allows one to suppose that the difference 
between liquid helium and a non-ideal Bose gas is 
only a quantitative one, and that no qualitatively 
new phenomena arise in the transition from gas 
to liquid. 


9. CONCLUSION 


We summarize the main features of the approx- 
imation which we have studied. 

(1) The interaction between particles is specified 
not by a potential but by an exact scattering ampli- 
tude. This allows us to deal with strong interac- 
tions. After the potential has been replaced by the 
amplitude, it is possible to make a perturbation ex- 
pansion in powers of the amplitude, or more pre- 
cisely in powers of spas 

(2) We make a series expansion not of the quasi- 
particle energy (this appears as the denominator 
of the Green’s function), but of the effective inter- 
action potentials 2, and the chemical potential p. 
The formula giving the Green’s function in terms 
of Xik and w is exact. 

From Eq. (4.7) and (4.9) we see that €p can be 
expanded in powers of f only for high-momentum 
excitations with p > Vngfo . The low-lying excita- 
tions of the system are in principle impossible to 
obtain by perturbation theory. For this reason, 
the expression obtained by Huang and Yang‘ for the 
energy of the low excitations of a Bose hard-sphere 
gas is incorrect. They used perturbation theory 
with a “pseudopotential,” and their result agrees 
with a formal expansion of Eq. (4.7) in powers of 
fy. 

In conclusion I wish to thank A. B. Migdal and 
especially V. M. Galitskii for fruitful discussions, 
and also L. D. Landau for criticism of the results. 
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The dependence of the impact parameter on energy of relative motion and scattering angle, and 
the transport cross section for atomic collisions are calculated using the interatomic potential 
previously found by the author from the Thomas-Fermi statistical theory of the atom. 


INTRODUCTION 


Ir we treat the scattering of ions or atoms by 
atoms as elastic, and limit ourselves to scattering 
angles a >10~” (in the c.m. system), we find 
that, for energies of relative motion E > 100 ev/M 
(where M is the reduced mass in units of the 
mass of the hydrogen atom), the scattering is de- 
termined by the laws of classical mechanics. For 
very high energies, when the relative velocity of 
the colliding atoms exceeds Z,Z,.e?/f, classical 
mechanics is not applicable, but the scattering is 
practically determined by the coulomb interaction, 
for which the results of quantum and classical me- 
chanics coincide. 

We may therefore assume that the scattering 
as calculated by the methods of classical mechan- 
ics gives the correct result for collision energies 
greater than 100 ev/M. The energy is limited from 
above only by relativistic velocities. 

Actually, for energies exceeding ~1 kev, in 
addition to elastic scattering there is scattering 
accompanied by excitation, single or multiple ioni- 
zation, and charge exchange of the colliding atoms. 
As a result of this there is some uncertainty in the 
kinetic energy and interaction potential of the col- 
liding atoms, which results in an additional smear- 
ing out of the wave packet which is not taken into 
account in deriving the condition for applicability 
of classical mechanics to elastic scattering. 

However, for low collision velocities the prob- 
ability of inelastic processes is small. For veloc- 
ities exceeding 10’cm/sec the cross sections for 
elastic and inelastic scattering are of the same 
order, but appreciable scattering occurs only for 
strong overlapping of the electronic shells of the 
atoms. In this case the interaction potential is de- 
termined practically by the inner electrons alone, 
and they have velocities which are large compared 
to the velocity of the colliding atoms, and are 
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weakly excited. Excitation of electrons in the outer 
shells of the atoms hardly changes the scattering 
potential. Finally, if the velocity of the colliding 
atoms is of the same order as, or greater than the 
velocity of the inner electrons, the scattering is 
practically coulombian. The change of kinetic en- 
ergy in the collision process is also relatively 
slight,” not exceeding a few percent. 
So, independently of the inelastic processes occur- — 
ring during collision of the atoms, we can calculate 
approximately the dependence of the scattering 
angle on the impact parameter, using the potential 
for elastic interaction according to classical me- 


chanics. b 
Such a calculation is needed for all sorts of 1 


problems; the depth of penetration of accelerated 

ions into matter; the disruption of the atomic lat- 

tice during penetration of ions into a solid (pro- | 
vided their velocity is so small that they lose en- | 
ergy mainly by elastic collision and not by ioniza- | 
tion of the atoms; the determination of the energy 
which is given to the atoms of a gas during colli- 
sions with a beam of ions, and also the correspond- 
ing cross sections. 

Here we treat only collisions with energies sig- 
nificantly greater than the ionization potential of 
the atoms (~1 kev or greater), where apprecia- 
ble scattering is observed when there is a consid- 
erable overlap of the electronic shells of the atoms. 
It is only in this case that the scattering potential 
can be determined for any pair of colliding atoms 
on the basis of the statistical model.’ When this is 
not the case, the interaction depends essentially on 
the outer electron shells of the atoms and must be 
determined individually for each colliding pair. In 
this latter case, the scattering itself is obviously 
isotropic (except for the region of very small 
angles), and has a weak energy dependence, while 
the cross section is of the order of gas-kinetic 
values. 
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DIMENSIONLESS ENERGY AND IMPACT 
PARAMETER 


In a previous paper“ it was found that, to an ac- 
curacy of 10%, the interaction potential for atoms, 
calculated on the basis of the statistical model for 
the electrons, can be represented as 
ZZ 0? r 

“(9 (Zr 22) 2), (1) 
where x(x) is the screening function in the 
Thomas-Fermi potential, Z; and Z, are the 
atomic numbers of the interacting atoms, r is the 
distance between the nuclei, 


UnQn= 


a = (9n?/ 128)! %2 / me? = 4.7-10-9 em, (2) 
(Za, Zs) = (Zi* + 23°)" (3) 


for 0<x-< 15, which describes the whole range 
of interactions, including Z,; = Z, = 100. 
The function (1) can be improved by using 


b = 3[(Z, + 22) "*— 2," — 2] /72Z,22, (4) 


for 0 <x <2, and 


b= (28+ 22)". (5) 
for 2<x< 7. Expressions (3), (4), and (5) coin- 
cide if Z,/Z, is either large or small. For Z, = 
Z 9, the values of expressions (3), (4), and (5) are 
in the ratio 1:0.82:0.89. Possibly, such an im- 
provement exceeds the accuracy of the theory. 

The polar angle g, which is related to the 
scattering angle a, is given in classical mechan- 
ics by the formula 


foo} 


To % pdr 
o= = : ; 6 
? 2 \ BVT ESOT (6) 


0 


where p is the impact parameter, E is the ki- 
netic energy of relative motion for r—-~, and 


Pe) ep, 0 (7) 
If we introduce a new variable 
x=or/a, (8) 
then 
U (r) / E = (Z:Zehe* | Ea) (x (*)/) =V()/6, (9) 
where V(x) = x(x)/x, and the dimensionless 
energy © is 
G6 = Ea] &Z,Z.) = E / 30.5 2,224, (10) 


where E is expressed in ev. If in addition we de- 
fine a dimensionless impact parameter by 


b = bp /a, (11) 


then (6) is expressed as 


a=e—2\ b dx 


1 PVI-V@)TE— O/ x) (2) 


where, in accordance with (7), 


PVC C =O fav: (i) 


The solution of Eq. (12) for b=b(a, €) en- 
ables us, by calculating a single integral, to find 
the differential scattering cross section for any 
pair of colliding atoms, or for an atom and a singly 
charged ion: 


3 («) = pdp/sinad« = a*bdb/ sin ad«. (14) 


It is assumed that for strong interaction, when 
the electron shells of the atoms overlap, ionization 
of one of the atoms before collision is not very 
likely. 

Frequently one is interested in the transport 
cross section 

C= \ (1 — cos «) 2xpdp = « \p? sin «da = a2s(*), (15) 


0 0 


where 
rn 
a) = 7 \ b? sina da, 
0 
is the dimensionless transport cross section. 


_ (16) 


CALCULATION OF b(a, €) AND a(*)(g) 


For the calculation of the polar angle, it is con- 
venient to set x = x)/cos @ ip (12), so that 


y (6) = sin oft __ VG Leos 0) 


© 


(- y cos? af . (17) 


0 


The integrand in (17) has no singularities, is 
equal to 1 for 6 =7/2, while for 6—0, 


y (8) > (bf %)® — x V (x0) /26]) 7, V'(x)<0. (18) 


The derivative y’(9@) is equal to zerofor @ =0 
and 6=7/2. If V(x) ~x™, y(@) =1. It is also 
useful to introduce an “index” n(x) according to 
the formula 


n(x) = —xV’ (x) /V (x). 


The meaning of n(x) is that, for values of x 
not too much greater than Xp, 


V (x) = V (Xo) (Xp / x)" (19) 


n(x) varies very slowly: from unity for x =0 to 
n*8 for x=15. Using n(x), the expression 
(18) is transformed to 
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nl = where the value of b should be taken as the near- 
[1 =H ek n(x))V (Xo) / é| est greater value than that from b (0.3, @). 
In the interval 0.7<x<5, V(x) differs little . 
Since V(x) is a monotonically decreasing from 0.45x7*. For @ = 0.3, there correspond to 
function of x, and V(x,) is always less than 6, this range in x the values 0.05 < @ <1, where to 
from our discussion, to an accuracy of 1%, the in- sufficient accuracy we can replace V(x) by 
tegral (17) is easily calculated for several points. _(0.45x~? and evaluate the integral (17) analytically. 
However, when a = 0.3, an error of 1% in the in- Finally, for 6 > 10, x «1, x(x) 1, V(X) -aee 
tegral (17) gives an error of 10% in a. Sofor a 1/x and 
< 0.3, @ is extrapolated using a power law: if b = 1/28 tan a 
V (x) is written in the form of (19), then for small é (21) 
angles, In intermediate cases, b(a, €) is found by 
co standard interpolation in @ and ¢. 
Oo —~| V’ (x) piace ehos J 6b"). (20) The transport cross section was also calculated 
@ ough using (15). The results of the calculation using the 
The results of the calculations for a = 0.3 are table are described to good accuracy by the formula | 
given in the table. (for G = 0.02) 


The value of b for a < 0.3 can be found by o(*) = (x/G)ln(1 + 0,76), (22) 
extrapolation using (20): 


b = 6 (0.3; €) (0.3 /a)un, 


or 
o* = x (Z, Z,e*/ E?) In(1 + 0.7 E/30.5Z, 2,4), (E Bev). 
A good approximation for a = 1 is 
= The dependence of p(a, 6) for collision of 
a=V (b) Van (b)/2— 0.57 7 €, argon ions and argon atoms with relative energy 
for which n(b) has the following values: 37.5 ev was determined in the work of Kaminker 
and Federenko® from the formula 


=O) Ose Wser “i Zee 4 6 8 12 20° 60 


Tw 
et IRON PISS IN DD. OI Be, QNeN DiS Baal Sule 2 po 2\5 sin «da, (23) 
Values of b(a, 6) 
a 
ot ca 0.3 0.5 0,7 4 Ales 2 2.5 PMNS Chee 
| 
0,02 8.85 1-6.7 1516 |) Seo eee eis Sen 
0,03 TA a BB 4.64 Sybil Q8 Wade SPNOL Sts Aes eee) 
0.05 6.0 [4.6 | 398 | 12,9] 40901452 200.65 | tiga) 
0.05<e< 1 b = (m— a) [0.45 / (2m —a) a@}'e 
4 1.45 | 1.00 | 0.76 | 0,55 | 0.34 | 0.24 | 0,41 | 0,18 (x — a) 
425 1,10 | 0.78 | 0,58 | 0,44 | 0.25 | 0.15 | 0,08 | 0.12 (r—a) 
2 1.90 | 0.63 | 0.47 | 0,33 | 0.49 | 0,12 | 0,06 | 0.09 (tn —a) 
3 0,72 | 0.47 | 0,33 | 0,23 | 0.15 | 0,090] 0.045] 0.07 (x — a) 
4 0,60 | 0,37 | 0.26 | 0.18 | 0.44 | 0,070] 0,035/0,053 (x — a) 
5 0.50 | 0,30 | 0.23 | 0,15 | 0,093} 0,060] 0.030/0.045 (m — a) 
7 0.36 | 0.23 | 0.17 | 0,12 | 0.070] 0.042] 0,022/0,033 (m — a) 
10 0,28 | 0.18 | 0.14 | 0.087] 0.050] 0,029} 0,046/0.024 ( — a) 
Kok oe ee ee ene Shee eee 
where do/dQ is the “total differential cross sec- where 
tion,” i.e., the sum of all the differential cross x 
sections for elastic and inelastic scattering as well p= 2 \ se sin « da 
as charge exchange. Actually the measurements 24° 
were done only over the angular range 1°< as : : p 
Me y gul gS SAS was largely determined by quite arbitrary extrapo- 
. The authors then extrapolated do/dQ up to lation of. do/dQ. A nieoe thi ‘ 
=m. So actually (23) was calculated using the Rs ae RES ee nia ee 
oe 8 they found a marked change in the behavior of p(a) 
ae in going from a =16° to @ = 24°. We have re- 
eos computed their results, choosing py so that the 


p?=2 \ —~ sinada + p?, oe 
\ d Po (24) smooth variation of p(a@) is not spoiled. Instead 
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of py =5 X 107cm_ we used Pp = 1.26 x 10° cm 
after which the comparison of experimental and 
theoretically calculated values of p(q@) looks as 
follows (in the lowest line, the uncorrected values 
of p(q@) are given in parentheses ): 


? 


ee Tee See G8 Oye 16.220 24 
sean eS sages. o my 0ne2.ot 2.3. °0.9 407 51,54 
eee OM AA ST 2) 2A) £6" Ae" 4,26 

(7.7) (5.3) (3.9) (2.8) (2.3) (4.8) (4.2) (0.8) (0.5) 


The calculated values of p(q@) correspond ap- 
proximately to a potential ~ 1/r?. The experimen- 
tal values for a@ > 6° are closer to a Coulomb law 
with Z,Z,=114 (fitted at @=10°). Thus accord- 
ing to experiment® the scattering proceeds as if 
right at the start of interaction all the outer shells 
of both of the colliding atoms flew off, or at least 
were “swollen” considerably (i.e., excited), while 
the inner (neon-like) shells were left complete. 


‘nN. V. Federenko, J. Tech. Phys. (U.S.S.R.) 24, 
769 (1954); V. M. Dukel’ skii and N. V. Federenko, 
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The consequences of the dispersion relations for —N scattering at low energies are studied 


without resort to the use of the Low equations. 
rious states are obtained from the values of the 


ue. In the application of the dispersion relations 
to the low-energy region it is common practice to 
go from these relations to the Chew-Low equations 
and then study the consequences of these equations.! 
In the present paper the consequences of the dis- 
persion relations for —N _ scattering at low en- 
ergies are studied without resorting to the use of 
the Low equations. 

Let us consider the dispersion relations for 
a—N scattering,’ written in the form 


(0) 5 (1-4) Ds (0) 
ce Re 
ue Oz L2/2M ” 


D.(k) —Z(14+2)Dz 
= Js (w) + 


(1) 


where we have used the notation Ji(w) to denote 
the dispersion integral 
[= (o’) 


wo’ — o 


sz (o’) 


OE | 2 2) 


a 


w is the total energy of the meson in the labora- 
tory system, and the other notations are obvious. 
We shall assume that in Eq. (1) the meson energy 
is low, w-u<«u. For 1? =k*/y? +0 both sides 
of Eq. (1) go to zero. Therefore, wishing to obtain 
the consequences of the dispersion relations for 
n> 0, we turn to the values of the derivatives of 
Eq. (1) with respect to 7? at 77-0. In calculating 
the derivatives we use the form of the energy de- 
pendence of the phase shifts as given by the “effec- 
tive range theory”? 


q2t+1 cot 6; = 1 / Qo141 + Pin? + Q, uf, 


(3) 


where agi; is the scattering length in the f-state, 
and kp = pH is the momentum of the meson in 
the center-of-mass system, so that 


k[kp= 4/7, = (1 + 20/M + p?/ M?)'h (4) 


The derivatives of the second and third terms in 
the left member of Eq. (1) will have the form 
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Relations between the scattering lengths in va- 
derivatives of the dispersion relations at k2=109 


M/s (0 /p) [Dz (0) — Ds (0)] 
= +3), (o/p) [D_ (0) —D, (0). 


Since 


(the prime denotes differentiation with respect to 
n ), we have for 7? —() 
+ i) (a — 43); (r 


+ 7 D.(0)—D, (0) = 


for en first derivative st 
= 51D.) —D, Ol = ¥ Br(I+ F)(a—a) 6) 


for the second derivative. Here, as usual, a3 and 
a; mean the scattering lengths in the s_ states 
with isotopic spins T =*/, and T = %, respec- 
tively. 

The unobserved region gives for the first deriv- 


ative 
5 1 a ae 1 a 
a he (oTESERTEM (o/e + u/aMyP 2 a Jo (7) 
27d, 
~ = We] 2M) 


and for the second derivative 


F 2fPde/ (1p / 2M)? (8) 


The index 0 means throughout that the value of the 
expression is taken for 7? = 0. If we confine our- 
selves to the values of only the first two deriva- 
tives at 7° = 0, it suffices to represent D, (k), 
for example, in the form 


2k? D, (k) = k{sin Qa, + sin Qag, 


+ 2 (sin Qogs + sin 2855) + 3sin 2355}, (9) 


where 633 and 635 denote the phase shifts for the 
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. states 3/2 and d5/2 Withy ee 3/2 and the usual 
notations are used for the phase shifts of the s 
and p states. Using Eq. (3), we write the expres- 
sion (9) in the form 


A xA 
k, D(k) = KR 2 g 
ed oa ae ape 
+ yp XAg35 Bi x? B33 3x? Bas (10) 
Ag tax) a Bet x B?. + = : 


where A3, A3;, A33, B33, and Bg; denote the right 
members of Eq. (3) for the states S1/2. Pi/2, P3/25 
ds, and ds, with T = ¥. dex ay 
3/25 5/2 2, and x= %},- 
For the value of the first derivative of the ex- 
pression (10) at x =0 we get 


Dy (k) = aay 22s + a3) + i Gam Pa? — a3} ALL) 
Combining Eqs. (6), (7), and (11), from the value of 
the first derivative of Eq. (1) for 7? =0 we have 
the relation 


Ne 
TT My 2028 + dar + si 28 — Po 2 —as} 


Q : 2f?r (12) 
eee a) = om 
which establishes the connection between the scat- 
tering lengths for mesons in various states which 
follows from the dispersion relations. In what fol- 
lows we shall denote k’J,(w) by Fs(w). For the 
scattering of negative mesons in hydrogen, expres- 
sing D(k) in terms of the amplitudes in states 
with definite values of the isotopic spin, 
3D_(k) = 2D, (k) + Ds (a), 

we get in a similar way 

. f 


G 


Wu 
3(1-+e/M) \2M 


(2a, + as) — (2a3 + a3) 
— (2P,a% + P3a) + 4a13 + 2 (433 + Ay) + Gai 


= 5 (14 G7) (@— afm Fle — = on 


(13) 


For the half-sum of (11) and (12), representing the 
scattering of n’ mesons by nucleons, we have 


4 Xe 
pce) ai (a, + 2a3) — (a} + 24%) 


AF (Pia? Je P;a?) + 2 (ay3 + @s31) 
, 2f2r 
F Pea U. ch 
ay + Aaya} = {fete + 2M (1 — (@/ 2M ° 


(14) 


Substitution of the experimental data on the phase 
shifts* 


a = —(0,105+0,010) ,, Pss= 9.6, dss = 0.0035, 


ay = (0.165+0.012) ,, 
255 


Qs3 = 0,8, dss ee 0.0035, 


(the scattering lengths in the dj, and ds, states 
are denoted by d33 and dg), with 2f? = 0.16 (and 
of? = 0.19 + 0.01°) and zero values of the other co- 
efficients, gives 


he? Day = 0.40, 2X7 D, = 0,14 
and 


F's) = 0.28 (0.25) Xe, -F9 = 0.24 (0.27) dy, 


where the contribution of the unobserved region 
[—0.173 (0.206) and +0.149(0.177)] is consider- 
able. For the half-sum, however, 


(Pa Pa) ye 0.20 


the contribution of the term containing f? amounts 
to only —0.01A¢. The calculation of F4) from 
the data on the total cross-sections is discussed 
in the following section. 

For the second derivative of Eq. (10) we have 


Digo (bt) =e (1+ 45) [203 (as + 2Ps) (ay + Ps) 


— 2a? (Q3+ a;P2)—3 (a3, Pe + 2a2, Pe) +2 (2d, ae 3d,.)] 


| U. Xe 
'M i+u/M 


3 [2a33 + 3, — Pa? — a3] hs 
r 2 
a c aD ue 
rneeragars ea mosey) es 
By means of Eqs. (10), (6), and (8) we get from the 
value of the second derivative of Eq. (1) the second 
group of relations 


: ra ul : of, 
D+ (R) —( ++) (, — a3) = Fto— Ga ae 
(16) 
for mp scattering; , 
‘ 2 : 2f?r 
Dio(#) + qo(14+ 47) (a — 4s) = Fo + gap 
(17) 
for the scattering of negative mesons; and 
4 tt ! 1 Hd Hi u 2P A. 
5 (D+ + D joa 3 FF )o— ae epee 
(18) 


where DZ is constructed in analogy with Eq. (15). 
By using the data on the phase shifts given ear- 
lier we have 


Me? Dg = (1+ «| [2a8 — 6a?, P,, + 2 (2ds5 + 3dss)] 
u. / 4M u Ce lee 
(2ay.—08) — gS yag |! + in (1 ar) | si 
(19) 


u/M 
(1+ u/M)3 


+ 


314 ie ane 
3) D_, (b)" = (1 ale [2 (2a + a3) 
=. 6a; lore eS (2d,, + d,.) 


2a,, — (2a° + a3) 
U 33 1 3 
+ 6 (2d), + d35)] + M (1+4/M) (20) 
u / 4M \ 


aap tar (i + ge) | Gata. 


Substitution of the experimental data on the phase 
shifts gives 


Dio = —0.1802.; Dp = —0.052%,3 
{1/, (D1. + D_)}y = —0.116.A,; 
Fig = —0.019, (2f? = 0.16); 
Fp = +0,0162, (2f? = 0.19); 
P= —0.162X, (27 = 0.16); 
Fo = —0,187 A, (2f? = 0.19); 
0), (FL + Fy)3¢ = —0,090%, 


(2/2 = 0.16): 
(UF AFL) 5 = 0085 1y, 
(2f2 = 0.19), 


where the contribution of the unobserved region 
turns out to be very important for the first two 
values and amounts to about 35 percent for the 
half-sum. The value of the second derivative of 
F; consists mainly of the difference of the reso- 
nance contribution and that from the unobserved 
region (this latter contribution being +0.188A¢ 
and 0.222A,). For the scattering of negative 
mesons the resonance transition is of less impor- 
tance, so that the contribution of the unobserved 
region, amounting to —0.138A¢ and —0.161A¢, 
is the main one. 


2. In the preceding section the values of the 
derivatives of Fs were obtained from the experi- 
mental data on the phase shifts. These same quan- 
tities can be calculated directly from Eq. (2) and 
the experimental data on the total cross-sections. 
This provides a more searching check on the cor- 
respondence between the experimentally determined 
phase shifts and the dispersion relations. 

Having obtained F:, one can calculate the val- 
ues of the derivatives by direct differentiation. But 
the differentiation of a curve drawn from experi- 
mental data introduces large errors; therefore we 
shall represent the derivative in another form. For 
this purpose, being interested in the values of the 
derivatives at n — 0, we break up the dispersion 
integral J;(w) into three parts: 


Zz [e) foe} 


+ * dw’ 6, (@’) ( daw’ oc, (w’) dw’ o_(a’) 
rd, (0) = P| ko’ —@ ara k’ wo’ —w Ve \ k’ wt ’ 
pe z 
(21) 
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so that the second integral already contains no 
singularity (z>w). We choose the value of z so 
that with the limitation to s and p states and use 
of Eq. (3) the expression for o,(w) can be put in 
the form 


(a3, ate 2a533) a} 


6, (@) = dicot fe (22) 


Substituting Eq. (22) into the first integral in Eq. 
(21), we get for it 


da’ 04 (’) 
k’ wo —o@ 


aL (w) = (4n)7 p( 


(ay 2a533) 


(23) 


where 


Ja(p) =—4 in| 1 + 


Beet ee 
uv. (Z — @) ; 
ule (p) = = Ca) (z? — w?)"2 (wz + p?) + p*Ja (p) 
Vz2—p? + af 


4 (23') 


4 
5 (ea) In| 
For small values of p* 
ee 4 p? ee 
BJ, (p) = —V2—# a Te (ip 


4 32/2 2’ ; 2a 
a ae + C oo ah 


so that (with z=1.43p) 


Meee ee 
Jn (0) = — = — 2,382, 
eee yale =z 1, 
ut J, (0) = SG’, wee) 
np areas a) 


(a3, a 20%) dw’ o,(w’) 


aay 
0) Steg ee oem oa 
' 1 0 do’ o_(’) 
Tat \ ko ow’ ty 


The expression for J_(u) is obtained from Eq. 
(24) by the replacements 


JS Ee 
S,<+S, 


DLs GPL Dy Dg 2 
z Sa) > 021 204i. 30s a Zee, 


2 2 I One 
3a3, > a, 2a, - 


(25) 
From Eqs. (21) and (23) there follow expressions 
for the dispersion relations that are convenient for 
calculations in the range of energies w-—u « p. 
Before using them to calculate the values of the de- 
derivatives for ?—0, we make several remarks. 
In the second term of Eq. (22) (the contribution 
of the p waves) the change from the center-of- 
mass system to the laboratory system has been 
carried out approximately. Working more exactly, 
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using Eq. (4), instead of Jg(p)/(1+ /M)* we get 


dos’ k’3 
@’—e (1+ 20'/ M+ v2 / M2)? 


° é i AOR 3/5 
= (torte) | sr 


Le(p)= 


Freon 


pa 2, a\ 2 
v=o (i+ +45) » R= p’ + 2x + x, 


or 


(1+ 57 + ge) Lo) 


oo Z--@ 

ai Rilt dx R'l dx 

=) —4 | Toe oer (26) 
(a) p—o 


= Ja(p) —yNe (p). 


We give the expression for Ng(p) which is ob- 
tained when the denominators of the integrands are 
expanded in series up to terms in y’: 


Np (0) = [(]—Z)2N— Fin + 2+] 
—3[4 2(- ! N)— zin(o+2+.)| 
eels ws ENE a 


+ St) info +22+)], (27) 


where N = (z?- 1) (uw =1). The last term in 
Eq. (27) gives less than 6.5 percent of the value of 
Ng at p= 0. The value of yNg(0) itself is 0.085, 
which leads to the change from Jg(0) = 0.639 to 
Lg (0) =0.554, i.e., gives a correction of about 
15 percent. Use of only the first term in Eq. (27) 
gives Lg(0) = 0.530, from which it is clear that 
the remaining terms give less than 5 percent. Since 
the entire contribution from Jg(0) is not large, 
one can just use Eq. (23’), bringing in the first 
term of Eq. (27) as a correction. 

We shall now obtain the expressions for the de- 
rivatives of F,. For arbitrary momenta 


Fy, (@) =J, (0) +P d4 (@). 
From Eqs. (21), (23), and (27) it can be seen that 
(29) 


(28) 


a" J's0 (@) = 0. 
Since Eq. (28) is also correct for nd’, we get 


F'9(@) = J (¥)- >) 


This last equation enables us to reduce the calcula- 
tion of the derivative of F to the value of the dis- 
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persion integral at the single point w =p. The 
value of the derivative is calculated from Eqs. (30), 
(23), and (24). For z=1.43 the contribution of 
the first two terms in Eq. (23) gives —0.026/m for 
the s wave and +0.0350/m for the p waves, 
which is a very small fraction of the value F' = 
0.28(0.25)Ag obtained in the preceding section. 

Similarly, for the interaction of negative me- 
sons with protons we have instead of Eq. (24) 


(a? + 2a?) (a2, + 2a", + a% + 2a) 

(0) = Ja 0) + E900) 
ae c dw’ o_(a’) 1 ( dw’ 6, (0’) 
ia \ k’ oo’ —p are wea eee i ea 


p. 


For the contribution of the first two terms in Eq. 
(31) we get 


mL_ == — 0,051 + 0.012 = — 0.039. 


Here also the contributions of the s and p waves, 
which are comparable with each other, turn out at 
z =1.43 to be tiny in comparison with the contri- 
bution of the integral terms in Eq. (31), if we judge 
by the results of the preceding section. For the 
second derivative of F at arbitrary momenta we 
find 
FY () = 2J' (0) + 9" (0). 

For n 0 the second term vanishes, so that 

Fo (@) = 2d" (y). (32) 


Breaking J‘'.(w) up into parts as in Eq. (21), we 
get from Eq. (23) for the contribution of the s and 
p waves 


ewes N(2—2) ay, + 2053 
mL (¥) = — 3 6G oa + eam 
N 4 (33) 
x {> + 4) f= In (Nez) 
, , 41 c d fi + ( 
Ji (u) = Ly (4) + Ze \ oot 
4 C de’ o_(o’) 
Are \ ki (w’ + p)? (34) 
pe ; 


The contribution of the terms outside the integrals 
is +0.002A,. The expression for J_(#) is ob- 
tained from Eq. (34) by the replacements (25). For 
nm —p the contribution of the terms outside the in- 
tegrals is —0.002A¢. 


3. The numerical values of the dispersion inte- 
grals are 
J, (vu) = 6.96/4n? = 0,176, 


(35) 
J_(n) = 4.99/4n? = 0.126, 
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Comparison of Eqs. (35) and (30) with the previ- 
ously obtained values 0.28(0.25) and 0.24(0.27) 
provides a further confirmation of the positive sign 
of ag3. Moreover, it follows from Eqs. (35) and 
(12) that a3; is a negative quantity, and 


for 2f? = 0.16: D4 (0) = 0.258 X., a3: = — 0.115, 


for 27?= 0.19: D+ (0)= 0,320 ¢, ay = — eas 


From Eqs. (35) and (13) we have as a consequence 
of the dispersion relations that 


for 2f2=0.16: D_(0)= 0.026%, 
Doig ay = 0.139; 


for 2/2 = 0.19: D_(0) = — 0,00(4) r., (37) 
2013 + Qi or 0,208. 
On the hypothesis that a,3= a3, it follows from 
Eq. (37) that 
fOr 22 = 0,16; aj; = 0.09; 
(38) 
for .2f7-= 0319: a; —= — 0:05. 


It must be emphasized that it is difficult to deter- 
mine the errors in the numerical values of a3; and 
ay, Although the idea of a small and negative scat- 
tering length a3; anda small a,,; corresponds 
roughly to the experimental data on 7—N scat- 
tering, the value of D_(0) is in noticeable dis- 
agreement with the experimental data. 

For the values of the derivatives of the disper- 
sion integrals we get by numerical integration 


QJ’, (uv) = 0.08 %, QW (u) = 0.04 %. (39) 


It is at present difficult to get results analogous to 
Eq. (36) — (38), since for this more precise data 
are needed. 

Thus the analysis that has been given by using 
information about the scattering phase shifts at low 
energies only confirms the results of Puppi and 
Stanghellini.® For the scattering of 7 mesons by 
protons the dispersion relations enable us to deter- 
mine from the data on aj, a3, and a33 a value of 
a3, that agrees with the experimental data, but the 
consequences of the dispersion relations for m™—p 
scattering cannot be brought into agreement with 
experiment. The actual disagreement at low ener- 
gies is not large, as it is at higher energies. It is 
not clear just how far it exceeds the limits of the 
experimental errors in the phase shifts. 

The causes of the disagreement remain unclear. 
All kinds of isotopically noninvariant corrections 
are small. In connection with the important part 
played by isotopic invariance in the derivation of 
the final form of the dispersion relations, the pos- 
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sibility of an additional check on the isotopic in- 
variance in the —N _ scattering is discussed in | 
the Appendix. The contribution of the mp mesic ‘ 
atom calls for special examination. 

In the situation that has arisen, it is very de- 
sirable that additional experiments be carried out, 
and also that the experimental data be processed 
more precisely. Experiments that could be of par- 
ticular value are studies of the polarization of re- 
coil nucleons, and also of the interference with the 
Coulomb scattering. 

The writer is grateful to la. A. Smorodinskii, 
N. N. Bogoliubov, N. P. Klepikov, A. A. Logunov, 
and D. V. Shirkov for valuable discussions, and to 
I. V. Popova for aid with the numerical calcula- 
tions. 


APPENDIX 


As is well known, the unitary character of the 
S matrix, together with invariance under time re- 
versal, decidedly reduces the number of independ- 
ent parameters occurring in the S matrix. Re- 
cently it has been shown® that these conditions 
make it possible to reconstruct the scattering am- 
plitude in the case in which only elastic scattering 
takes place, unaccompanied by inelastic processes. 

We shall now consider the unitary conditions for 
™—p scattering, in which in parallel with the elas- 
tic scattering there occurs an inelastic process — 
the conversion of the charged meson into a neutral 
meson — and shall show how these conditions can 
aid in checking the isotopic invariance. 

We introduce the S-matrix elements 

Sh. = pin exp [2iecih] 

(Q@jk and p are real numbers) for a state char- 
acterized by the angular momentum J andby f= 
JG y, (hereafter the indices J, 2 are omitted). 
S,; corresponds to the elastic scattering of the m7 
meson by a proton, m™ +p—a; Sy. =Se, corre- 
sponds to the exchange scattering 1 +p—7°; and 
Seo, to the elastic scattering ?+n— 7°, 


The requirement that the matrix be unitary, 
written in the form 


SCS Nis (A.1) 
k 


is easily seen to give three independent conditions: 


(A.2) ; 


| Sui PP + | Sao P = 1s, 
| Soo? + | Sie |? = 1; (A.3) : 
SuSis + SieSa2 = 0: (A.4) 


For the m—p scattering Eq. (1) gives instead of 
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Eqs. (2) — (4) only a single condition, which makes 
it possible to introduce real phases. 
From Eqs. (2) and (8) we get the relations be- 
tween absolute values 
Onde | Ses (= Pi = Po. = 0”, (A 
£0 
| Sis ? = pe = 1 — 92, 
and from Eqs. (4) and (5) a connection between the 
phases 


Ao, = 2 (%1; + %9) + ne. (A.6) 


Consequently in this case, in virtue of the three 
relations (2) — (4) the amplitudes of the three proc- 
esses, including both elastic and inelastic scatter- 
ing, can be expressed in terms of three real num- 
bers, which must be determined by experiment. 

We note that when one goes to a larger number 
of channels Eq. (6) remains an approximately true 
relation if the probabilities of transitions between 
channels are small in comparison with those for 
transitions within the channels (cf. Ref. 7, for ex- 
ample). 

Relations (5) and (6) can be put in another form. 
The situation here recalls that which is encountered 
when, in considering the transitions °P, > °Py, 
3F, > °F,, 3P,+%F, in nucleon-nucleon scatter- 
ing, one introduces real phases and mixing coeffi- 
cients.® In analogy with this we introduce two real 
phases ot and oul and a mixing parameter €7: 


Sa ==6Xxp [2134] cos? ey + exp [21877] sin? ey, 
287) = {exp [2i8/] — exp [2i3/']} sin 2ey, (A.7) 
Se = exp [2187] sin? e,-+ exp [21877] COS? ey 


(unlike the case of N—N scattering, here both 
ppl and also er depend on £2 as wellason J, 
and the €y do not drop out of the expressions for 
the integrated cross-sections ). The connection be- 
between the quantities p, 44, @. and ot, oF. €j 
follows from Eqs. (5), (6), and (7). The elements of 
the S matrix are expressed in this way in the exact 
formulation when the existence of isotopic invari- 
ance is not assumed. As is well known, under this 
further condition one has 


ee 8S 2 (bs — by) 


Sih = by" + 265! si 


(po. = exp [ 2idoh | characterizes the scattering 
in a state with given J and isotopic spin T). 
From a comparison of Eqs. (8) and (7) it can be 
seen that isotopic invariance corresponds to the 
case in which ¢€j, not depending on J and £ 
(there remain two real parameters) takes the 
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constant value arc tan 2! ~ 55°, if ot corre- 
sponds to 63 and oil to 64. ° 

By checking these last assertions (lack of de- 
pendence of ey on J and & and definite value of 
€yz) one has a possibility for confirming the iso- 
topic invariance in the scattering of charged me- 
sons. It might seem that, since the cross-section 
for elastic scattering of 7’ mesons appears in 
Heitler’s relation 

do (x* + p—>n)+ds(x + por) 

= 2ds (n° + p— x) + da (x + p— 7°) 
the —N scattering cannot be used for checking 
the isotopic invariance. Fermi has pointed out! 
that, at least when one takes into account only the 
s and p waves, such a check can be carried out 
with experiments with charged mesons. From the 
results of this appendix it follows that this can be 
done with the inclusion of an arbitrary number of 
states. The check proposed here goes beyond this. 
It makes it possible to see to what accuracy iso- 
topic invariance is fulfilled in each state of the 
am—N system. 

We note a generalization of the symmetry 
pointed out by Minami’>!° to the case in which an 
inelastic process occurs in parallel with the elas- 
tic process. By direct verification one readily 
finds that the unpolarized cross-sections of the 
processes in question remain unchanged if one 
makes the simultaneous replacements 


gl, IT 


— /, IT 
87, J, <8 
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It is shown that, through the mechanism of “jumping” of the 4” meson from one proton to 
another, which was proposed by Ia. B. Zel’dovich, mesic hydrogen atoms convert completely 
to the ground state of the hyperfine structure during the lifetime of the 4 meson. As a re- 
sult, there is complete depolarization of 4 mesons in hydrogen, and the neutrons which are 
formed from capture of »~ mesons by protons via »7 +p=n+v will be completely polar- 


ized along their direction of motion. 


Tae separation between the upper (F =1, where 
F is the total spin of the mesic atom) and lower 
(F =0) levels of the hyperfine structure for a pw 
peer in the K orbit of a mesic hydrogen atom, 
is 


Ac =“ 8,Bvgil 9 (0)|? = 0.25 ev (1) 


(By is the y-mesonic and By the nuclear Bohr 
magneton, gj; =2 2.79 is the gyromagnetic ratio 
of the proton). 

Because of the smallness of this separation, the 
radiative transition to the lower state is extremely 
improbable (Trag ~ 10° sec). However, because 
of the neutrality of mesic hydrogen there is a very 
effective mechanism via which there is a complete 
transition into the lower hyperfine structure state 
during the lifetime of the 4 meson. This mech- 
anism is the “jump” of the » meson from one pro- 
ton to another with simultaneous transition into the 
lower state of the hyperfine structure.* Since the 
hyperfine splitting is much greater than the ther- 
mal energy in collisions of a proton and a mesic 


*This was called to the attention of the author by la. B. 
Zel’dovich. 


atom, the process is irreversible. In the present 
paper we give an estimate of the cross section for 
this transition. 

In mesic units (e =1, h=1, m,=1), the 
Hamiltonian for the interaction of a meson with a 
pair of protons, including the interaction of the 
spins of the meson and the protons is 


n 4 il 4 1 1 1 


H= 93M Ar, 5M Ar, D) A; ry ro a F R 
4 8 (rn 2 
+3 ePabe (“ps +P *() ss) (2) 
Gi re 


(Ry, Re, r are the coordinates and ij, iy, s 

are the spins of the protons and the meson, R 

= |R,;—R,| is the distance between the protons, 
while r;=|r-—R,| and ry=|r—R,| are the 
distances of the meson from the two protons). We 
are neglecting the spin-spin interaction between 
the protons and between the meson and the second 
proton when the meson is at the position of the 
first proton. 

At the velocities we are considering, the rela- 
tive motion of the protons is described by an s 
wave, so that the total spin is conserved. The spin 
of the system consisting of two protons and a b 
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meson can take on the values ye and vA However, 
transitions to the lower hyperfine structure state 
are possible only for the state with spin ee The 
wave function for such a state, antisymmetric 
under interchange of the protons, is expressible as 


Y= G(R)Ue(R, r) Sy, 4, (1, 25 2) 
+ H (R)3Bu (R, 1) Shy, 4, (1, 2; p). (3) 


(where, to be specific, we consider a state with 
projection of fe total spin on the arbitrary z axis 
equal to + TAY and 2, are the wave functions 


of the » meson in the field of the two fixed protons; 


they contain the distance between the protons as a 
parameter and are, respectively, symmetric and 
antisymmetric under interchange of the protons: 


(— ; A, * * = R) Lg, WS Eg, u (R) Xe, us (4) 
S$/21/2(1, 23 #) and Sh/os4/2(1, 2; #) are spin 
functions corresponding to total spin of 0 and 1 for 
the particles whose indices are separated off by 
the semicolon; the total spin of the system is '/ 
and the total spin projection on the z axis is + ie 


Introducing the usual spin functions a@ = ee and 


01 
B= ( 3) for the two protons and the pp meson, we 


can write 
(125 vw) =e [2 (1) B2)—B (1a Qla(), 
Shu, (1,2 8) = re [x (1) BE) (5) 
+ BU) Q)1a@)— VY 2a (1) « (2) Bw). 


On the other hand, for sufficiently large distance 
between the protons, the wave function of the sys- 
tem with total spin ap and spin projection + bp for 
the lower hyperfine structure state (F = 0) is 


= K(R)$(n) Si, (lL, 4s 2) 
— K (R) 9 (re) St, (2, #5 1), (6) 
and for the upper state (F = 1) 
WI = L(R) 4 (ts) Stan (ly Bs 2) 


— L(R)¥ (re) Sian 2, B85 1) (7) 


where ~(r;) and ~(r2) are the wave functions 
of the » meson at the first and second protons, 


respectively. 
At large distances between the protons 


De, a = (P (1) +4 (r2))/V 2, (8) 


and the wave function (3) of the system must be a 
linear combination of (6) and (7), so we easily find 


the relations between the functions G(R), H(R) 


and K(R), L(R): 
G(R) = (K—YV3 L)/V2, 
K (R) = (G — V3 A) (2V2, ; 
Hi( RCV BoE hy) ) 


L(R) =(—V3G—A)2/V2. 

Substituting the wave function (3) in the Schro- 
dinger equation HW =EW with the Hamiltonian 
(3) and using (4), we find, after multiplying the 
equations for the functions G ine and H(R) by 
DoS} ost /a ( 1,2; w) and 2S 1/21/2 (15 2; »), 
respectively, and integrating over the ~-meson 
coordinates: 


4 4 
+> gi: 8. BvV314 (0) 2 H = EG, 


4 1 
err 1 Re OE eh ord Rear y ae (10) 


+ = 9.8, Bw | (0) 2 (V3 G—2H) = EH, 


where 


Keg = (3. (Ar, + Ar,) Ug dr, 


(11) 
Ser ae \2u (Ar, 3 Ar,) Lu dr. 


For sufficiently large distance between the pro- 
tons (neglecting exponentially small terms and 
terms of order Res 


Kies 2 Dy Ar, Zp dr = \ b (Ar, F (rs) dr = —1. 


In this same approximation, Kyy = K ge The ex- 
pressions —Kgg/2M and —Kyy/2M are thus the 
correction to the kinetic energy of motion of the 
proton in the mesic atom, which is usually taken 
into account by introducing the reduced mass. The 
equations for K(R) and L(R) follow from (9) 
and (10): 


ap ARO el = Cn pee 


+13 (E,—B,)K =0, 


(12) 


A AgK + (e+ Ac)K—%a(8Eu + Be + 2)K 


ee Eyes, 


where 
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and Ae is the hyperfine structure energy (1). 

The relative motion of the mesic atom and the 
proton is described by the function L(R) in the 
upper hyperfine structure state, and by K(R) in 
the lower state. Equation (12) thus describes the 
transfer of hyperfine structure energy into energy 
of relative motion (€ and ¢€+Ae, for R>®, 
are equal to the kinetic energy of relative motion 
in the upper and lower hyperfine structure states, 
respectively). 

Finding the cross section for “jumping” of the 
ut. meson is essentially a problem of inelastic 
scattering of slow particles.? Because of the 
smallness of the quantity kp = V MAe = 0.02 
(mesic units), there is a quite large region of 
free motion (1 « R « 1/ky) in which we can 
neglect both the energies Eg and Ey as well as 
the energies € and (€ + Ae). The cross section 
for the transition into the lower hyperfine struc- 
ture state will be determined by the asymptotic 
form of the functions L(R) and K(R) in this 
region. 

For sufficiently small R we can neglect ¢€ 
and (€ + A€) compared to Eg and Ey. In this 
region, Eqs. (10) for the radial functions g(R) 
=RG(R) and h(R) =RH(R) have the form 


fh-(+)e=9 os 
a (Ok (14) 


In the neighborhood of the minimum (Rpg = 2), the 
function Eg is well approximated by the Morse 
potential? 


E, a ay +. A [E-2«(R—-R.) — Qe- a(R—Re)} | 


The parameters A (the depth of the well Eg 
+% at the minimum) and a are determined from 
the exact values of E gt): which are found by 
numerical integration: 


A= 0.1027; 224 = d?E,/dR? = 0.0976; «=~ 0.69. 


For energy «€ > 0, the Schrédinger equation 


with the Morse potential has the exact solution 
g =e“ [Eis e—ise F (— n, 1 + Qis, 8) 
aie tt elt (= nt, | 216, 6) I, 


where 
E = (2VMA/a) e-*®-®); is = VW — Mea: 
n= V MA/« — 1/,— is; 
erism — [ (1 + 2is) T (— n*) /T (1—2is) T (—n). 


In the region 1«< R-—Ry « 1/s, for ¢€— 0, 


the solution becomes 
where 


5 = 2% Ree ee 


© = 2 (1) 


aires ae 7 
w(x) is the logarithmic derivative of the I'-func- 
tion and has poles at the points 0, -1, -2, ‘ 
In addition, the quantity (4 — VMA/a) = —0.88 
is near to —1, which leads to a quite large value 
of g) #11. This is related to the fact that there 
is a virtual level of the mesic molecule near to 
zero energy, which results in resonance.° 

To find the asymptotic form of h(R), we note 
that at sufficiently large distances [for which, 
however, Eq. (14) is still valid ] 


ee 
baw ae 


[The solution of Eq. (4) in the approximation (9) 
gives Egy ® Y, + %Re-R, | 

At distances R for which the expression 
(2M/e)Re-R (M = 8.87) is still important, it 
can be approximated well by the function 


(2M /¢) Re-8 -we-#(R-RY; Ry 3: 


af = 1—1/R, 0.7. 


In this case, Eq. (14) is reduced tothe Bessel equa- 
tion by the substitution & = exp {—a’(R-—R,)/2}. 
Since for a repulsive state there should be no so- 
lution for which h(R) increases exponentially 
with decreasing R, we find 


h(K) eas Ke (Ze-#(R-RaI8), 


where Ky(x) is a Bessel function of imaginary 
argument. 

Since Kp)(x) — In(2/x) for x— 0, we have, 
fon) Ro — Ria, 


h(R)~R+0; o=—R,—(2/’)In(1/a’). (16) 
Using (9), (15), and (16) we easily find the as- 
ymptotic form of the radial functions p(R)=R 


XK(R) and q(R) =RL(R): 
p=(A—V3 )R+(Q9S—YV3 va), 
=—(V3 +vyR—AV3 9-4 w). 


The constants ) and v are to be fixed by 
using the condition that p(R) contain only an 
outgoing wave e!K0oR for R — ©, and from the 
normalization to unity of the probability density 
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in the incoming wave q(R). 
Thus 


V2 8a) a, 
Pee oN) 


(39 + w) —4ikoR ey 


4 —iky (3a + 9) 


GR 


The cross section for transition to the lower hy- 
perfine structure state is 


Ro 3 (3 — w)? 
R164 k (30 + 9) ’ 


o} = Aline 


(18) 


or, inserting the numerical values of the param- 
eters, 
k k 
CSV Torta lb0r?. (19) 
The statistical weight of the spin % state of the 
system consisting of a 4 meson and two protons 


is equal to ve The probability of transition per 
unit time to the lower hyperfine structure state is 


W =1/,00N= 50na2 uM =~ 2-10° sec7! (20) 
(NV = 4-10% em™; 0, = VAc/M~5-10° cm/sec; 


Cm yite 2.00, - 1-21 Cm) , 


This value may be somewhat high. Inclusion of 
terms ~ m,,/ M in the interaction potential en- 
ergy and deviations Eg from the Morse function 
may cause a shift from resonance, and conse- 
quently, reduce the value of o. However, since 
the transition probability (20) is at least three 
orders of magnitude greater than the probability 
of decay of the » meson (Wye = 0.5 X 10° sec”), 
the conclusion that there is an almost complete 
transfer of the u-mesic atom into the lower hy- 
perfine structure state undoubtedly remains valid* 


*Since the wavelength of the » meson is comparable to the 
dimensions of the H, molecule, it is necessary to treat the 
scattering of the » meson by the H, molecule, and not by a 
free proton. This treatment leads to a difference in the cross 
sections for the process in para- and orthohydrogen, but does 
not change the basic conclusions of the present paper. 


This result has two unusual consequences. 

First, # mesons entering hydrogen should be 
completely depolarized. 

Second, neutrons produced from yu™~ capture by 
protons in the reaction w~ +p =n+v _ should be 
completely polarized in the direction of their mo- 
tion. For, since the capture of the ~, meson oc- 
curs from the lower hyperfine structure state 
(the total angular momentum of the +p sys- 
tem is zero), and the neutrino is polarized along 
its direction of motion, our statement follows from 
the conservation laws. * 


In conclusion, I express my deep gratitude to 
L. D. Landau and Ia. B. Ze! dovich for interest in 
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*For capture of the » meson from both hyperfine structure 
levels, the polarization of the neutrons along their direction 
of motion would be a relativistic effect ~ v,/c. 
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An examination is made of some properties of a compound model of elementary particles, in 
which A particles and nucleons are assumed as the primary particles. 


1. INTRODUCTION 


‘Tre number of strongly interacting elementary 
particles is very large: already known at the 
present time are seven kinds of mesons, eight 
kinds of baryons (including =°), and eight kinds 
of antibaryons; two of these last (p and n) have 
already been found, and scarcely anyone doubts 
that the others will be found in the very near fu- 
ture. This very abundance of strongly interacting 


particles makes one doubt their elementary nature. 


It is therefore quite natural that many papers have 
recently appeared in which attempts are made to 
reduce somehow the number of “elementary” par- 
ticles by regarding them as compound systems 
constructed from a small number of “truly ele- 
mentary” particles. The first step in this direc- 
tion was made by Fermi and Yang,! who suggested 
that the meson may be a bound state of a nu- 
cleon and an antinucleon. The compound models 
ofthe elementary particles that are being discussed 
at the present time can be divided into two groups. 

The first group incldues schemes in which the 
basic particles are taken to be K mesons and 
nucleons (KN scheme), K mesons and & hy- 
perons (K& scheme), or K mesons and A hy- 
perons (KA scheme). The KN scheme has been 
considered by Goldhaber,”? Gyorgyi (D’erdi),’ and 
Zel dovich,* and the K= scheme has been dis- 
cussed by Neganov.° 

In our opinion these schemes have a number of 
shortcomings. In the first place, the construction 
of compound baryons and 7 mesons (if the latter 
are not also assumed to be elementary particles ) 
requires two different types of forces: baryon- 
boson forces are used for the construction of the 
compound baryons, and baryon-antibaryon forces 
for the construction of mesons. Secondly, the 
KN, KA, and K& schemes postulate the exist- 
ence of two types of weak interactions: lepton-fer- 
mion, of type (np)(ev), and letpon-boson, of type 
K(pv), since other wise one cannot explain all 
the various letpon decays of mesons and baryons. 
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Thirdly, to explain the existence of the decays 
Ky3 and Kes in these schemes one must either 
introduce one more additional weak interaction 
with the leptons, or else introduce a strong inter- 
action gKKz, which is possible only if there is 

a parity doublet of K mesons (in this connection 
see Ref. 6). All this to a considerable extent de- 
prives the KN, KE, and KA schemes of the 
economy which is the main motive for their con- 
struction. 


The other group of schemes is essentially a 
generalization of the Fermi-Yang model. In Mar- 
kov’s model’ all the hyperons were included along 
with nucleons as primary particles (NY scheme). 
In Sakata’s model,® considered subsequently by 
King and Peaslee,’ nucleons and A particles are 
taken as the elementary particles (NA scheme). 

In this paper we make a number of remarks 
about the NA scheme, which obviously makes it 
possible to describe in a unified way both the 
structure and also the interactions of the various 
particles. Following Sakata we shall assume 
three particles to be the primary ones: the A hy- 
peron, the proton, and the neutron. These primary 
particles have the same parity, spin, charge, and 
strangeness as the actual physical A, p, and n, 
but, generally speaking, the masses of the physi- 
cal and primary particles can be different. In 
particular, we can assume that for the primary 
particles m,~ = my. The values of the charge Q, 
the strangeness S, the isotopic spin T, the iso- 
topic spin component T3, the spin I, the parity 
P,* and the baryon number ® for the primary 
particles and antiparticles are shown below (a 


*Since the weak interactions do not conserve parity and 
strong interactions conserve strangeness, the parity of the A 
particle, and also of other particles with S = + 1, is not a 
physically observable quantity. Therefore the choice of the 
parity of the A particle which we have made is purely con- 
ventional. As a physically observable quantity one has, for 
example, the product of the parities of A particle, K meson, 
and nucleon, P , PxPy (see below). 


; 


ee ee 
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bar over a letter denotes the antiparticle). 
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2. THE ISOTOPIC SCHEME 


The isotopic scheme set forth in this section 
essentially repeats the contents of the paper of 
Sakata .® 

The Mesons. The mesons are bound states of 
the primary particles and antiparticles with 
= 0. Thus the 7 meson, having T=1, is a bound 
state of a nucleon and an antinucleon: 


Tg=4+1, x= pn; Trs=—1, 


w =pn; Ts = 0, »°=(pp + nn) /V2, 


The K and K mesons, having T =, are the 
bound states N+ A and N+A, respectively: 


epg Ts gs “Kins Ty a3) 
ROS pA; Ts = —1/2; K°=nA, (BEEP 


Thus the strangeness of the K mesonis S = +1, 
and for the K meson S =-1. 

In the framework of this scheme there is the 
possibility of two additional neutral mesons, which 


have not so far been observed: 
p2 = (pp —nn)/V2. 


The isotopic spin of the p mesons is zero. 
Their other properties are considered briefly in 
Sec. 3. 

The Hyperons. In the present scheme the hy- 
perons are bound states of two particles and one 
antiparticle with N= 1. 

Thus the = particle with T=1 can be rep- 
resented in the form 


ao = AA, 


Y= pna, 
(eet 


ot = pnA, Tz, = +1; 
mo = (ppA + nnd)/V 2, 


In an equally natural way one gets the isotopic 


doublet of the cascade particle: 
B-— AAp, T3=— fo; EX=AAn, T3= +3/2. 


The isotopic multiplets of the antihyperons are 
obtained from the hyperon multiplets by the inter- 
maange A=—- \)°n-—-n, p+—~ Pp. 

3. SPIN AND PARITY 
The data on the spins and parities of the A 


‘particle, the proton, and the neutron are shown in 
the table. é 

It is well known that the 7 meson has spin I 
=0 and parity P=-1. This means that the pri- 
mary nucleon and antinucleon forming the 7 meson 
are ina ‘Ss state. It is natural to assume that 
the particles forming the K meson are also ina 
Ss state. Then we find that, like the + meson, 
the K meson has I1=0 and P=-1. The entire 
body of experimental data relating to the weak in- 
teractions of K mesons (decays), and also to the 
strong interactions, indicates that the spin of the 
K meson is zero. As regards the parity of the 
K meson, it is as yet unknown. In our present 
model PKPynP,aj=-1. Inthe KN scheme, in the 
form considered by Zel’dovich,* for example, 
PKPNP,A, =+1. In this connection the measure- 
ment of the quantity PxPyP, is of great impor- 
tance as a test of the correctness of our present 
scheme. 

Assuming that the particles forming the p? 
meson are also in a iss state, we find that in this 
case I[=0, P=-—1. The masses of p° mesons 
must obviously be considerably larger than those 
of m mesons, since otherwise a number of effects 
would occur which could not have remained unob- 
served. In particular, the existence of p° mesons 
would manifest itself in the phase-shift analysis 
of the scattering of 7 mesons by nucleons, since 
in addition to the process m™ +p— n° +n the 
process 7 +p— p° +n would also occur, An- 
other example of a possible manifestation of the 
p° meson is the decay of the K meson. For ex- 
ample, besides the decay K* > t+ + 72° there 
would have to occur the decay Kt — qt + py We 
note that for this decay one does not have the for- 
bidden character arising from the selection rule 
AT = 4, which decreases the probability of the 
decay Kt — n* + n° by a factor of several hun- 
dred. This is readily understood if we note that 
for the system m+ +7° with I=0 the state with 
T =1 is forbidden, while for the system nt +p? 
it is allowed. 

It is possible that the presence of a maximum 
at E = 900 Mev in the scattering of mesons 
is due to the p° meson. In this case the mass of 
the pe meson must be of the order of the nucle- 
onic mass. Sucha p® meson should decay into 
three m mesons (the decay into two 7 mesons is 
forbidden by parity) in a time of the order of 107% 
sec. 

If we make no additional assumptions, nothing 
can be said about the spins and parities of the 2% 
and £ particles within the framework of our 
present model. 
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4, THE STRONG INTERACTIONS 


The interactions leading to the formation of 
bound baryon-antibaryon systems must be stronger 
than ordinary nuclear forces by several orders of 
magnitude. It is known that the depth of the poten- 
tial well in nuclei is on the order of 30 Mev. The 
estimate made by Fermi and Yang! of the depth of 
the “well” containing the nucleon and antinucleon 
forming a m meson gave a value on the order of 
30 Bev (on the assumption that the radius of the 
wellis r ~h/Myc). The presence of such a 
strong interaction between nucleons and antinu- 
cleons is confirmed by the measurements recently 
made of the interaction cross-sections between 
antinucleons and nucleons. Fermi and Yang as- 
sumed further that also between two nucleons, in 
addition to the usual interaction, there is a strong 
interaction comparable in magnitude and range 
with that between nucleon and antinucleon, but that 
this nucleon-nucleon interaction is a repulsive one. 

As a generalization of the idea of Fermi and 
Yang it is natural to postulate that there is a strong 
interaction between any two baryons, attractive in 
the case of particle interacting with antiparticle, 
and repulsive in the case of two particles or two 
antiparticles. In our present model there are 
three types of vertex parts, corresponding to: 

(a) the interaction of nucleon with nucleon (in- 
teraction constant g;); 

(b) the interaction of a nucleon witha A parti- 
cle (constant g»); 

(c) the interaction of two A particles (con- 
stant gs) (see Fig. 1). 


FIG. 1 


The interaction characterized by the constant 
g, is responsible for the formation of a bound 
state of a nucleon and an antinucleon —the 
meson. This same interaction is responsible for 
the production of nucleon-antinucleon pairs, the 
production of 7 mesons, and soon. The proc- 
esses caused by the interaction g, are well de- 
scribed by a statistical theory. 

The interaction characterized by the constant 
go is responsible for the formation of a bound 
state of a nucleon and an antihyperon—the K 
meson. This same interaction is responsible for 
the production of hyperon-antihyperon pairs, the 
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production of K mesons, and so on. Indeed, any 
process in which strange particles appear from 
collisions of ordinary particles must include at 
least one vertex of the type gy, corresponding to 
the production of a pair A+ A. The fact that the 
mass of the K meson is considerably larger than 
m meson masses suggests that the interaction g» 
is weaker than the interaction g,;. The same - 
thing is indicated by numerous experiments such 
as those reported at the 1957 Rochester confer- 
ence, according to which the cross-sections for 
the production of K mesons by the action of vy 
rays, m mesons, and nucleons are about an order 
of magnitude smaller than the corresponding 
m-meson cross-sections and the cross-sections 
obtained on the basis of statistical calculations. 

If we proceed on the assumption that g» < gj, 
it must be expected that the cross-section for the 
production of a real hyperon-antihyperon pair in 
a beam of 7 mesons or nucleons must be smaller 
by about an order of magnitude than the cross- 
section for the production of a nucleon-antinucleon 
pair, if we consider both processes sufficiently far 
from their thresholds. On the other hand, the 
cross-section for the production of an antihyperon- 
nucleon pair in collisions of K* mesons with nu- 
cleons may not turn out to be small, since in this 
case there will occur a reaction analogous to the 
disintegration of the deuteron and not involving the 
relatively weak interaction go: 


K*+p= (A+ p)+pSA+p+p. 


The same also applies to the cross-section for 
scattering of K* mesons, which, as is wellknown, 
is not small. This process can go through the ver- 
tex g;, alone. Another cross-section which turns 
out not to be small is that for absorption of K™ 
mesons (reactions of the type K7 + p—> 27> 4+ 7°), 
which can also go through the strong interaction 

g, alone. 

Thus in our present scheme the smallness of 
the cross-section for production of strange parti- 
cles does not necessarily bring with it smallness 
of the cross-sections for their scattering and their 
conversion into other strange particles, since bas- 
ically different interactions are responsible for 
these processes. This conclusion is in qualitative 
agreement with a large body of experimental data, 
according to which strange particles have small 
cross-sections for production, but large cross- 
sections for absorption and scattering. 

We note that this peculiarity of strange parti- 
cles does not find its reflection in the model re- 
cently proposed by Gell-Mann.!° According to this 
model all interactions of baryons with mesons 
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are equally strong, and the interaction of baryons 
with K mesons is relatively weak. The conclu- 
sions obtained from this are directly contradic- 
tory to those at which we arrived above. In par- 
ticular, according to Gell-Mann’s model the cross- 
sections for scattering of K* mesons and that for 
absorption of K~ mesons must be small. The 
cross-section for production of a hyperon-antihy- 
peron pair in a beam of m mesons or nucleons 
must be larger than the cross-section for produc- 
tion of a nucleon-antihyperon pair in a beam of K 
mesons. 

At the present time one cannot draw any con- 
clusions about the strength of the interaction of 
two A particles at small distances (about the 
quantity g3). If g3 ~ g,, then the ratio of the 
probability of production of four strange particles 
to that for production of two strange particles 
must be determined by just the statistical weights. 
If g3 ~ go, it must be an order of magnitude 
smaller than this. These considerations are also 
entirely applicable to the production of a cascade 
particle: if g3 ~ g,, the production of a = par- 
ticle in collisions of nucleons must have a proba- 
bility comparable with that for the production of 
the other hyperons (A and Z). If, on the other 
hand, g3 ~ go, the probability for = production 
must be smaller than that for production of A or 
2 by about an order of magnitude. 


5. THE WEAK INTERACTIONS 


Two types of decays of baryons and mesons are 
known: lepton decays and non-lepton decays, the 
latter being characteristic of strange particles 
only. A feature that these two types of decay have 
in common is that the interactions causing them 
have coupling constants of the same order of mag- 
nitude (F? ~ f?~ 107-8 in units f=c = Ba = 1) 
and do not conserve spatial and charge-conserva- 
tion parity. We shall consider first the non-lep- 
ton decays, assuming the simplest type of weak 
interaction between the “primary” particles. 

Non-lepton Decays. Examples of these are such 
as K—>2n, K—>3n, A>Nta, Z->N+T7, & 
— A+, the decays of hyperfragments, and so on. 
Any one of the non-lepton decays known at present 
can be described as a process in which one of the 
links in the slow transition A+— N and all of the 
other links are fast transitions that conserve 
strangeness. The simplest assumption would 
‘seem to be that the A<— N transition is a single- 
particle process, i.e., can be described by the di- 
agram of Fig. 2. But, as can easily be seen, such 
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FIG. 2 


an interaction would lead* to the strict (apart from 
electromagnetic corrections) selection rule AT 

= % for all non-lepton decays of strange particles 
(and hyperfragments ). Since cases occur in which 
the rule AT = 4% is known to be violated, we are 
forced to resort to a more complicated class of 
slow interactions —two-particle interactions de- 
scribed by the diagrams of Fig. 3.+ 


A N A N A 
g fs f, 
N N A N N A 
a b c 
FIG. 3 


The interactions described by the constant fs 
(transition of two nucleons into two A particles) 
has not been observed so far. If f, were to turn 
out to be comparable with f,; and f,, processes 
with AS =+ 2 would have probabilities compara- 
ble with those of processes with AS =+1, to 
which the first two diagrams of Fig.3 correspond, 
In particular, the decay 3 —n+a would have 
to occur, and the mass difference of the kK and 
Kg mesons would be of the order Am ~ f3pq_ ~ 
10—100 ev, where f; is the dimensionless con- 
stant of the weak interaction (f,; ~ 10-®— 107") 
and pis the mass of the m meson. (If f; =0 
the mass difference of Ie and 1 is Am ~ f 
X ug ~ fq ~ 10° ev). We shall not go further 
into the discussion of this question, since it has 
been dealt with in detail in a paper by Pontecorvo 
and the writer.!! As for the vertices f; and fy, 
it is easy to see that for them AS =+1; for f, 
AT=%, %, and for fp, AT = %. Ifthe rule AT 
= Vb holds approximately, this means that f; « fy. 
None of the vertices of Fig. 3 gives transitions 
with AD = we so that such transitions are forbid- 
den. Recently Gell-Mann” called attention to the 
fact that the experimental ratio of the probabili- 
ties for the decays K°—~ 20° and K? > a+ 4+ a7 
indicates that transitions with AT =° occur. If 
the experimental data in question are correct, this 
means that in the framework of our present scheme 


*An essential assumption in this proof is that all strong 
interactions are isotopically invariant. 

+We do not distinguish in the diagrams between particles 
and antiparticles. The vertex f, (Fig. 3) differs from the 
vertex g. (Fig. 1) by the fact that for the former AS = 2, while 
for the latter AS = 0. 
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it becomes necessary to introduce three-particle 
weak interactions of the type shown in Fig. 4, since 
they alone can give AT =*4. It seems undesirable 
to resort to such three-particle weak interactions, 
and therefore if the presence in the weak interac- 
tions of an amplitude with AT = % were proved 
this would, in our opinion, be a strong argument 
against the scheme discussed here. 


e(#) 
4 


FIG, 4 


Lepton Decays. Examples of lepton decays of 
ordinary particles are the decays —~ p+v and 
n—~-p+e+vp; examples of lepton decays of 
strange particles are the decays K~>pw+pv, K 
—>putverm, and K~e+v+a7. Lepton decays 
of hyperons have so far not been observed. In the 
NA scheme two types of interactions of the pri- 
mary baryons with leptons are possible (see Fig. 
5). The interaction F, causes lepton processes 
in which m mesons and nucleons are involved. The 
interaction F, causes lepton processes involving 
K mesons and hyperons. Moreover, it is easy to 
see that decays 


A>p+e(w)+y, 


should occur, which have not been observed so far, 
and that decays of A to e*(u*) are forbidden, 
since there is no negative primary baryon. Simi- 
larly there should be decays 

Ap ee (orev 
and decays of A to e (uw ) are forbidden. Since 
in our present scheme all lepton decays in which 
the strangeness of strongly interacting particles 
changes have to go by way of the lepton decay Fy, 
of the A (A) paulele, it follows that in decays 
with AS =-1 and et(yu*) must appear. 

The result is that the decays K? — et (yt) + v 
+m and K®°—e7(u7) +y 4° turn out to be al- 
lowed, and the decays K°—~ e~(u~) ++ 2° and 
Ko — e*(p*) +v+m are forbidden. As is shown 
in Ref. 6, this leads to a quite definite time de- 
pendence of the ratio of the numbers of e* (pt) 


and e (u ) decays in a beam of neutral K 
mesons, namely: 


etl 4. etl 1 op—tl2%1—# 1272 ogg (Amt) 
b gt e-tlta __ 99—#l2t1—# 1242 cog (Amt) 


Here n is the number of the decays in ques- 
tion per unit time and a4 and T, are the life- 
times of the KY and KS mesons, the former of 
which has time (combined) parity +1 and the lat- 
ter, -1. (We assume that the time parity is con- 
served in the slow decays.) ues is the difference 
of the masses of the Ko and Ky mesons. 

Another example is that of the decays zt n- 
+et(put) +v; according to the above statements, 
these decays are forbidden, while the decays Ze 
—n+e7(w-)+V ae allowed. Similarly, the de- 


cays po > +e mee )+v are forbidden, and 
the decays ci tae e Siew ane allowed. 
We note that the decays St — Ate’ 4+ vlandiam 
— A+e +V, which go through the vertex Fy, 
are allowed in our present scheme. 

Since all lepton decays with change of strange- 
ness go by way of the decay of A (A), it is easy 
to see that for these decays the rule AS =+ 1 
must hold, where S is the strangeness of the 
strongly interacting particles. From this it fol- 
lows that the decays 


Eo >nte(w)+ty and®°>pte (w)+y 
must be forbidden, while the decays 5” 
e~(u-) + v are allowed. 

Since in the transition A—p+e7(y~) + the 
isotopic spin of the strongly interacting particles 
changes by AT = 3, it follows that in all lepton 
decays of strange particles the isotopic spin of the 
strongly interacting particles changes by AT = 
4* This makes it possible to obtain a relation be- 
tween the probabilities of the decays 


KE Se. (2) SE VEE x? 
Here it turns out that® 


w (K°) = 2w (K*). 


and K® —> et (uw) +ytr. 


All these conclusions are obtained if we assume 
that the interactions of strange particles with lep- 
tons are represented by the diagram Fy,. If we 
admit the possibility of the existence of more com- 
plicated interactions (see, for example, Fig. 6), 
the rules of forbiddenness and the ratios obtained 
above disappear. But the consideration of such in- 
teractions seems to us extremely artificial. 


6. CONCLUSIONS 


It can be seen from the above that the NA 
scheme makes it possible to give a more or less 
satisfactory qualitative description of the existing 


*In decays of particles with S = 0 (m mesons and nucleons), 
AT = 0.1. 


A COMPOUND MODEL OF 
A ew 
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| 
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FIG. 6 


experimental data and to make a number of pre- 
dictions which can be tested experimentally. These 
predictions relate to both the strong and the weak 
interactions of strange particles. It must be em- 
phasized, however, that many of these conclusions, 
in particular those relating to the strong interac- 
tions, are of an extremely qualitative nature and 
cannot be considered completely convincing. 

As for experimental tests of the NA model, it’ 
is quite obvious that the experimental confirmation 
of any particular conclusions among those drawn 
above cannot by any measure serve as a demon- 
stration of the correctness of the NA model, since 
one could have arrived at these very same conclu- 
sions on the basis of an entirely different physical 
picture (cf. in this connection Ref. 6). A disa- 
greement between the conclusions drawn above and 
experiment will mean that the assumptions which 
we have made within the framework of the model, 
and which appear extremely plausible, are incor- 
rect. 


In conclusion we remark that the model that has 
been considered may take on considerably greater 
interest if the study of the possibility of construct- 
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ing a theory of strongly interacting Fermi fields® 
has a successful outcome. 

The writer is grateful to I. Ia. Pomeranchuk and 
Ia. B, Zel’ dovich for their interest in this work and 
for discussions. 


1E, Fermi and C. N. Yang, Phys. Rev. 76, 1739 
(1949). 

2M. Goldhaber, Phys. Rev. 101, 433 (1956). 

3Geza D’ erdi (Gyorgyi), J. Exptl. Theoret. 
Phys. (U.S.S.R.) 82, 152 (1957), Soviet Phys. JETP 
5, 152 (1957). 

41a. B. ZeP dovich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 829 (1957), Soviet Phys. JETP 6, 641 
(1958). 

°B, Neganov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 260 (1957), Soviet Phys. JETP 6, 200 (1958). 

°L, B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) 
82, 400 (1957), Soviet Phys. JETP 5, 334 (1957), 

™. A, Markov, O cucremaruke 9eMeHTapHbIXx 
uacruy (On Systematics of the Elementary Parti- 
cles), Acad. Sci. Press, 1955. 

S. Sakata, Prog. Theor. Phys. 16, 686 (1956). 

9R. W. King and D. C. Peaslee, Phys. Rev. 106, 
360 (1957). 

10M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

117,, Okun’ and B. Pontecorvo, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 32, 1587 (1957), Soviet Phys. 
JETP 5, 1297 (1957). 

127, Gell-Mann, Nuovo cimento 5, 758 (1957). 


Translated by W. H. Furry 
82 


SOVIET PHYSICS JETP 


VOLUME 34 (7), NUMBER 2 


AUGUST, 1958 


ON THE POLARIZATION OF THE CERENKOV RADIATION FROM A FAST PARTICLE 


CARRYING A MAGNETIC MOMENT 


Iu. M. LOSKUTOV and A. B. KUBANOV 
Moscow State University 


Submitted to JETP editor August 21, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 477-482 (February, 1958) 


The problem of the polarization of the Cerenkov radiation from a magnetic moment moving 
in a ferrodielectric material is treated by the methods of quantum electrodynamics. Calcu- 
lations are made of both the part of the radiated intensity accompanied by flip of the spin 
(ss’ =-1) and the part of the intensity emitted without spin-flip (ss’=+1). It is shown 
that the radiation is composed of a polarized part (which vanishes at the threshold, cos 6 = 1) 
and an unpolarized part (which does not vanish at the threshold). The unpolarized part of 


the radiation is accompanied by spin-flip. 


The energy losses are treated by classical methods, and the separation of the losses into 


Cerenkov loss and ionization loss is indicated. 


Tue problem of the polarization of the Cerenkov 
radiation of a charge in a dielectric has been dealt 
with by Sokolov and Loskutoy,! who have shown 
that the radiation is partially polarized and does 
not vanish at the threshold; this last fact is due to 
the presence of the spin of the electron. It is not 
hard to show that in the case of the motion of a 
charge through a ferrodielectric material one gets 
for the intensity radiated per unit length the for- 
mulas 

V.= e2 ao n2w2h2 


o | poral 


0 


n-) 4 (1— cos? 6) des, (1) 


Pu ua Qqy2h2 _ 
W.=& \ v@olse (ln) do, (2) 


0) 


where W3 and Wy, are the intensities respectively 
in and perpendicular to the plane (kk) and n= 
(Gee 

Comparing Eqs. (10) and (11) of Ref. 1 with 
Eqs. (1) and (2), we see that inclusion of the effect 
of the magnetic susceptibility of the medium does 
not change the nature of the polarization of the ra- 
diation in the dielectric. 


1, POLARIZATION OF THE CERENKOV RADI- 
ATION OF A MAGNETIC MOMENT 


(a) As is well known, the operator for the inter- 
action energy of a magnetic moment po and the 
electromagnetic field in a medium is given by 


W = tops (9B) + poe (GE), (3) 


where f3, Py, and o are Dirac matrices. 

The expression for the vector potential A of 
the quantized transverse electromagnetic field in 
a medium characterized by the constants €(w) 
and p(w) can be written in the form (cf. Ref.2) 


A=L~h >, (2xnc" & / x)" [aexp (— ic’ xt + ixr) 


x 


+ a* exp (ic’xt — ixr)], (4) 


where c =c/( epy'/2, c’=cp; tik is the momen- 
tum of a photon; and the amplitudes a and at 
obey the commutation relations 


ana, aor aan = bay (Sans — * xnXp/). (5) 


In particular, when there are no photons in the 
initial state (as we shall assume in what follows) 
we can set 


aan == 0, Ana, => One (Brn? — ie 7) (6) 


To study the polarization of the radiation we re- 
solve the amplitude A of the vector potential into 
components (cf. Ref. 3) which characterize defi- 
nite states of polarization: 


a= a, + a3 = Bog. + Bsqs, 
Bo = [*°k°] / V1 — (x°k°)?, By = [x°B9] (7) 


in the case of linear polarization, and 
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a= ay ay = Big + Baga, 
V2B, =P, +i, X= 1, —1 (8) 


in the case of circular polarization. Here k° is 
a unit vector in the direction of k and k® is a 
unit vector along the direction of motion of the 
magnetic moment. In Eqs. (7) and (8) the quantum 
part of the amplitudes satisfies the relations 


GOO Gi On ai ea, Soe ep WE (9) 


Using the fact that 
B =curl A, js eae ent SS 
CrOt 
and also recalling the absence of photons in the 


initial state, we find for the interaction energy op- 
erator W* (cf. Ref. 3) 


wWi=— vy Sy (2nc"h / «)'2 exp {i (c’xt — xr)} 
x {pn (@ (map) + »p2 (aay) J (10) 


By the use of the methods of perturbation theory it 
is not hard to find (cf. Ref. 4) the probability of 
emission of radiation by the magnetic moment: 


2m 


where 


Ry = — itvgh (20h | ¥)"» '* {05 (9 [xapl) +S xpa (@ay)} 6 


k, K =(k2+3)!/? and k’, K’ = (kK? 4+3)!/? cor- 
respond to the magnitudes of the momenta (hk, 
ik’) and energies (chK, chK’) of the magnetic 
moment respectively before and after the act of 
emission. Calculating out the required matrix 
elements (cf. Ref. 5, Sec. 21) to find Wj by Eq. 
(11), we get the expression 

cue 
167 


«3 (ge tee) 
pagel 
+S (1 Be re) (i —s¢ HD) 4 259 in) 
42% (sh — sh) (4 (se'k — s'ek’[[%°a)] af])} 


(j= 2, 3); (12) 


W;= 


\ 253 (K’ +%/n—K) a 


where s and s’ are the spins of the magnetic- 
moment particle respectively before and after the 
emission of the photon. 


(b) For the intensity of the radiation per unit 
length we find after averaging over the spin states 


imax 


a EOS : 
Wi= 4) \ gaa () {C7 — 2) B? (1 — cos* 6) 
0 


+ (1—89)} (1-2) de, (13) 
((=2,3; W=W.=')Wi+W,), (4) 


6 is the angle between the directions of travel of 
the emitted photon and of the magnetic moment. 

(c) For the intensities of the radiation per unit 
length in the cases of spin-flip (ss’ =-1, upper 
sign) and of absence of spin-flip (ss =+1, lower 
sign) we get 


Wi=ze3 | Se [FZ {U—2)8* costs) 
+p} —a) EP fp +n) —— coss 
03, ee (j —3) 2sin?6 — “= cos 6) (2/8 —6 — oh/ cp) 

noh 


+ = (1 —(j—2)2sin?6— = cos 8) (B — ak / cp) (15) 


cp 


— = (cos 6 — nook /ep) (1 — pe) lao. Gea 
Wy Ge) Wag Fe) a (Wa Ge ae se) ace) 


Tr ==5 (I— (2 nok | cp) cos 9 a nar? | c2p?)'h. 


According to Eq. (15) we get for the radiation at 
the threshold 


W;(+)=0, (17) 
Wi()=2 | See@)U—P)—n)do. (18) 


0 


It can be seen from Eqs. (13) and (14) that the 
radiation is partially polarized and is nonvanish- 
ing at the threshold; Eqs. (17) and (18) show that 
this last fact is due to the spin-flip, i.e., is a 
purely quantum effect. Also not without impor- 
tance is the fact that the polarized and unpolarized 
parts of the radiation are of the same order of 
magnitude, and for 1/n < B < (% + 1/n2y1/2 the 
unpolarized part even exceeds the polarized. We 
note in passing that the threshold radiation van- 
ishes in the ultrarelativistic approximation, just 
as in the classical approximation. The result of 
Eq. (18), that the radiation at the threshold is fi- 
nite, is a consequence of the fact that, as is shown 
by calculation [by means of Eq. (12)], in the case 
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of absence of spin-flip the probability of emission 
of radiation at threshold is zero, but with spin- 
flip it remains finite. 

The fact that the threshold radiation of a mag- 
netic electron described by the Pauli equation is 
nonvanishing has been pointed by Ginzburg.® 


2. ENERGY LOSS OF A MAGNETIC MOMENT 
MOVING THROUGH A FERRODIELECTRIC 
MEDIUM 


In dealing with the energy loss in a ferrodielec- 
tric medium we shall assume that the direction of 
the magnetic moment coincides with the direction 
of motion. In this case the electric moment p 
appearing because of the motion of the magnetic 
moment is zero. The equations for the potentials 
must here be written in the form 


AA — (cu./c2) 2A /Ot? = — 4npcur1M, 


Ae — (op./c*) 09 / at? =0, va) 
where M= pod(r — rg) and r¢(t) specifies the 
position of the magnetic moment. 

Setting ~=0, we have for the intensities of 
the electric and magnetic fields 


4 0A 4 


E=— 
and setting A-=curl Il, where II is the magnetic 
polarization potential, we get the equation 


Arup, 8 (r — Tz). (21) 


In the case of uniform motion of the magnetic mo- 
ment along the z axis (for method of solution of 
such equations see, for example, Ref. 7 or Ref. 8) 
we find 


n= % \ uk, (tr) exp {ix (z —vt)} de, (22) 


where Ko = (7i/2)H) (itr) and kx =w/c. Here 
¢ = x (1— ep)’ sign Rex (1 — ep)’, 


and Hy) is the Hankel function. 

For the energy loss Wp in collisions with im- 
pact parameter larger than b we compute the flux 
of the Umov-Poynting vector through the lateral 
surface of a cylinder of radius b surrounding the 
Z axis: 

V,= = \ ExH dS 
+00 : 
= a Re \ icon” (co) CC Ky (Cb) Ky (Cd) dor, (23) 


—c 
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where dS is a surface element of the cylinder. 
In the derivation of Eq. (23) we have used the 
relations (20) and (22), and also the formulas 


Kn+1 (6) — Kn-1 (6) = 2nKn (6) / 8 


dKn (8) [dé = — Ka (§) — = Kn (®)- 


In proceeding to the consideration of small values 
of the parameter b (of the order of interatomic 
distances), regarding the extinction coefficients in 
the actual expressions for € and w as finite, we 
can confine ourselves to the first terms of the ex- 
pansions of the Bessel functions Ky(&é) and K,(é) 
(since | fb] « 1): 


K, = 1/06, K, (C6) = 5 In (4/3.17 28%). 
Consequently, at small impact parameters we have 


for Wp 


+00 
meee 4 
Re ( 1@ (w) Kd In BATeb do. 


—oc 


Ve= (23a) 


ser 
From this we get 


2 foe} 
eae 42 
3 


+ o[Rep —8?|u*Ree]} do, (24) 
where 
ne" -. —862Imeu 
= teh 7 eRe eh 


for the Bohr frequencies (1 — ?Re eu > 0) and 


62 Im eu 
—1-+ 6? Reex 
for the Cerenkov frequencies (1 — 8?Re Eu < 0}. 
In making the separation of the losses into Ce- 
renkov and ionization losses we use the fact that 
the frequency at which the Cerenkov radiation 
breaks off (w = Wmax) is not a characteristic 
frequency for the ionization losses. Consequently, 
the mathematical formula for the latter losses 
must not change on passage through this frequency. 
Thus we can write 


o=—n- tan” 


7 


2 
we"=—22 ( o®Reu—B|pfRes)da (25) 


Reep. B7>1 
for the Cerenkov loss and 


wir Ailes {(im p+ |v? Ime) In al 


: 3,17b?w? | 1 — ew8? | 


62 Im ew 


— (Rey — 8? |p Ree) tan™ T—B?Re ep (26) 


: 
J 
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for the ionization loss. For B=1, Eq. (25) gives 
the result of Eq. (16) in Ref. 6. 

In conclusion we thank Professor A. A. Sokolov 
for suggesting this topic and for a discussion of 
our results. 
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The optical properties of air at temperatures below 6,000° are considered. It is shown that 
the radiation and absorption of visible light at temperatures between 6,000° and 2,000° is due 
to the nitrogen dioxide that is formed in the air at these temperatures. This affords an ex- 
planation for several optical phenomena observed in strong explosicns: the glow of air ina 
shock wave at low temperatures (down to 2,000°), the separation of the shock-wave front 
from the boundary of the fireball when the temperature of the front is close to 2,000°, and the 
peculiar effect of minimum brightness of the fireball. 


yy general description of the optical effects ob- 
served during strong (atomic) explosions in air 
is given in an American survey. 

A shock wave propagates from the center of the 
explosion along a trajectory which was shown by 
Sedov’ to satisfy, with good approximation, the 
self-similar law R ~ t?/°, 

So long as the amplitude of the wave is suffi- 
ciently large, the surface of the front of the shock 
wave (SWF) glows brightly, forming the so-called 


*The work was performed in 1954. For a brief communica- 
tion of the results see the review, Ref. 1. 


fireball (FB). The brightness or the effective 
temperature of the FB, taken to mean the absolute 
temperature of a black body producing an identical 
radiation flux as the FB, diminishes with time as 
the true temperature behind the SWF decreases. 
At a certain instant of time, tmin, which is on 
the order of 10~ sec for an explosion with energy 
E ~ 107! ergs, the SWF stops glowing and the 
boundary of the glowing body separates from the 
wave front. The brightness of the FB now goes 
through a minimum, after which it increases again 
—the FB, so to speak, flares up again. Now the 
dimensions of the FB increase much slower, while 


332 Uw 


the front of the shock wave moves far ahead. The 
brightness of the FB rises to a maximum at an 
instant Tmax ~ 107! sec, after which it dies 
down slowly, within approximately one second. 
Figures 1 and 2 show schematically the depend- 
ence of the effective FB temperature on the time 
and on the trajectory of the SWF, and also the time 
dependences of the SWF trajectory, R(t), and 


of the FB boundary trajectory, Ro(t). ae scales 
02 


are based on an explosion energy E ~ 10° ergs 
lest 
~ 10000° 
~10-2 ~10~' oH/ 
Z, sec ~ 1-2 z,sec 
FIG. 1 FIG. 2 


The energy radiated during the explosion 
amounts to approximately one third of the explo- 
sion energy, and the fraction of the light radiated 
prior to the minimum, a time interval of one- 
hundredths of the total glow time, is on the order 
of 1%. 

At temperatures above approximately 10,000°, 
the air absorbs a continuous spectrum in the vis- 
ible region, principally by photoionization of the 
highly excited nitrogen and oxygen atoms (and 
molecules). The light is radiated as the result of 
the inverse process, photorecombination of free 
electrons with the ions. 


Quanta of frequency v can be absorbed only by 
atoms excited to an energy I — hv (I is the ion- 
ization potential). The number of these atoms is 
proportional to the Boltzmann factor exp [-—(I — 
hv)k/T ], with I-—hv > kT at T ~ 10,000°. The 
coefficient of continuous absorption, K,, therefore 
diminishes very rapidly with decreasing tempera- 
ture. Although the range of the light amounts to 
tens of centimeters at T ~ 9,000°, it is on the 
order of meters at T ~ 8,000°, and on the order 
of kilometers at approximately 6,000°. 

At temperatures above ~ 9,000°, the range of 
the light is less than the distances at which the 
temperature behind the SWF changes noticeably, 
on the order of meters. Therefore, when the SWF 
temperature is above 9,000°, the front radiates 
like an absolutely black body, and the effective 
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temperature coincides with the true temperature 
behind the SWF * | 

Cold air, as is known, is quite transparent to ‘| 
visible radiation, since the molecules of the nitro- 
gen and oxygen absorb light only in the ultraviolet 
portion of the spectrum. Let us assume that the 
only light-absorption mechanism during heating is 
the photoionization process of the highly-excited — 
nitrogen and oxygen atoms and molecules, a mech- 
anism that is effective in practice above approxi- 
mately 9,000°. This would, first, stop the SWF 
from glowing as soon as its temperature drops to 
~ 9,000°, for even at T ~ 5,000° the light-emis- 
sionability would become negligible. Second, at SWF 
temperature below ~ 9,000°, the layer of air be- 
tween the front and the surface of ~ 9,000° would 
be practically transparent to the visible light and 
the hotter region of air with T ~ 9,000° would 
glow across this layer (the temperature in the 
explosion wave rises from the periphery to the 
center*®),. The effective temperature of the FB 
would therefore not fall below ~ 9,000°. 

Experience has shown that the air in the shock 
wave actually glows at temperatures down to ~ 
2,000°, for it is exactly at this temperature that 
the front becomes invisible and the boundary of 
the FB becomes separated from the SWF. In ad- 
dition, the effective temperature of the FB di- 
minishes to values below ~ 9,000°. This is evi- 
dence that, in the temperature interval from ~ 
9,000° to 2,000°, another mechanism exists in the 
air for continuous absorption and radiation of vis- 
ible light. 


We shall discuss in this article the optical prop- 
erties of the air at temperatures below ~ 9,000°. 
It turns out that these properties are determined 
by the nitrogen oxides NO and NO, that are formed 
in the heated air. 

This will lead to an explanation for the follow- 
ing experimentally-observed phenomena: glow of 
a shock wave at temperatures considerably below 


*This is true only up to T; =~ 90,000° behind the SWF. 
With further increase in the amplitude of the shock wave, the 
effective temperature diminishes rapidly to a limiting value 
T ere = 18,000° and is no longer dependent on the amplitude. 
The cause of this phenomenon, examined in detail in Ref. 4, 
lies in the self-screening of the SWF at high T,, when the 
SWF expands through radiant heat exchange. 

It must be noted that the maximum and limiting brightness 
temperatures observed experimentally may turn out to be 
lower than the values mentioned above, owing to partial ab- 
sorption of light by the non-equilibrium nitrogen dioxide, 
which should appear in the cold air ahead of the SWF under 
the influence of the neutrons and the y quanta. 
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9,000", abrupt cessation of glow at T; ~ 2,000° 
and the separation of the SWF from the boundary 
of the FB, and the very peculiar effect of the min- 
imum brightness and subsequent “flareup” of the 
FB. The kinetics of the formation of the oxides 
of nitrogen in the air during strong explosions, 
and the concentration of these oxides, were con- 
sidered in an earlier work.® 


1. METHOD OF COMPUTING THE EFFECTIVE 
RADIATION TEMPERATURE 


We are interested in the region of minimum 
brightness, i.e., that stage of the explosion, in 
which the temperature of the SWF is still suffi- 
ciently high, above ~ 1,500°, and the shock wave 
is strong. Only a small fraction of the total ex- 
plosion energy is radiated at this stage, and there- 
fore the hydrodynamics of the shock wave can be 
described with sufficient accuracy by the self- 
similar solution of Sedov’ with a certain effective 
adiabatic exponent y (Ref. 5). 

In the center, when the temperatures are very 
high, on the order of 100,000°, the self-similar 
solution naturally no longer conforms to reality, 
for in this region the temperature profile becomes 
equalized by radiant heat exchange. Nevertheless, 
this does not affect in practice the distribution of 
the hydrodynamic quantities in the external layers 
of the wave, the only distribution of importance 
when considering the brightness of the FB. 

The thickness of the radiating layer near the 
surface of the FB is considerably smaller than the 
radius of the FB, which is on the order of hundreds 
of meters, and the radiating layer can therefore be 

considered plane. 

It is easy to derive a general formula for the 
radiation flux from the surface of a heated body, 
at a frequency v, by integrating the sources of 
light along the ray at a certain angle to the normal, 
with allowance for the absorption along the path, 
and then integrating the resultant expression over 
the angles. This gives the well-known expression 
for the spectral brightness® 
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where 
Baye a: (2) 


By(T) is the Planck radiation flux at frequency 
v, emitted from the surface of an absolutely black 
body, 


27h v3 : 
By (T) —— eo ete ? (3) 
Ty is the optical thickness for radiation at a fre- 


quency v, measured inward from the surface of 
the SWF 


ty = xy AX, (4) 
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x is the radial distance, also measured inward 
from the surface of the SWF, and Ky is the ab- 
sorption coefficient, corrected for the forced 
emission, and equal to the reciprocal of the range 
of the light, ky = 1/L). The effective temperature 
of radiation at a frequency v is determined from 
the obvious formula 


Be Vee \ B,(T) Es (t) dry. 5) 
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Knowing the temperature profile T(x) behind the 
SWF and the light absorption coefficient k,,(x) at 
any point, it is possible to calculate the effective 
temperature of radiation from Eqs. (5), (3), and 
(4). 

To be specific, all further calculations will be 
referred to the red line } = 6500 A (hv =1.91lev). 

The temperature and density distributions be- 
hind the SWF will be taken from Sedov’s self-sim- 
ilar solution with effective adiabatic exponents 
vy = 1.23 at Tre > 3,000° and y,=1.27 sata lers 
3,000° (see Ref. 5). If the temperature changes 
little in the radiating layer behind the SWF, i.e., 
in the layer that gives the principal contribution 
to the integral (5) (its optical thickness is on the 
order of unity), then we can put in (5) B,(T)s# 
By(Tf) = const. This yields, as expected, Togg 
ww Tf. 


2. TYPICAL PROPERTIES OF AIR ABOVE 
6,000° 


To calculate the coefficient of absorption of 
red light by photoionization of the highly-excited 
atoms and molecules, let us employ the well-known 
Kramers formula for hydrogenlike atoms.® This 
formula takes also into account the absorption by 
free electrons in the field of the ions (which is 
considerably less than the photoionization at ~ 


10,000°). After inserting the constants, the Kra- 
mers formula becomes (for the red line) 
—I; | kT 2 
ey = 1,48'T2n (CT = 1) Dees? eme*y ) (6) 


Here 7 is the compression, i.e., the ratio of the 
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air density p tothe normal density pp = 1.25 x 
107° g/cm’, cj =nj/ngn is the concentration of 
particles of the i-th kind (nj is the number of 
particles per cm? and Np = 2.67 X 10!° cem=? is 
the number of molecules per cm? of air under 
standard conditions), I; are the ionization po- 
tentials (Io = 13.6 ev, In = 14.5 ev, 10, = ASS) hie 
IN, = 15.5 ev). The effective charge of the atomic 
remnant, which is proportional to Vit, is taken 
to be 2.5 (Ref. 6). 

Some doubt may be raised by the application of 
the Kramers formula to nonhydrogenlike atoms, 
and particularly to molecules. One must bear in 
mind, however, that red light with hv = 1.91 ev 
is absorbed only by electrons that are at very high 
levels, moving in a field close to the Coulomb 
field. In addition, as will be shown below, the 
quantities that are of interest from the point of 
view of calculating the effective temperature de- 
pend only logarithmically on the factor of the ex- 


ponential in formula (6). On the other hand, the 
fundamental (Boltzmann) temperature dependence 
of the absorption is unconditionally correct also 
for nonhydrogenlike atoms and for molecules. 

At temperatures below ~ 12,000° and at high 
compressions, such as prevail near the SWF, the 
nitrous oxide NO, which is formed in heated air, 
makes a substantial contribution to the sum (6). In 
spite of its small concentration (on the order of 
several percent, see Ref. 5), the absorption of the 
oxide is large, for it has a considerably lower ion- 
ization potential, Ino = 9.4 ev.* 
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Table I gives the values of x, for different 
temperatures and for two values of compression, 
n=10 and 7=1. The table lists also the partial 
absorption coefficient K,yo- At temperatures 
below ~ 9,000°, practically the entire absorption 
is due to the nitrous oxide. 

The limiting temperature, for the mechanism 


of- light absorption considered here, must be taken- 


to mean that temperature at which the range be- 
comes on the order of a meter, i.e., on the order 
of the characteristic dimensions, at which the 
temperature changes noticeably in the shock wave. 
The nitrous oxide reduces this limit from ~ 9,000° 


to ~ 6,000°. It is to this temperature, Tr x 6,000°, 


that the SWF radiates as a black body, Teff s Tf. 
If, when calculating the effective temperature 
of the FB for the instants of time when the tem- 
perature of the SWF is considerably lower than 
6,000°, we break up the integral (5) into two parts, 
one for outer colder layer of air, 0 <7, <7 
(0 <x < x*) with atemperature Tr < T < 6,000°, 
and one for the inner, hotter region with T > 
6,000°, then the integral can be written 
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0 
where T* is certain effective temperature of the 
radiation leaving the surface that bounds the inner, 
hotter region. This temperature, thanks to the ex- 
ponential dependence of k, on T, depends only 
logarithmically on the density and on the value of 
the factor ahead of the exponent in the Kramers 


TABLE I 
i n= 10 

fe 

%) » em™ | *yNO» cm % » cm? %)NO.cm™ 
9000 2.64-1074 2.64-10-4 
6000 2,69-10-4 Qa OprlOm- 5.74-10-3 Beer? 
8000 6.95-10-3 6-10-38 0.17 HOM 
10000 4.6-10-2 2,0 -10-2 1.19 NO) 
12000 0,31 5-10-2 d.4 2.6 


*The values of the coefficient of absorption of red light 
behind the SWF in air, measured by Model’ (Ref. 7) at two 
values of T;, can be viewed as experimental evidence that 
absorption of light is essentially due to precisely the nitrous 
oxide. The oxygen and the nitrogen would give a consider- 
ably greater difference in the values of x, than was obtained 
experimentally. A quantitative comparison of the experimen- 
tal values of x, with the theoretical ones is difficult, owing 
to the fact that the temperature is not known accurately. 
Apparently, the value x, = 3.7 cm must pertain not to the 
temperature of 10,900° as measured by the brightness, but to 
the temperature T, = 11,500°, calculated from the wave veloc- 
ity 8.05 km/sec with the aid of the shock adiabatic. 


formula (as already noted above, this circum- 
stance indeed makes possible the use of this for- 
mula). 


The temperature T* has a rather narrow range 
from ~ 7,000 to ~ 9,000°, increasing somewhat with 


decreasing density. 


3. OPTICAL PROPERTIES OF THE AIR BELOW 
6,000° 


Let us formulate the fundamental requirements 
that must be satisfied by the sought mechanism of 
light absorption, in order that it be usable for the 
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explanation of the following experimental facts: 


(1) The absorption (and radiation) spectrum 
should be practically continuous in the visible re- 
gion. 

(2) The absorption and radiation should cease 
abruptly at a temperature of ~ 2,000°, 

(3) In the temperature range from ~ 6,000 to 
2,000°, the absorption should lead to a range of 
light on the order of meters. In fact, if &, is 
much less than a meter, then a layer with temper- 
ature ~ 6,000 — 2,000° will not shield to a suffi- 
cient extent the low-temperature radiation T*. 
If, on the other hand, 2, is much less than a 
meter, then the layer will be quite opaque, and the 
effective temperature, reaching a minimum, can- 
not increase noticeably. 

(4) For the same reason, the temperature de- 
pendence of the absorption cannot be greater than 
the Boltzmann value Kk, ~ exp(—W/kT) with W 
>> kT, since the range would change very strongly 
in the above temperature range. 

Let us consider the possible mechanisms for 
the absorption of light at temperatures below 
6,000°. 

At low temperatures, the negative oxygen ions 
formed are either atomic, with binding energy € 
= 2.2 ev, or molecular, with € s lev. These 
ions are due essentially to the transfer of elec- 
trons from the NO molecules to the oxygen, since 
NO has the very lowest ionization potential. The 
oxygen ions absorb the visible light, causing de- 
tachment of an additional electron. Calculation of 
the ion concentration in accordance with the Sach 
formula from known’ concentrations of O, O., and 
NO shows that the ion concentration depends on the 
temperature in accordance with the Boltzmann 
equation, with the high energy W ws 3.6 ev. 

In addition, an estimate of the absolute value 
of the absorption coefficient, with the aid of known 
data on the absorption cross-section? 0p = 2.9 
x 10718 cm’, shows that the ions can produce a 
noticeable effect only at high temperatures, above 
5,000°. 

Being transparent to the visible light, the oxy- 
gen, nitrogen, and nitrous-oxide molecules that 
remain in the electronic ground state at ordinary 
temperatures absorb, as is known, only the ultra- 
violet radiation. At high temperatures, the ab- 
sorption spectra of the molecules shift towards 
the red side, since the smaller quanta can be ab- 
sorbed by the molecules in which oscillations are 
excited. 

A detailed investigation of the possible transi- 
tions, using the potential-curve schemes of vari- 
ous electronic states of the O,, Nz, and NO mole- 


cules of Refs. 9 and 10, shows noticeable absorp- 
tion of the red light calls for high excitation, i.e., 
the coefficient of absorption is proportional to the 
Boltzmann factor with a high energy W. 

An estimate of the absorption cross-section is 
evidence that, as in the case of negative oxygen 
ions, this mechanism gives a certain effect only 
at temperatures above ~ 5,000°, * 

The most probable is the hypothesis that the 
light is absorbed by the nitrogen dioxide, which 
forms in air at temperatures ~ 6,000 —2,000° in 
quantities on the order of 107?% (Ref. 5). 

Deferring the experimental confirmation of 
this hypothesis to the next section, let us consider 
the optical properties of nitrogen dioxide. 

Cold nitrogen dioxide is an opaque gas, whose 
brownish-red color is due primarily to the ab- 
sorption of light in the blue portion of the spec- 
trum. The molecular bands, which form a com- 
plex system, are so closely adjacent, that they 
give a practically continuous absorption spectrum. 
The dependence of the absorption cross-section on 
the frequency in the visible portion of the spec- 
trum was investigated by many authors; the most 
complete data were obtained by Dixon! who meas- 
ured the absorption from Aw# 4,000 A (hv s 3.1 
ev) to Aw 7,000 A (hv w 1.78 ev). 

The cross-section diminishes monotonically in 
this interval from o ~ 6.5 X 10°!® cm’ to ox 
10°2° cm?, According to Harris and King,‘ the 
absorption in the infrared region is very small — 
o< 4.5107 cm? at Aw 10 A. From the 
Dixon curve it is seen that the cross-section ap- 
proaches a maximum at A ~ 4,000 A. This is 
also confirmed by the indication that the cross- 
section passes through a minimum at Aw 3020 A 


(Ref. 14). 


*Note (November 25, 1957). A recently published article 
by Kivel, Mayer, and Bethe !! contains a detailed examina- 
tion of the molecular radiation (and absorption) of light by 
nitrous oxide at high temperatures. Upon substitution of nu- 
merical values, the approximate formula given by these au- 
thors for the coefficient of absorption becomes (for red light) 


4 —43000 
8.4 x 10*¢noy a a) 
Sere cm. 


T 


n= 


At T = 5,000° and at standard density (7 = 1), we get x, 

= 2.3 x 10% cm" and / = 43 m; at lower temperatures the 
range is even greater, this confirming that the above mecha- 
nism cannot give a substantial effect below ~ 5,000°. 

It must be noted that below 6200° the molecular absorp- 
tion by the nitrous oxide becomes greater than the photoelec- 
tric absorption (each of these mechanisms yields x, =6 
x 10° cm™ at v= 1). As the temperature rises, the relative 
role of this mechanism diminishes: thus, if T = 8,000° it 
amounts to 17% of the photoelectric one. 
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It is very important to have an idea of the tem- 
perature variation of the cross-section in the red 
portion of the spectrum (there are no reliable ex- 
perimental data). For this purpose it would be 
necessary, at least, to know the potential-surface 
scheme of the NO, molecule. There are no indi- 
cations to this effect in the literature. We must 
therefore confine ourselves to semi-quantitative 
estimates. 

It is natural to assume that the entire absorp- 
tion spectrum in the visible region is due to a 
transition to the next nearest electron level. Judg- 
ing from the fact that o drops abruptly to a neg- 
ligible value at hv x 1.7 ev, one might think that 
the energy of the level amounts to €x 1.7 ev. The 
maximum of the cross-section at hy zy 3.1 ev can 
be explained by the fact that the transition from 
such an energy satisfies the Frank-Condon law in 
the best manner. Starting from these considera- 
tions, one can imagine a certain section of poten- 
tial surfaces in the form shown in Fig. 3. As the 


& ev 


FIG. 3 


temperature rises, vibrational levels are excited 
in the NO, molecules and, as seen from Fig. 3, 

the maximum of the cross-section, corresponding 
to the transition that satisfies the Frank-Condon 
law in the best manner, shifts towards the red side 
together with the entire o(v) curve. Since the 
electron level in the NO, molecule lies very low, 
even a relatively small increase in temperature 
can excite to a sufficient degree vibrational levels 
whose energy (in ev) is € = 0.079v, + 0.169 vy 

+ 0.199v3 (vy, V2, and v3 are the quantum num- 
bers). Thus, for example, at a temperature on the 
order of 2,500°, 65% of the molecules are at levels 
not lower than €44; = 0.45 ev, from which the 
transition with absorption of a red quantum hv 

= 1.91 ev becomes quite probable. 

Thus, we can assume that the cross-section 
for the absorption of red light by nitrogen dioxide 
increases monotonically (to a certain limit) with 
the temperature, and already at relatively small 
temperatures, on the order of several thousands 
of degrees, it reaches a value on the order of the 
maximum cross-section of the cold dioxide. 
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Unfortunately, there are no sufficient experi- 
mental information on the NO, molecule,* with 
which to carry out the very complicated tempera- 
ture dependence of the absorption. Therefore, to 
calculate the effective temperature of the FB, we 
shall use the following likely values for the cross- 
section of absorption of red light: 
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T° = 5000 4000 3000 2600 2000 
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4, MINIMUM BRIGHTNESS OF FIREBALL 


The hypothesis concerning the absorption of 
light by nitrogen dioxide leads to an easy and na- 
tural explanation of the characteristic features of 
the observed phenomena. It becomes quite clear 
why at a SWF temperature Tr = 2,000° the SWF 
stops glowing and detaches itself from the bound- 
ary of the FB. 

As shown in Ref. 5, the exceedingly abrupt re- 
duction in the rate of nitrogen oxidation with di- 
minishing temperature, at the very temperature 
~ 2,000°, results in practice in a cessation of the 
formation of the oxide, and consequently, also of 
the dioxide of nitrogen in the layers of the air in- 
cluded in the SWF. 

After the separation, at Tes 2,000°, the bound- 
ary of the glowing region is at first that layer of 
air behind the SWF, which was heated by the SWF 
to a temperature = 2,000° and which bounds the re- 
gion of the existence of the dioxide. This layer 
moves forward, and stops gradually as the pres- 
sure in it drops to atmospheric (see the trajectory 
of the FB on Fig. 2). In the case of adiabatic ex- 
pansion, the temperature in the layer diminishes 
slowly from the initial value of ~ 2,000 to ~ 800°.f+ 
Probably, the boundary of the FB will penetrate 
with time somewhat deeper, into layers in which 
temperatures are closer to 2,000°, since the radi- 
ating ability, which is proportional to exp (—hv/kT) 
(hv > kT) diminishes very sharply with decreas- 
ing temperature. More accurately speaking, the 
boundary of the FB is determined by the sensitiv- 
ity of the recording instrument. This naturally 
explains also the effect of the minimum brightness 
of the FB near the instant when the SWF breaks 
away from the FB. 

Let us note first that the absorption of light by 
the nitrogen dioxide is of the required order of 


*The probabilities of transition between the various vibra- 
tional levels were calculated only for certain diatomic mole- 
cules. 

+The initial pressure in the layer is p, = 50 atmos; 

T ~ p(%-/Y ~ p%, for in this temperature region y ~ 1.35. 
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magnitude, For example, at T = 3,000° anda 
compression 7 =5, the concentration of NO,, ac- 
cording to calculations of Ref. 5, is 1.58 x 1074, 
With an absorption cross-section OnO, = 2.15 
x 107 cm?, this gives arange £ = 2.2 m. 

The temperature dependence of the concentra- 
tion CNO, and of the cross-section TNO,» and 


consequently, of the coefficient of absorption is 


quite weak in the interval from ~ 6,000 to ~ 2,000°. 


Consider a layer of air behind the SWF at any 
one instant of time, say when the temperature of 
the SWF is Tr =3,000°, The temperature behind 
the SWF rises, and the density decreases. Ac- 
cordingly, the concentration of the dioxide dimin- 
ishes rather rapidly with the distance from the 
SWF. Using the method discussed in Ref. 5 to 
calculate the concentration CNO, (x) at each 
point x, with the known temperature and density 
known from the self-similar solution, and employ- 
ing also the absorption cross-sections ono, (T) 
given above, it is possible to plot the distribution 
of the absorption coefficient behind the SWF, 
Ky(X). 

At the point where the temperature reaches ~ 
6,000 — 7,000°, the concentration of the NO, and 
the absorption becomes very small. However, 
starting with temperatures of the same order of 
magnitude, the absorption of light by the nitric 
oxide comes into play, as does also the absorption 
by the oxygen and nitrogen, considered in Sec. 2; 
this absorption increases very sharply with in- 
creasing temperature, i.e., with increasing dis- 
tance from the SWF. 

Figure 4 shows the distribution k,(x) for the 
instant t = 1.5 X 107? sec for a SWF radius Rg 
= 107 m (explosion energy E = 107! erg), at which 
the SWF temperature becomes Ty = 3,000°. The 
same diagram shows the values of the tempera- 
tures and density at several points x. Another 
typical distribution of K,(x) is obtained when 
the SWF temperature is below ~ 2,000° (see Fig. 
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5, which pertains to t = 2.64 x 107? sec, Rr = 138 
m, T¢=1,600°). In this case the absorption be- 
gins not immediately behind the SWF, but some- 
what away from its surface, in the particles that 
were heated by the passage of the SWF to a temper- 
ature ~ 2,000°. No dioxide was formed in the outer 
layer, in which Ky = 0. 

The layer of air between the surface of the SWF 
and the surface where the temperature has an 
order of 6,000°, containing the nitrogen dioxide 
and having an optical thickness 7 , plays a dou- 
ble role. On the one hand, it absorbs the radiation 
of temperature T* ~ 7,000 —9,000°, which is gen- 
erated in the internal region with T > 6,000° [the 
screening factor Ez ( T*) in the formula (7)]. On 
the other hand, it radiates light on its own [first 
term of (7)]. 


As the temperature of the SWF diminishes, 
starting with Ts x 6,000°, the actual and optical 
thicknesses of the air layer containing the dioxide 
increase, and the effective temperature Toff 
drops. Since the optical thickness i is on the 
order of unity, the effective temperature exceeds 
the temperature of the SWF substantially. The 
ratio of the first term to the second in formula 
(7) diminishes, and when Tr # 2,000° it becomes 
very small: the role of the dioxide layer reduces, 
essentially, to screening the internal hot region, 
and the layer itself radiates little. 

When the temperature of the SWF reaches ~ 
2,000° no more dioxide is formed in the layers of 
air newly captured by the front. Even if the total 
amount of the dioxide transformed by that instant 
of time were to remain constant, the optical thick- 
ness of the screening layer would diminish with 
time. In fact, as a consequence of the scattering 
of the air in the explosion wave, the same number 
of molecules NNO, would be distributed over a 
spherical layer of an ever increasing radius 

Re 
i = \ Nno,2NO, dr 
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and diminishes with constant 
Re 
Nyo, = \ 4xr*nno,dr, 


0 


roughly speaking in proportion to ~ Rr as 

Actually, the total amount of the dioxide, after 
it stops being produced in the air layers newly 
captured by the SWF, diminishes within a certain 
length of time,° which leads to an even faster re- 
duction of ee Thus, at Ty, < 2,000°, the screen- 
ing by the dioxide layer diminishes and the inter- 
nal hot region gradually “becomes bare;” the ef- 
fective temperature in this case increases — the 
FB, so to speak, flares up again. 

The above qualitative considerations concern- 
ing the nature of the minimum brightness are il- 
lustrated in Table II, which lists the effective tem- 
peratures calculated in accordance with formula 
(5) for an explosion with energy E = 1074 erg. The 
effective temperature passes through a minimum, 
and the optical thickness Tt} passes through a 
maximum, at Tr s 2,600°, close to the break- 
away temperature Tr s 2.0008. 


TABLE II 
E AON erg 
t-10?sec| Rg» re ii «, 


75 82 5000 | 5930 
05 93 4000 | 4810 
50 107 3000 | 4110 
81 109 2600 | 3600 
2300 | 4150 
29 128 2000 | 4520 
39 132 1800 | 4810 
64 138 1600 | 5400 
94 143 1400 | 5600 
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It is interesting to trace what happens to the 
minimum brightness of the FB with changing ex- 
plosion energy. All the values of the time and all 
the dimensions remain proportional in a like man- 
ner to E?/3 (thanks to the approximate correct- 
ness of the self-similar hydrodynamic solution). 
The concentration of the dioxide in the principal 
region is in an equilibrium state, i.e., it depends 
only on the temperature and density of the parti- 
cles, and not on its lifetime in the heated state, 
and therefore, roughly speaking, the optical thick- 
nesses during the corresponding instants of time 
(for a definite SWF temperature ) are proportional 
to the dimensions, i.e., alsoto ~ E1/3, It follows 
therefore that the screening by the dioxide dimin- 
ishes with diminishing explosion energy, and the 
excess of Tore over Try increases. By way of an 
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example, Table III lists the results of the calcula- 
tions for an energy E = 107° erg. 


TABLE III 
Ee 1O2erg: 
2 Sh eS ee eee 
t-10?sec| Rg # Ts T ote ry 
= 

0,43 49 5000 | 6380 | 0,64 
0.61 53 4000 | 5560 |} 1,16 
0.72 58 3000 | 5060 | 1.42 
0,82 60 2600 | 4800 | 1.77 
0,95 65 2300 | 5380 | 1.18 
1.04 66 2000 | 5850 | 0,96 
1eA6 70 4800 | 6050 | 0,88 
1238 73 1600 | 6510 | 0.74 
4.44 75 1400 | 6980 | 0,54 


The position of the minimum is practically un- 
changed (Tf 2,600°), and Teff at the minimum 
is higher. In the limiting case of very small en- 
ergies, the screening by the dioxide tends to zero 
and the minimum brightness should degenerate. 

In the case of very high energies, the excess of 
Teff over Tg diminishes, the minimum becomes 
deeper (the dioxide layer, which is placed directly 
behind the SWF, radiates on its own). 

The effective temperature at the minimum can 
never become less than the temperature limit for 
the formation of nitric oxide, which remains close 
to 2,000° for observable energies. Thus, at E 
= 10% erg the characteristic times increase 
merely ten-fold compared with E = 10?! erg. 

This affects quite negligibly the temperature limit, 
owing to the exceedingly sharp temperature de- 
pendence of the reaction velocity for the oxidation 
of nitrogen. 

Assuming that the brightness of the FB reaches 
a minimum during an instant when the temperature 
on the SWF has a definite value, and that the dis- 
tribution of the NO, concentration, together with 
the profiles of the temperature and the density, 
changes in a similar manner, we arrive at an ap- 
proximation tmin ~ E’?. Inasmuch as all these 
conditions are satisfied only approximately, the 
dependence of tmin on E may be somewhat dif- 
ferent. We restrict ourselves here to an exam- 
ination of the stage of the minimum brightness of 
the FB. Other sections of the Tef¢(t) curve 
(the maximum and the subsequent decrease), are 
more affected by radiation processes in which the 
nitrogen dioxide does not play such an important 
role. 

We take advantage of the opportunity to express 
deep gratitude to D. I. Blokhintsev, M. A. EP iashe- 
vich, Ia, B. Zel’dovich, and A. S. Kompaneets for 
interest in the work and for valuable discussions. 
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SOME OPTICAL EFFECTS OF PLASMA OSCILLATIONS IN A SOLID 


I. I. SOBEL? MAN and E. L. FEINBERG 


P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor August 27, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 494-500 (February, 1958) 


Three optical effects involving “plasmons” (collective oscillations of electrons in a solid) 
are considered: (a) excitation of a plasmon by absorption of an x-ray quantum and its effect 
on the structure of the x-ray absorption edge, (b) Raman scattering by a plasmon, (c) ab- 
sorption of light of the plasmon frequency. The cross sections for all three processes are 


large. 


A ruovucn data on characteristic energy losses 


by fast electrons in a solid may be explained semi- 


quantitatively on the basis of the concept of collec- 
tive electron oscillations, !”? the question of the re- 
ality of these oscillations cannot be considered to 
have been completely cleared up. It therefore 
seems useful to consider other effects, and in par- 


ticular optical ones. Two types of collective oscil- 
lations are possible in a “plasma” of free electrons 
in a solid — optically active ones capable of absorb- 


ing and emitting light, and optically inactive ones. 
However, indirect interaction with light is possible 
for oscillations of both types. In this article we 


shall consider the following processes: 

1. Excitation of a plasmon by the absorption of 
an x-ray quantum (this process is important for 
the structure of the absorption edge). 

2. Excitation of a plasmon by inelastic scatter- 
ing of a photon (Raman scattering). 

3. Absorption of light of frequency of an opti- 
cally-inactive plasma oscillation due to the virtual 
excitation of one of the inner electrons. 

All these processes are due to the Coulomb in- 
teraction of a plasmon with the inner electrons. 

As will be shown below their probabilities are quite 
appreciable. 
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The effects in which we are interested are not 
associated with plasma inhomogeneity; therefore, 
in order to make rough estimates, we can consider 
that the plasma oscillation has the form of a plane 
wave 


o(r, t) = peilkr—@!); 5 = (AR%p)/2amV)" 


ay = Op + C0?» R?, Op = 4rxp,e"/m, (1) 


where V is the normalization volume; py and 

<i v > are the density and the mean-squared ve- 
locity of plasmaelectrons. The wave number k is 
bounded from above by the condition k < ke, and 
we shall assume that <v’ > <« w*, although in 
actual fact the inequality is satisfied with but a 
small margin. As a rule hwy Ss me‘/fi?, The en- 
ergy of the inner electrons which is of gEces of 
magntidue Z2seme4/h? already at Zerp 23 is 
Bese compared to fw. Thus, during the time 
h/Z2s¢me* (period of motion of an inner electron) 
p(r,t) practically does not change. This allows 
us to treat the motion of the inner electrons keep- 
ing the configuration of the outer electrons fixed, 
and to treat the excitation of a plasmon by intro- 
ducing the perturbing potential* 


4 i(kr’—of) 
U(r, t) = U(r) ei =e | = 


Dias aes Se EC i (kr oF) 
|r—r’| ar ; 


(2) 


For the sake of definiteness we shall assume 
that the inner electron is in the K-shell (it is, of 
course, not difficult to generalize this). In mak- 
ing rough estimates, it is sufficient simply to re- 
place Z by Zegf. 


1. THE EDGE OF THE X-RAY ABSORPTION 
BAND 


Let us consider an electron in the K shell 
which, as a result of absorbing a photon fiw, goes 
over into a state in the continuum (propagation- 
vector kf), while a plasmon fiw is excited (prop- 
agation-vector k). The effective cross section of 
such a process is equal to 


*In the original Hamiltonian one may neglect the terms 
p’*/2m corresponding to the outer electrons. In this case 
the coordinates of the outer electrons will appear as 
parameters in the Schrédinger equation for the inner elec- 
trons. It is this fact which allows one to treat the excita- 
tion of fe plasmon by introducing the potential (2) (see 
Bethe, ° § 15). It is interesting to note that the effects un- 
der discussion are analogous to the interaction with light 
of molecular vibrations. Thus, process 1 corresponds to 
the vibrational structure of the absorption band, process 
2 to Raman scattering, and process 3 to infra-red absorp- 
tion. 
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2nV Vdak, Vdk 
ve || Mpa(E — Ev) Daye Oar (3) 
Ww V,,W* 
fn no fn no 
WN Des eS (4) 


Here V is the operator for the interaction of 
the electron with radiation, W =eU is the opera=< 
tor for the interaction with the plasmon; €9, €n 
are the energies of the electron in the initial and 
the intermediate states. The summation in (4) is 
carried out over the discrete states and the states 
of the continuum lying beyond the Fermi boundary. 
The principal contribution comes from the states 
in the continuum, and therefore only these states 
are taken into account below. Of particular im- 
portance are the states with €n ~ €9+hw for 
which the denominator of the first term in (4) is 
small. One may neglect the second term in (4) 
since | €)| = (me*/2h?)Z? >> fiw and the denomi- 
nator (€) — hw — €y) is large for all €y. The 
matrix element Vypo differs from zero only if in 
the intermediate state 2=1, i.e., 


x - nh V 4x .,* t 
Vig = Views = 1@Wy1:10 ta pas Yim (Be, e) \ Ryal? Ryo, 
(5) 


where e is the polarization vector of the photon. 
The radial function of the initial state Ry, differs 
from zero only near the nucleus for r S$ fi?/me?Z 
=a,/Z. Therefore one can take for the radial 
function Rx, for the state of wave number kK a 
function from the continuum of the motion of an 
electron in the Coulomb field due to a charge Ze. 
It is in this approximation that the same integral 
is evaluated in the theory of the photo-effect:? 


Vb, x’ 
24Z2 exp e 2—, are tan 7) = 
RarR,, dr = : 2 : XAG. 
ett ne (Z2 + x’2)'l2 [4 — exp (— 2rZ/x’)]| Ia : 
(6) 
Here «’ is the dimensionless wave number (in 


atomic units). For small values of k’ which are 
of interest tous, xk’/Z «<1 and 


* : V 4x 1s 
Vico al (+ \ ce = an (Be, Ge) e (a oe ° (7) 
Here we have set 


@t's19 = B* (#7x2/2m — €) = wo. 


For the evaluation of Win = Wescam we can take 


for the functions Yee and xm the free electron 
wave functions since the inner region in which it 
is necessary to take into account the field of the 
nucleus is not of great importance here. On set- 
ting Yep = V-*/? exp (ikp-r), we obtain from (2) 
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4rp 


Wi psxim =. a VP \ exp (— if k jr —1 kr) Ry (r) Yum(8, 9) d r. 


(8) 
In the expansion of the factor exp(-—ip ‘r) with 


p =k+ kg into spherical waves, the term with ¢ 
=1 is important, and is given by 


—IFV FRn DVine 9) Yim (8p, p); 


> ‘ 9) 
te 2 d sinpr ( 
Ra = a dr pr 
Substituting (9) into (8) we obtain 
* . Arpe® /8n8\'!* § (p — 
W ic pixim plea ear (F) eos) Yim (9, @p). (10) 
Thus, according to (1), (4), and (10) 
M~ SY%, (6. emo.) | 8 (x— p)Vxdx 
pa im (8, Ge) Yim (8p 9p) | fone eer 
2.8 xep 1 
de p Vp (ext hey —h2p/2m)’ ) 
a 4 
4 2 a 
s= ia Choy — Tere 
c cos? Pc +K,,e> (E— Ey) d kd k 
\ R\ Kk + ky | {£0 + hoo — K(k + k,)?/2m}? * ™) 


From the law of conservation of energy it follows 
that 


ey + ho, = ho + A2A97/2m, 8(E — Ep) = (m/h2h;) 8 (ky —R?). 


Moreover, the approximation employed by us re- 
‘quires that n’k}?/ 2m > fiw should hold, so that 
ky > ky: Thebatore we can put in (12) 


COS* 6x +k, == cos? Opes [ke + k| = ky, 
9 + AW — h? (k + k,)?/2m = ho. 


On setting also fiw) s Z’me*/2h” we obtain 
2m [4 e2 /me* az 
ae ale " tic (eas i (Aye). (13) 


Let us compare (13) with the cross section for the 
ordinary photo-effect evaluated in the same ap- 
- proximation (cf. Bethe’): 


2s a (14) 


Since agke ~ 1 we have 0 ~ 0p. 

It is easy to generalize formulas (13) and (14) 
to the case when the level density of final states 
dkf/dE is an arbitrary function (it is customary 
to explain the structure of the absorption edge 


just by such a non-uniformity of the level density‘): 


c= 5 (5) (ie) (far) ge cohen) (E) 


Z*me* 


EB’ = hay — io — a; (15) 
Qn2 (44 2 ae OER? 
res (2) (a) 3 hoa (E) (= ale 
Z2me 
B= aye (16) 


2. RAMAN SCATTERING 


Let Wa and ep be the frequency and the polar- 
ization vector of the incident photon, and w’, e’ 
those of the scattered photon. The matrix element 
which determines the probability of excitation of a 
plasma oscillation by the scattering of the photon 
is equal to (we have here omitted the terms whose 
denominators are large) 


Von nV no 
i (Eo + hwo — €,) (Eo + hoo —e, — ha) © a) 


We assume that fiw) is close to |€ |. In this 
case, as before, the main role is played by the 
states of the continuum with energies n’x?/ 2m, 
fik3/2m « Z*me!/h?, Therefore Vng and Von 
are evaluated in exactly the same way as in the 
preceding section. For Wi awe shall obtain in- 
stead of (8) 


Whn =Wein = = ee \ Rua (r) Ray (r) 
xX Yim (8, 9) Yam (8, 9) eo! dr. (18) 


We expand the function RxyYym = Yxim into plane 
waves: 


ram = \ age*Pd p; 


4 
op — he V F86— Ant 9 
Then 
5 2 ¢ 8 (x; — pr) 8 (x2 — pa) 
Win = gens | = oa 2 Yim (89.59 p,) 


X Yim (8p,s9p,) ets PK" dp, dpodr; (20) 


Me~ » ' Yim (G19 9p,) Yam (8p29Pp2) Yin (Be,> Pea) Vin! (8e,%e) 
mm’ 
3 (x1 — pi) 8 (xe — Ps) 8 (pi — P2 — k) V xi%2dpi dpe dx ake 
Pips {Eo + hwo— xt / 2m} {eg + fia — ho — Waxy / 2m} 
(21) 
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Summing over m, m’ and integrating over dk, 
we shall obtain 
Mae ee peth V o'ey 
PA fie V 
: ( COS O51, eo COS 95,674 Pa 
“J V pa| Pot k| {eo + Reo — R%(P2+k)?/2m} {eo-+hoo—hw—h*p>/2m} 


(22) 


Leaving out of consideration, as usual, the spe- 
cial resonance case fiw) + €) =h*k?/2m and Hwy 
+ €) — hw =hik?/2m we can neglect in (22) the 
small region p #k and consider that p > k. 
Finally, integration yields 


\4 


m=—(F) 


Expression (23) must be multiplied by the number 

& of electrons in the shell (for the K-shell & =2). 
The effective cross section for the process is equal 
to (q is the propagation vector of = scattered 
photon; moreover, we have set V wqW’ = Wo = Z?m 

x et /2h?) 


4r? pet Vann’ at m_ eo + hoy — ho 


0 
“6 Re In &) + hag COS Beyer. 


oV Z4 he? (23) 


Vdk Vd 
FOR SS pee 


= (272) (eS) alia 


Let us compare (24) with the effective cross 
section for coherent scattering. In order to esti- 
mate the order of magnitude of the latter we can 
take the classical expression 


as = \ 
o= 


(24) 


3) = (8/3) (Ze?/mc?)?, (24a) 
The ratio of the cross sections for incoherent and 
coherent scattering is thus equal in order of mag- 
nitude to 


6 1 (2 me4/h2 Te £2 
6) 6 «Or \e y & ian (— Je AyRe 73° (24b) 
Here we have set 
faye ee ee 
eth) ~ et Ray" 


3. ABSORPTION AT THE PLASMA OSCILLA- 
TION FREQUENCY 


The probability of excitation of an “optically- 
inactive” plasma oscillation by the absorption of 
a photon of frequency wy =w and propagation 
vector q is determined by the matrix element 


Va an \ 
eo + hw —e, i} : 


WoW no 


oo 


(25) 
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The small terms fiw) and fiw in the denomi- 
nators may be neglected so that therefore both 
terms in (25) are of the same order of magnitude. 
In this case there is no longer any justification 
for assuming that €y is small, and therefore Vyo 
and Von will be determined by relations (5) and 
(6). In Who =Wiee: just as in Vp, the princi- 
pal contribution comes from the small region r~ 
‘Ss ap/ Z. It is therefore convenient to expand W 
into spherical waves: 


i / 


W (r) = pe? | aa ae 


An r! ikr’ bd , , , 
= 0 or | eee Yim (0, 0) Yim (6’, 0’) dr’. (26) 


We shall then obtain 


W(t) = Dy Yim (> 9) Mins 
l,m 
(27) 
4 2 
“im = EE | SY im sg) de. 


Only the term with £=1 is important for wise 
in (27). Expansion of exp(ik-r) into spherical 
waves (9) yields: 


tam = =i =o ie Yim (9x, x), 
es ee? 
W (tr) =i F r¥im (8 ) Yam (Oks x); (28) — 
"ls 
wiser = — 1 DP ye, Oy, on) Rar *Rrodr. (29) 


For the radial integral in (29) we have Eq. (6). 
Taking into account the fact that w,4- 49 = Arte es 
(n’k?/2m — €)) we shall obtain 


M w~ > (ee (9¢, ®e) Yim (9x, Ox) 


+ Vim (Bes Ge) Yim (Ox. Ov} 


Z x! 
x [ewisir ian Z]vae  sentye OM 
(2? + x’2)8 (1 — exp (— 2nZjx)} ~ Ténetza? 
and finally 
2\446 / ha, 
= —(3) go 2n)h kh al OV Ze 008 Sex. ao 


Therefore the transition probability is equal to 


Vdq 
o) (2n)3” 


&) 2 \4 /e2\? w2 as 
me ) (5) (5)  Zay 00S" Vex do. 


igi 
aW= = \|MPa(E—E 


(32) 


‘4 
| 


‘one. 
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In order to obtain the energy S absorbed per sec- 
ond it is necessary to multiply (32) by fiw, and 
also, since the plasma oscillation is normalized 
over the volume V, by the total number of elec- 
trons in a given shell equal to €V/Vy where Vo 
is the atomic volume. If the incident beam has an 


intensity I)(w)dwdo erg/cm?-sec then on aver- 


aging S over the directions of the polarization 
vector e we shall obtain [cf. the derivation of 
formula (17.19) of Heitler® ] 


£28 (8r\8e2\2 aE cayly 
OG a. | & ve za 40. (33) 
The energy absorbed by an ordinary single 
electron excitation is equal to® 
An? e2 1 . (met 
S= =F | Xan |?) (@) do; |Xao j? = hes ) az, (34) 


where f is the strength of the transition oscilla- 
Or . 

Thus (33) corresponds to absorption with an ef- 
fective value of the square of the matrix element 
equal to 


2 8 4 4 O3e me* \ q2 
2 
[x00 fee = (F) (3) oi) gr 42>) 
and differing from (34) essentially only by the fac- 
tor Zaft: 


4, DISCUSSION OF THE RESULTS 


It follows from (13) and (14) that the mechanism 
discussed above for the excitation of plasmons by 
the absorption of x-ray quanta is a very effective 
Let us investigate in what way can this proc- 
ess have an effect on the structure of the absorp- 
tion edge. The formulas obtained above are valid 
at distances from the absorption boundary which 
exceed w by several fold, so that consequently it 
is not possible to draw unambiguous conclusions 
with respect to the shape of the curve in the re- 
gion fiwg + €9 = fw. According to (13), o does 
not depend on k,; it therefore seems probable 
that there is no additional maximum at a distance 
fw from the boundary. From (15) and (16) it fol- 


lows that if the function @(E), and consequently 


Oy, have a maximum, then o also has a similar 
maximum but shifted by an amount hw. This fact 
may turn out to be important for the intepretation 
of the structure of the absorption edge. It was 
noted earlier” that in a number of cases the values 
of the discrete losses coincide with the distances 
between the maxima of the structures of the K 
and L x-ray absorption edges, and the opinion 
was expressed that this coincidence should be re- 
lated to the concept of plasmons. 
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This process is also sufficiently effective with 
respect to Raman scattering. Therefore in the 
reflected (scattered) light one can expect the ap- 
pearance of long wave satellites wg — w. 

Generally speaking, all electrons — both the 
inner ones, and also those close to the periphery 
—take part in the absorption of light of frequency 
of an ‘optically-inactive” plasma oscillation. Ac- 
cording to (35), the principal role is played by the 
latter (Zerf¢ + 1). The approximation used above 
is not suitable in this case. Nevertheless it is ob- 
vious that the effectiveness of the mechanism con- 
sidered above increases as Zorp > 1. One is here 
dealing essentially with the same mechanism which 
is used to explain the large width of plasmon lev- 
els —the exchange of energy between the plasmon 
and the individual electron which undergoes tran- 
sitions between conduction bands.°® Since this 
mechanism leads to a considerable broadening of 
the plasmon levels, it is not surprising that the 
probability of excitation of the plasmon due to the 
virtual excitation of the electron is large (for 
Zett ~ 1). 

Because of this effect, the division of plasma 
oscillations into “optically-inactive” and “inactive” 
ones becomes quite arbitrary, and signifies only 
the separation of the mechanism of the process. 

In addition to the optical effects investigated 
above, which are associated with excitation of 
plasmons, a number of other effects can also 
take place, for example, the emission of an x-ray 
quantum in the transition n’s ~ n”s (without the 
excitation of a plasmon such a transition is evi- 
dently impossible). It may be shown that the prob- 
ability of such a transition is proportional to 
(Zege Zett) 

In conclusion it must be noted that, in principle, 
all the processes considered above are possible 
also in the case that a second electron partici- 
pates in them in place of a plasmon. However, for 
a plasmon, in the case that it involves several 
peripheral electrons, the corresponding transition 
probabilities should be greater [cf., for example, 
(24b) where o/oy is proportional to w, i.e., to 
Vp) ]. Apparently the most promising method of 
identifying plasma effects is to make use of the 
dependence of w on the effective number of elec- 
trons taking part in a plasma oscillation. 
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THE MEASUREMENT OF THE SPECTRA 
OF FISSION NEUTRONS FROM U?*, U?* | 
AND Pu?” IN THE 50—700 kev RANGE 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 501-502 
(February, 1958) 


Tae spectra of fission neutrons have been meas- 
ured by means of a cloud chamber, filled with 
water vapor and hydrogen to a pressure of 210 mm 
of mercury. The sources of fission neutrons were 
samples of mixed oxides of uranium and plutonium 
dioxide, prepared in the form of disks 60 mm in 
diameter and 2.5 mm thick, and irradiated by a 
beam of thermal neutrons from a reactor. 

The cloud chamber was placed out of the beam 
at a distance of 16.5 cm from the sample. The 
chamber of 20 cm diameter and of 6 cm depth was 
constructed so as to have a minimum of neutron 
scattering material. The beam of thermal neu- 
trons was interrupted by a fast-acting mechanical 
screen of boron carbide. The screen was opened 
in synchronization with the expansion of the cham- 
ber. Experimentally, on the average, there were 
approximately 10 proton recoil tracks per expan- 
sion. The background of fast neutrons from the 
. reactor was less than 2%. Approximately 30,000 
proton recoil tracks were obtained for eachsample. 

The lengths of the proton recoil tracks making 
an angle < 15° with the neutron direction were 
measured during the analysis of the results. The 
pictures were analyzed by stereoscopic projection. 
The region covered had a diameter of 17 cm and 
a height of 4.5 cm. 

The distribution of the recoil protons, termi- 
nating in the gas of the chamber, by energy inter- 
vals, is given in the table. The lower limit of the 
measured energy is 50 kev which corresponds to 
a track length of 0.8 cm. Tracks shorter than 0.8 
em were easily observed on photographs, but it 
was difficult to measure them with sufficient ac- 
curacy. 

In converting from a spectrum of proton recoils 
to a spectrum of neutrons, it is necessary to take 
into account the dependence of the neutron-proton 
scattering cross section on energy, and the geo- 
metric correction, in the probability P that tracks 
of varying lengths will terminate in the chamber. 
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The scattering cross section and the term 1/P by 
which the number of tracks must be multiplied are 
displayed in the table. 


Number of tracks 
‘hrack. | ame) | nan |i i 
NES Key length Us Us Pu? os ee P 
in cm 
50—100 |0.8— 41.3) 59) 62 al ap AG M4 Al) 
OOOO) aS Fay) ala) ANaIy aA) AIaL sy | alls 
200—300 |2.5— 4.5) 103} 109} 102 Oya |) esi 
300—400 |4.5— 6.9] 60) 64 67 7.6 | 4.84 
400—500 /6.9— 9.6} 49| 39 Al 6.95 | 2.62 
500—700 |9.6—16.2| 32] 30 27 5.6 | 6.74 


The fission neutron spectra are presented inthe 
figure. 

Comparing the experimental data in the table 
and in the figure, one can see that the fission neu- 
tron spectra from U2%3, 235, and Pu?8® in the meas- 
ured region coincide within the experimental er- 
rors (10 to 20%), and satisfactorily approximate 
Watt’s formula! 


F (E) ~ e—£lTsinn (2 V @E/T) (1) 


for values of the parameters w = 0.5 Mev and 
T =1 Mev. 
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Spectra of the fission neutrons from U?**, U?**, and Pu’®’. 
The experimental points are given in the form of relative num- 
ber of neutrons per 100-kev energy interval. The full lines 
correspond to formula (1). 


The low energy region of the U2 fission spec- 
trum was measured earlier with a cloud chamber 
by Bonner et al 2 and by Barton.’ Within the limits 
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of error (15 to 20%), these authors also obtained 
agreement between the form of the spectrum and 
curve (1). 

In our earlier work,’ estimates were obtained 
of the temperatures of fragments from u?33 and 
Pu2*® relative to U2", equal to (1.04 + 0.01) and 
(1.05 + 0.01) Mev. The value of the function F (E) 
for parameters w = 0.5 Mev, Ty =1 Mev, Ty = 
1.03 Mev, T, = 1.06 Mev in the spectrum energy 
region 0—1 Mev differ from each other by not 
more than 4%, which is less than the accuracy of 
our measurements. 

In this work, we also determined the ratio of 
the number of recoil protons in the interval 0.05 
— 0.6 Mev to their number with energies > 0.6 
Mev was also determined. The experimental 
values of the ratios for 233 \ Bice and Pu2®® are 
respectively equal to 0.49 + 0.04, 0.53 + 0.04, and 
0.48 + 0.04. A calculation using formula (1) and 
the parameter values given above gave for these 
values the numbers 0.5, 0.52, and 0.495. 

Thus, the measurements of fission neutron 
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Tue number v of prompt neutrons emitted dur- 
ing fission, is determined by the energy balance 
equation 


Ey = Ey +E, = Ex - vEa + Ey, (1) 


in which Ef is the fission energy, E, and Ey 
are the kinetic and the excitation energies of the 
pair of fragments, and vEy and E,, are the en- 
ergies carried by the prompt neutrons and y rays 
respectively. In this work we compare the exper- 
imental values of v (Refs. 1—8) with the results 
of calculations based on the assumptions that will 
be discussed below. 

We considered the masses of only two frag- 
ments, a light one My anda heavy one My, cor- 
responding to the most probable method of fission. 
When calculating the fission energy, the mass of 
the fissioning nucleus M(A, Z) was determined 
from the Green? semi-empirical formula, and the 
masses of the fission fragments M/(Ag, Zp), 

M (Ah, Zp) were calculated by the Fermi formula 


spectra in the region of low energies are in agree- 
ment with the results of Ref. 4, confirming the 
conclusion that the previously noted difference in 
the fission neutron spectra of 233, 235, and Pu??? 
lies in the high energy region. 

In conclusion I express my gratitude to I. I. 
Bondarenko and O. D. Kazachkovski for sugges- 
tions and discussion of the results and to A. I. 
Leipunskii for his continued interest in this work. 
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with the Fong correction factors, !® which take into 
account the shell structure of the nuclei. Since the 
mass of the heavy fragment varies slightly! over 
the wide range 232 < A < 252, owing to the shell 
effect, and has an average value 139 + 3, we as- 
sumed for simplicity Ap = 140 (prior to the neu- 
tron emission). The values of Zp and Zp, the 
initial charges of the fission fragments, are cal- 
culated subject to the hypothesis of equal B-decay 
chains. 

The kinetic energy E, of the fission fragments 
was calculated from the formula 


Ey = ¢,Z2A,* (1 —¢,2?/ A), (2) 


obtained by representing E, as the Coulomb re- 
pulsion energy of two charged deformed spheres _° 
The constants c, and c, are chosen to obtain the 
best fit between Eq. (2) and the experimental val- 
ues of vy in Eq. (1). 

The average energy Ey, carried by a prompt 
neutron consists of the binding energy Ep of the 
last neutron in the fragment and its mean kinetic 
energy 2T with respect to the fragment at rest. 
The temperature T of the fragment, after the 
emission of the neutron, was estimated from data 
on the neutron spectra of the fission of U2, ure 
and Pu2%? by thermal neutrons” and the spontane - 
ous fission of Cf? (Ref. 13). The values of Ep 
were calculated from the mass formula of Fermi- 
Fong.!° The value ve/Vy = 1.3, obtained by Fra- 
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ser" for the fission U235 by thermal neutrons, was 
extended to include the entire nucleus under con- 
sideration. The calculated values of Ey were 

_ found to be in good agreement with measured val- 
ues of dv/dE, =1/E, (Refs. 15—17), 

The mean energy E,, of the instantaneous y 
rays was assumed constant, 8 Mev, in the calcu- 
lations, as confirmed by experiments on the study 
of the prompt-fission y rays from U?*>(n, f) and 
CreaRefs. 15718). 

For comparison with the calculations, all the 
experimental values of y, for the fission induced 
by neutrons, were reduced to values of v for 
spontaneous fission of the corresponding compound 
nuclei, using the formula dv/dEy =1/Ey. The 
validity of this operation was confirmed by direct 
comparison of v for the processes Pu2*5 (n, f) 
and Pu‘! (n, f) (Ref. 5) with v for spontaneous 
fission of Pu? and Pu2!? (Refs. 1—3). 
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Fig. 1. Dependence of the average number of prompt fis- 
sion neutrons on A, for various Z. Lower point 0 — Th, 
a—U, V—Np, O0— Pu, O—Cn, x— Cf, e— Fm. 


The diagram shows a family of curves of v as 
functions of A for various Z. Most experimental 
data are in satisfactory agreement with the calcu- 
lations. An exception is the value of v for the 
spontaneous fission of u238 (Ref. 7). The value of 
v for the spontaneous fission of Th? was not com- 
pared with the results of these calculations, for, 
according to the latest measurements for the per- 
iod of spontaneous fission of Th? (Ref. 19), there 
is a certain doubt concerning the value YTh/ Vy 
= 1,07 + 0.1 (Ref. 6). 

The non-monotonic course of v(A) is due to 
the shell structure of the fragments. Without tak- 
ing the shells into account, dv/dA > 0. On nuclei 
with A < 240, i.e., with Ag < 100, the nearness 
of a shell with 50 neutrons manifests itself —the 
excitation energy increases with diminishing A, 
and the sign of dv/dA is reversed. 

The authors express deep gratitude to Profes- 
sor A, I. Leipunskii and I. I. Bondarenko for val- 
uable advice and remarks. 
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ON THE DOUBLE BETA-DECAY OF Ca*® 


V. B. BELIAEV and B. N. ZAKHAR’ EV 
Joint Institute of Nuclear Studies 
Submitted to JETP editor November 8, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 505-506 
(February, 1958) 


A number of experimental researches have 
shown!” that the period of double B-decay is 
greater than 10" years. In this connection, the 
necessity has arisen of re-examining the esti- 
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mates that have been given in the literature for 
the probability of B-decay with the emission of 
two neutrinos. Goeppert-Mayer?® estimated the 
probability of two-neutrino decay, but did not 
calculate the nuclear matrix element, which led 
to disagreement with experiment. We have car- 
ried out this calculation in the approximation of 
the shell model. 

We consider the case most convenient for cal- 
culation, the decay Ca‘® — Ti*®, The maximum 
decay energy, the identical structures of the par- 
ent and product nuclei, and the fully occupied 
shells of definite spins J distinguish this reac- 
tion among all the cases for which double B-decay 
is energetically possible. 

It is assumed that the transition occurs by way 
of the virtual intermediate state Sc*®, All three 
of the nuclei in question (Cate: Se72: hia) have 
the same core Cal which plays no part in the 
process. Therefore we shall be interested in only 
8 nucleons in each nucleus. We note further that 
the radial functions of the nuclei in question are 
identical, and the corresponding integrals are not 
involved in our considerations. The construction 
of the functions is facilitated by the convenient 
structure of the nuclei chosen. Their filled shells 
and almost filled shells do not require the rather 
complicated apparatus of fractional parentage co- 
efficients. 

The functions for the initial and final states 
have been given by Maksimov and Smorodinskii.* 
The function for the intermediate state is con- 
structed analogously. Its spin-orbit corresponds 
to the Young schemes [2111111]for T=3 and 
[11111111] for T =4. In the first case the inter- 
mediate function reduces, from the point of view 
of spatial symmetry, to a function of s=2 nu- 
cleons. Thus we have 


/ t : : 
Op = Fe DELO V @, 


where, for example, for the case in which the first 
nucleon is a proton 


Ye =serr Ala le lle]-[rlls] 


—[ 3} 7 ]) Die 22M — mm | 7/o7/2 1M) oP, 0% 
Here (jijgmymo|jzjigJM) is a Clebsch-Gordan co- 
efficient, M is the z component of the angular 
momentum J, and A, denotes antisymmetriza- 
tion with respect to seven particles (without the 
first). The square of the matrix element (with 
tensor interaction) for the transition Ca*® —Ssc‘8 
(T =3)—Ti*® is M? = 0.006 (for the transition 


through Sc** with T =4 it is an order of magni- 
tude smaller). The half-value period is 


0,693-6-7-15 | I (3 + 2s) | 4418 


6278 472711710 G4 
A882 mlicllg 


ie. 


4nmce \—*$ m®c* 1-9 3). 
x ( ha) eae 107° years (Ref. 3) 


Taking it into account that the decay canalso  — 
go through excited intermediate states, we get for 
the half-life a value of about 10% years. As has 
been shown by Bohr and Mottelson,® a correction 
factor must be applied to the probability of decay 
calculated by the shell model; we take it from the 
data for nuclei in the neighborhood of Ca’, yw 
0.01. In our case, however, the transition is be- 
tween even-even nuclei, and therefore it can be 
hoped that less of a correction to the shell model 
may turn out to be needed (A > 0.01). It would 
therefore be interesting to check how reliable the 
shell model is for Ca‘, 

We take occasion to express our gratitude to 
Professor Ia. A. Smorodinskii and to L. A. Mak- 
simov for valuable advice. 
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METHOD OF MEASURING PARTICLE EN- 
ERGIES ABOVE 10" ev 


N. L. GRIGOROV, V.S. NURZIN, and I. D. RAPO- 
PORT 


Moscow State University 
Submitted to JETP editor October 25, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 506-507 
(February, 1958) 


Mors than two years ago one of us (Grigorov) 
proposed a method for determining the energy of 

a separate nuclear-active particle, based on the 
measurement of the total energy liberated in dense 
matter by all the secondary particles produced 
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when the primary particle passes through a thick 
layer of matter. 

If we know the ionization I(x) produced by the 
“primary” particle and all its descendents at each 
point x of the absorber, then the energy Eg of 
the “primary” particle will be 


E,=e\I (x) dx, 
0 


disregarding the decay processes involving neu- 
trino production (in dense matter this process can 
be neglected); ¢€ is the mean energy for the pro- 
duction of one pair of ions in the material of the 
absorber. 

We recently constructed an instrument based 
on the above principle, and obtained experimental 
results at 3860 m above sea level. 

The instrument is a truncated pyramid 170 cm 
high, the upper cross-section of which is approx- 
imately 0.6 m?, and the lower one approximately 
0.8 m? (Fig. 1). The pyramid contains eight 
layers of iron with a total thickness of 85 cm. 
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Fig. 1. Schematic cross-section through the setup. I—-VI-— 
rows of ionization chambers; 1, 2—rows of telescopic coun- 
ters; H — boxes with hodoscopic counters. 


When chosing the absorber material it was neces- 


| sary to compromise between the following require- 


ments: (a) the range of the electron-photon cas- 
cade should be greater than the range for the nu- 
clear interaction; (b) the absorber matter should 
be sufficiently dense to absorb all the primary and 
all the secondary particles at sufficiently small 


thickness, ~ 1m. 
The ionization was measured in our instrument 


by means of cylindrical pulse ionization chambers, 


made of iron and brass (to eliminate transient ef- 


349 


fects), with walls 1 mm thick. The chambers 
cover an area 0.36 m? in the upper section of the 
pyramid and 0.6 m? in the lower one. The diam- 
eter of each chamber is 4 cm, and the length fluc- 
tuates from 65 to 75 cm. The chambers are filled 
with pure argon to a pressure of 5.5 atmos. 

The ionization chambers are placed in the in- 
strument between layers of iron in six rows (I — 
VI in Fig. 1). The upper row contains 15 cham- 
bers, the lower 21. The total number of chambers 
in the instrument is 105. Each three chambers is 
connected to one amplifier with a dynamic range of 
approximately 800, whose output is connected with 
an individual cathode ray tube 8 cm in diameter. 
The electric pulses produced in the ionization 
chambers are recorded by photographing the 
screens of all tubes, which are mounted in a single 
block. This block, which we call a multi-channel 
oscillograph, contains 49 cathode ray tubes. In 
addition to ionization chambers, the instrument 
contains a counter telescope (row 1 and 2) that 
restricts the solid angle for “primary” particles, 
and several boxes with hodoscopic counters. 

The instrument is controlled as follows. The 
ionization pulse from each row of chambers, re- 
gardless of the chamber in which the pulse origi- 
nates is received by a special selector, which op- 
erates if the pulse exceeds a certain threshold 
value Vtpr simultaneously in any n rows of 
chambers (both n and Vp; can be varied over 
a wide range). If the selector operates simultan- 
eously with the discharges in the telescopic coun- 
ters, the resultant electric pulse triggers the 
beams of all the multi-channel oscillograph tubes 
and the amplitude of the pulses from the ionization 
chambers are photographed. The minimum re- 
cordable ionization corresponds to a simultaneous 
passage of 5—10 relativistic particles through the 
center line of the chamber. 

The fact that our instrument records ionization 
with the aid of a large number of independently- 
operating chambers, makes it possible to trace 
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Fig. 2. Examples of events of electron-nuclear cascades: 
1—energy of “‘primary’’ particle 1.5 x 10" ev, 2—energy of 
“‘primary’”’ particle 0.4 x 10" ev. 
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the energy losses of an individual high-energy par- 
ticle in a dense substance. 

Certain examples of recorded events are shown 
in Fig, 2. In the future we plan to place a cloud 
chamber over the energy detector to permit study 
of an elementary interaction event between nu- 
clear-active particles of known energy and nuclei 
of specified atomic numbers. 

A detailed description of the experimental data 
obtained with the above instrument will be pub- 
lished. 
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COLLECTIVE MOTIONS IN A SYSTEM OF 
QUASI-PARTICLES 


P.S. ZYRIANOV 
Ural Polytechnic Institute 
Submitted to JETP editor October 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 508-509 
(February, 1958) 


ln the self-consistent field approximation the con- 
sideration of a strong interaction between particles 
leads to a dependence of the energy of a separate 
particle (which is considered as a quasi particle) 
on the state of motion of the other particles in the 
system. Even in the case of a spatially uniform 
distribution of the particles in the system, a con- 
sideration of the interaction leads to a complicated 
dependence of the particle energy on its momentum * 

The Hamiltonian function of a quasi particle in 
the case of a non-uniform distribution in space can 
be taken in the form 


2 (p) + \G(r—r')) S14, 0°") Par’, (1) 


e r 
L 


where the first term takes into account correla- 


tions at small distances apart and the kinetic en- 
ergy, while the second term refers to long-range 


*Taking exchange interaction into account gives, for in- 
stance, in the case of Coulomb forces, 
Bae ie fon, GeO ee pee) 
(—) = po (2 + Pn OEE 
(p, is the momentum at the Fermi surface); taking force cor- 


relations into account leads to a more complicated depend- 
ence e(p). 
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interactions (Hartree field). The equation of mo- 
tion for Yj is of the form 


(6) 2,+§G(r—e') HIP ard =e Q) 


We shall restrict our considerations to those 
states of the system which are close to a spatially 
uniform distribution of the quasi particles as far — 
as the coordinates are concerned, and to a random 
distribution as far as the velocities are concerned, 
i.e., to states near the ground state. In that case 
the momenta of the collective motions (motions of 
a hydrodynamical character) will be small and the 
operator €j (p) can be written in the form 
j (Po +P), where p is the operator of the mo- 
mentum of the collective motion (a small quantity) 
and py the operator of the momentum of the ran- 
dom motion. Expanding ¢j in powers of p and 
limiting ourselves to terms quadratic in p, we 
obtain 


e) (Po + B) = ©) (Ba) + 5 [V,,£; (Po)s Pl, 


++-1A,©, (Po) Bb (3) 


where [, ], denotes an anticommutator. 

We introduce into the wave function the new 
variable rg, canonically conjugate to py. If we 
assume that the commutator [pp, p]_ =0, then 
2j = Yoj (Yo) $j (r). Substituting (3) into (2) and 
averaging over the functions oj (Yo) which sat- 
isfy the equation 


Se (P,) b,; = EP, ?. (4) 
we obtain the equation 


© 


i? : 
re AO IB VGN) ©, 


+\G(r—r') iP, ()Pdr’'®=@—-)0, ©) 


in which we have used the notation 


i Top (P,) Poj4t, 


* Zs , ie s , 
Y= Spt) Bes &5 = [95 2) b;40" 


Equation (5) obtained in this way describes only 
the collective motions in a system of quasi parti- 
cles, but its coefficients depend on the character- 
istics of the random motion of the quasi particles 
in the ground state determined by Eq. (4). 

Substituting into (5) 


(¢; — &;) > ikd / Ot," = (1+ p)etSil 


(#j is normalized in a unit volume), and retain- 


LETTERS TO THE EDITOR 351 


ing in the equations for pj and Sj the terms lin- 
ear in Sj and Pj, we get 


S;+(v9V)S, 


+\G((r—r')) So, (") de’ — (2 /4m}) Ap, = 0, (6) 


a, + (v9) e, + (I /mi) AS,= 0. 


For solutions of pj and 8; ofthe form ~ exp[i(k-r) 
— iwt] these equations lead to the following dis- 
persion relation 
1=G (kt) S- 
i 


* 
es 


R2pt \—1 
{ 


=O 
4m" f 


{e ek) (7) 


From (7) it follows that in the limit as k — 0 
the frequency wo depends on the effective mass of 
the quasi particles which, generally speaking, dif- 
fers from the ordinary mass of the particles. 

In the case where €(p) = p’/2m, (7) goes over 
into the well-known dispersion law.’ To evaluate 


CREATION OF POSITIVE PIONS BY NEG- 
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Submitted to JETP editor October 29, 1957 
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(February, 1958) 


‘Tue creation of pions by pions has been studied 
by a number of authors.’ All these analyses 
refer to the creation of pions in the nucleus as a 
whole; one may assume, however, that at these 
incident energies, the pions are created on the in- 
dividual nucleons of the nucleus. The effect of the 
nucleus manifests itself in this case through a 
second-order interaction between pions of the final 
state and the nucleons of the nucleus. This cir- 
cumstance considerably complicates the interpre- 
tation of experimental data, and therefore we can 
only obtain from it the qualitative character of the 
creation of pions by pions. 

In the present article we consider the creation 
of positive pions in nuclear emulsion under the ac- 
tion of negative pions having an energy of 340 + 30 
Mev. 

The emulsion stack consisting of 60 layers of 
NIKFI type R emulsion, of 23 nfm total thickness 
and 100 mm diameter was placed in the 370-Mev 


mj it is sufficient to know the dependence of the 
total energy (kinetic Fermi, exchange, and cor- 
relation energy) of one particle on its momentum. 
In the case of a dense electron gas €(p) canbe 
evaluated by the method given in Ref. 2. 

The method proposed here is suitable to find 
the spectrum of the plasma oscillations of elec- 
trons in a periodic field, for the case of one band.t 
If we understand by €9j(Po) the energy of an elec- 
tron in a periodic field, then Eq. (7) is equivalent 
to the corresponding equation in the paper by 
Wolff.3 


'D. Pines, Phys. Rev. 92, 626 (1953). 

2M. Gell-Mann and K, A. Brueckner, Phys. Rev. 
106, 364 (1957); M. Gell-Mann, Phys. Rev. 106, 369 
(1957). 

3p. A. Wolff, Phys. Rev. 92, 18 (1953). 


Translated by D. ter Haar 
90 


negative pion beam of the synchrocyclotron of the 
Joint Institute for Nuclear Research. In passing 
‘through the emulsion, the incident pions lost up to 
60 Mev by ionization. Thus the present results 
describe the creation of pions under the influence 
of negative pions having an energy Eg = 340 + 30 
Mev. The method chosen to find cases of positive pion 
production consists in area scanning the emulsion 
and counting + — wt— et decays. Then the 
positive pions were followed to their creation point. 
This search method effectively allowed us to count the 
production of pions leaving a path of up to 6 cm, 
i.e., an energy up to 70 Mev. 

In following positive pion tracks, 56 stars caused 
by negative pions were found. In 21 of these stars 
the emission of the positive pions was accompanied 
by the emission of a second meson identified by the 
grain density gradient along the track. It is evi- 
dent that these events must be attributed to the for- 
mation of the positive pion. The emission of asec- 
ond pion was not found in the remaining stars, but 
these events can again be attributed to the forma- 
tion of positive pion followed by the absorption of 
the negative pion by the nucleus, or the emission of 
a neutral pion. This conclusion is supported by 
data on the absorption of pions by nuclei at these 
energies.’ 


*The method developed to find the dispersion equation is 
easily generalized to cover the case of many bands. 
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The energy of the created positive pions was de- 


termined from their range in the emulsion; the en- 
ergy of the negative pions (in stars with two pions) 
was determined from the grain density. 

The method chosen for counting positive pions 
in order to determine the production cross section 
and the angular and energy distribution of created 
pions, requires the introduction of a correction for 
edge effect, depending upon the finite size of the 
emulsion stack. In order to include the edge effect, 
every counted event of positive pion formation was 
assigned a statistical weight xj = 1/pj, where pj 
is the probability for finding a pion track of the 
given length and distributed in a certain way in the 
emulsion stack. The computation of kj is de- 
scribed in detail in Ref. 8. 
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Fig. 1. Energy distribution for the creation of positive 
pions. The dotted curve indicates the distribution of positive 
pions emitted from stars in which the emission of a second 
pion was noted. 


Figures 1 and 2 show the energy and angular 
distribution for the creation of positive pions. It 
may be seen from these figures that the distribu- 
tion of positive pions accompanied and not accom- 
panied by the emission of a second meson from the 
nucleus are similar. This is an additional argu- 
ment for believing that almost all the observed 
positive pions are created. 

Determinations of the relative momentum ofthe 
two pions emitted from the same nucleus, disclose 
no visible correlation between the two final state 
pions. This is only a qualitative conclusion how- 
ever. A reliable determination of the momentum 
distribution function for the pions requires a con- 
siderably more accurate experiment. 

The cross section for creation of slow positive 
pions (E,;+ = 0—60 Mev) by negative pions of 
340 + 30 Mev in photoemulsion nuclei was found to 
be 

s = (2.1 +0.8)-10-2’em?. 
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Fig. 2. Angular distribution for the creation of positive 
pions. The dotted curve indicates the distribution of positive 
pions emitted from stars in which the emission of a second 
pion was noted. 


In conclusion the authors would like to express 
their gratitude to Professor I. I. Gurevich for dis- 
cussing the results, toS. A. Ali-Zade, L. V. Suk- 
rov, A. P. Mishakov, and L. A. Smirnov for help- 
ing with the experiment, to D. M. Samoilovich for 
developing the emulsion. 
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ROTATION OF A PLASMA 


V. G. STEPANOV, V. F. ZAKHARCHENKO, and 
V.S. BEZEL’ 


Submitted to JETP editor November 4, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 512-513 
(February, 1958) 


ln a gaseous discharge which takes place in a 
magnetic field the magnetic lines of forces are 
“frozen” in the plasma.!~ This phenomenon of- 
fers the possibility of producing rotational motion 
of a plasma through the use of a rotating magnetic 
field. 

In the magneto-hydrodynamic approximation, 
the distribution of particles in an isothermal ideal 
gas follows the usual centrifugal law. As in the 
case of mechanical rotation, a rotating conducting 
gas may be used as an electromagnetic centrifuge. 
In this connection it is interesting to note that the 
velocity of rotation is not limited by mechanical 
considerations. 

In the present experiment the plasma was pro- 
duced in a glass chamber 380 mm high and 60 mm 
in diameter. The anode, of tantalum, was in the 
upper part of the chamber. The cathode was liq- 
uid mercury. The chamber contained a rotor con- 
sisting of four mica vanes fastened to a quartz 
shaft which was mounted along the axis of the 
chamber in jewel bearings. The partial pressure 
of the mercury vapor in the chamber ranged from 
107! to 1073 mm Hg. The rotating magnetic field 
’ was set up by two pairs of mutually perpendicular 
iron-core coils. The current in one pair of coils 
was shifted in phase by 90° with respect to the 
current in the other pair. The average field in 
the neighborhood of the rotor was approximately 
325 gauss. At the outset it was established that 
(1) with the magnetic field on but with no discharge 
the rotor remained motionless, and (2) when the 
discharge was excited without the magnetic field 
the rotor also remained motionless. When the ro- 
tating magnetic field was switched on while there 
_ was a discharge in the chamber rotation of the 
rotor was observed. When the magnetic field was 
reversed, strong deceleration of the rotor was ob- 
served; this was followed by acceleration to the 
maximum velocity. 

The discharge current was maintained at 12 
amps throughout these experiments. Using a stro- 
boscope it was established that the steady-state 
speed of the rotor was of the order of 50 rps when 
the speed of the magnetic field was 50 rps. 

Using these results it is possible to estimate 


the magnitude of the forces which act on the rotor 
by virtue of the ionized gas which revolves in the 
rotating magnetic field. The equation of motion of 
the rotor is Idw/dt = Mg — My, where I is the 
moment of inertia of the rotor with respect to the 
axis of rotation, dw/dt is the angular accelera- 
tion, Mg is the moment of the driving force with 
respect to the axis, and Mr is the moment of the 
friction forces. It turns out that the friction forces 
can be neglected in the present case. The moment 
of inertia of the rotor was calculated and found to 
be 0.7 g-cm?. To estimate the moment of the driv- 
ing forces we assume that dw/dt is constant and 
equal to the mean experimental value. The rotor 
is accelerated to the steady-state velocity in 0.7 
sec at a pressure of 107' mm Hg; an angular ve- 
locity of 50 rps is achieved. Consequently the 
mean acceleration is of the order of 7 rev/sec” 

or 45 rad/sec?. Thus Mg = 31.5 dyne-cm. Know- 
ing the moment of the forces which act on the rotor 
we can determine the mean dynamic pressure: 


P = Mg/4sray = 1.57 dynes/cm’ 


Since P =Nmv’, N = P/mw*ray w 2.5 x 10", 

The density of charged particles under the 
present experimental conditions is 101! — 10"; an 
estimate of the forces indicates that the rotor is 
acted on by a gas with a density of 10'", which is 
approximately equal to the density of the mercury 
vapor. 

In Refs. 4 and 5 a rotating plasma was obtained 
by exciting a discharge between two coaxial cyl- 
inders (electrodes) in a fixed magnetic field. In 
these experiments plasma rotation arises as a re- 
sult of the drift velocity Ve = cE/H and the par- 
ticle distribution is given by n=AR@ where R 
is the distance from the axis of rotation to the 
point of observations and a = pc*E?/kTH’. It is 
apparent that this method of producing plasma 
rotation can also be used to make an electromag- 
netic centrifuge. 
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TURE OF PARAMAGNETIC RESONANCE OF 
Crttt+ IN SYNTHETIC RUBY 


G. M. ZVEREV and A. M. PROKHOROV 
Moscow State University 
Submitted to JETP editor November 13, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R:) 34, 513-514 
(February, 1958) 


Tue electronic paramagnetic resonance spec- 
trum for the Cr*** ion in synthetic ruby (A1,03) 
has been investigated earlier at 9000 and 12000 
Mcs.!~3 We have carried out a more complete 
investigation of this spectrum at 37,860 Mcs. 

In the synthetic ruby crystal the Crt** ion 
(ground state ‘F, and spin S = 7.) is in an elec- 
tric field of trigonal symmetry. This field splits 
the lowest electrical level of the ion into two sub- 
levels which are separated by 0.38 cm™!. The 
behavior of the electrical levels in the presence 
of an external magnetic field is given by the spin 
Hamiltonian‘ 


H = D(S; — 1/38 (S + 1) + g HS: 
+ g B(HSy + HySy) + AS, + B (Sex + Syl). 


The fine structure was studied in a synthetic- 
ruby single crystal with a chromium dilution of 
1:1,000. The lines were measured at two orien- 
tations of the crystal in the external magnetic 
field: (1) with the trigonal axis Z|] H, and (2) 
with the trigonal axis Z| H. 

In the first case three absorption lines were 
observed; these correspond to transitions between 
levels with the following values of Mz: 


beg vlan 2) ne lg BS): aay, eee 


In the second case the energy states €4, €, €3, 
and €, are a mixture of states with different M,. 
In all, six absorption lines were observed; the 
first three lines have intensities two orders of 
magnitude smaller than the other three. 

The constants in the spin Hamiltonian deter- 
mined from the lines were as follows: 


D = —0,1912 + 0,0010cem™; gy = 1.982 + 0.002; 
gy = 1,979 + 0,009. 


The positions of all lines were calculated using 
these vaiues. The agreement between the exper- 
imental values and the calculated values is good 
(cf. table). The sign of D is determined from a 
measurement of the relative line intensities at 
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FINE STRUCTURE AND HYPERFINE STRUC- 


T =4.2° K. We may note that at this temperature 
it is easy to saturate the lines. An estimate of the 
spin-lattice relaxation time T, indicates that this 
quantity is of the order of 107? sec. 


Heal if 
Oersted 


Hexp’ 


Transition 
Oersted 


Parallel orientation 


oe ee le 9510 9510 
SA), ey test 13650 13650 
Sin y Rea gee) ase 17790 


Perpendicular orientation 


& + —> & 4293 4296 ' 
€3 +> 4 9003 5007 
bts: 7620 7627 
Eo <—> &4 11595 11595 
&3 <> fy 13400 13398 
Secs 15710 15697 


The hyperfine structure was investigated in a 
sample containing 95 per cent of the cr®3 isotope; 
the dilution was 1: 10,000. The hyperfine struc- 
ture was resolved only for the — 4 ~+— +4 line in 
the parallel orientation and the €, «— €3 line in 
the perpendicular orientation. There are four 
components, corresponding to the different pro- 
jections of the nuclear spin (I = 4). The com- 
ponents are not equally spaced; the distance be- 
tween the two inner lines is less than one-third of 
the distance between the outer lines. The unequal 
spacing may be attributed to a weak line at the 
center of the spectrum, due to the even chromium 
isotope in the sample. 

The fine-structure splitting constants A and 
B were determined: 


[ A] = (16.8 -- 0.04). 1074em"; 
| B| = (16.8 + 0.06) - 10-4em=# 


The fact that these values are the same indicates 
that the hyperfine structure is essentially iso- 
tropic. 

The values found in the present work for the 
constants in the spin Hamiltonian for Cr‘** in a 
synthetic ruby single-crystal are in good agree- 
ment with the values reported in Refs. 1—3. 

The authors are indebted to Professor A. I. 
Shal nikov for help in carrying out the low tem- 
perature experiments. 
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ENERGY SPECTRUM OF ELECTRONS IN 
OPEN PERIODIC TRAJECTORIES 


G. E. ZIV? BERMAN 
Submitted to JETP editor November 13, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 515-516 
(February, 1958) 


In Ref. 1 we have given the equation of motion for 
an electron which obeys the dispersion relation 
E(k) = DApeKD in a magnetic field (H = H;): 


py An €Xp ( (Rant, + Bans) — Ta | f ( as a E}(ks * 


It is assumed that € =Vaja,/ay «K 1 (a2 = fi 
x c/eH; the a; are the lattice constants). In Ref. 
2 solutions of this equation were investigated for 
open periodic trajectories. In the present note we 
verify the assertion made in Ref. 2 concerning the 
exponential smallness of the breaks in the contin- 
- uous energy spectrum in the case in which the 
function kK; =K,(k,) (the equation of the trajec- 
tory, i.e., the intersections of the surface E (k) 
= const. with the plane kg = const.) is analytic. 

It will be assumed that xk, is large enough 
everywhere (the other cases are considered in 
Ref. 2) so that the quasi-classical approximation 
can be used, that is, we write 

ft (Set 


Solution of this equation is much more difficult 
than solution of the Schrédinger equation because 
Eq. (1) is a difference rather than a differential 
equation. However, the general properties of the 
solution are the same in both cases. The following 
expressions are obtained in the first four approx- 
imations: 


f (he) = exper e+ % 4 (2) 


= —\ ad x; = —',lnP; 
v= \{— — wet ape + + sph a 
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woe MY : 5 
™= Ip — mp {OR (9;2+ 9) + Rg, + SRP'o, P41 — 3Rp 
d BPD EUR PORE! 2S ORPX 
TE Notes: p2 sore): (3) 
Here we have introduced the notation 
P=0E/0m, Q=@E/02, R=@E/de, (4) 


where kK, and kp are measured in dimensionless 
units (by ky, we are to understand k,a; and by 
x we are to understand Kkeap). 

Just as in the Schrodinger equation, the quanti- 
ties Pon are total derivatives and since P, Q, R, 
are periodic in k,, this same property is char- 
acteristic of the even approximations q@, q,... 
Consequently, if Eq. (2) is written in the form 


i (Re) = 


the modulus p will be a periodic function of k, 
(while the phase ¢ is an integral of a periodic 
function and does not change sign). 

When displaced by one period, (5) should be 
multiplied by e!P, where e!P is +1 at the bound- 
ary of the allowed energy intervals. This locates 
the discontinuity at once. Keeping the first two 
approximations gy, and g (corresponding to the 
usual quasi-classical analysis), we have: 


pe; 


(5) 


x 


Paver oe iene \ dx é 


0 


i (Re) or 


The condition e!P =+ 1=e!™ obviously means: 
Gis (6) 


[S is the area bounded by the curve k,(k,) in one 
cell]. Thus the center of the allowed interval is 
determined from the same relation that applies 
for the discrete levels in the case of closed tra- 
jectories: 


2ra~*n 


(7) 


The width of the discontinuities can be determined 
from the usual dispersion equation: 


S = 2na>?2(n + */2). 


f (2m / d2) + f (— 2m | a2) 
2f (0) 

which follows from the relation f (ky + 2m/a,)) 

= e!Pf(k,). Since p the modulus of the function 

in Eq. (5) is periodic, Eq. (8) is of the form 


(8) 


cos p = 


cos p = cos {2 %0, (27 / ay) — 6° (2n / Ap) 
++ 2%, (2m | dg) —.- -}: (9) 
This equation can always be solved. It shows that 
the discontinuities fall off with e€ faster than any 


finite power of €. The results of Ref. 2 and the 
well-known fact that in the discontinuities in the 
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Mathieu equation fall off exponentially indicate 
that the reduction of the discontinuities with € 
for the case of an analytic function k,(k,) is ex- 
ponential. 

The author wishes to take this opportunity to 
thank I. M. Lifshitz for a discussion of the results 
and A. Ia. Povzner for illuminating remarks con- 
cerning the mathematical aspects of the problem 
considered herein. 
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LATERAL DISTRIBUTION OF PHOTONS 
NEAR THE AXIS OF EXTENSIVE ATMOS- 
PHERIC SHOWERS 


A. A, EMEL’ IANOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 20, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 516-518 
(February, 1958) 


Ir is known that it is very difficult to calculate 
the lateral-distribution function of the soft com- 
ponent of extensive atmospheric showers with al- 
lowance for the cascade processes and for the 
ionization losses. However, at small values of r, 
the principal role is played by high-energy parti- 
cles, for which the ionization losses can be neg- 
lected. In the works by Pomeranchuk! and Mig- 
dal’ the lateral distribution function of electrons 
with energies greater than a given value has been 
calculated for small r, with the ionization losses 
neglected* 


Nit, Ey) ~ 1 jr (1) 


and with the parameter s determined from the 
condition 


*The symbols used here are the same as in the book by 
Belen’kii.(Ref. 3). 


— hj (s) ¢ = In (E,/$) —In(R/r) 
(the same result was obtained by Nishimura and 
Kamata‘). 
Let us determine the photon density corre- 
sponding to such an electron distribution. For 
this purpose we use one of the Landau equations 
(see Ref. 5): o>. 


or (t, E, r, 0)/dt + 000 (t, E, r, 0)/Or 


220 (,£.7,0) +\ P(t, E’, t, 9) ®-aq(E’, E) dE’, (2) 
Es 
where grad(E’, E) is the probability that an 
electron with energy E’ will radiate a photon with 
energy E, r is the radius vector in the trans- 
verse plane, and @ is the projection of the direc- 
tion of motion of the particles on this plane. 

To solve our problem it is quite enough to put 
Grad (E’, E) = 1/E. Then, integrating over all 9, 
and also over the azimuth in the plane perpendic- 
ular to the axis of the shower (taking account of 
the symmetry of the problem in the last equation), 
Eq. (2) can be rewrittent 


ONg(t, E; r)/0b=—o,Nr(t. B. NaN (Gy Ee Ay ea) 
We assume for N(t, E, r) the expression given 
in Ref. 3 

N(t, E, r) = est E,* (1 — (rE | En)? 5] / 12-5 (2 — s). 


A solution of Eq. (3), with boundary conditions at 
t= Of Nia Osis 
a(s)t__ pst E, S(t —(rE/E,) ‘J 


é 
Ne ET aaa ayaa PS (2—s)E 


This expression is correct for E,/Ey < r < E/Ex. 
Ni (t, 4) Ea 
Ni Eye 
where N,(t, > E, r) is the number of photons 
with energies greater than the given value. Tak- 
ing it into account that at a fixed value of r the 
particle energy E cannot be greater than E;/r 
(see Ref. 3), we obtain the following value for Nj: 


Let us now determine the ratio 


N,~ In(Ex/ rE) /1°-°. (4) 


Let us note that in the derivation of Eq. (3) we 
used the condition rE/Ex «< 1, which deter- 
mines the boundary of applicability of formula 
(1). Thus, we obtain 


Ni /N~1n (Ep /rE). (5) 


tIt can be shown that for our problem it is possible to 
neglect the term containing the derivative with respect to r. 
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This result is in good agreement with the data 
given by Moliere® for rE/E, « 1. 

By way of an example it is easy to calculate 
that for E = 10° ev, ata distance of 1 m fromthe 
axis of the shower and at a primary-electron en- 
ergy of Ey= 10" ev, we have Ni/Nwx7—8. This 
effect can be explained by the fact that the high- 
energy electrons located near the shower axis are 
accompanied by a greater number of photons. For 
distances r = E,x/E it is necessary to take ioni- 
zation losses into account. 

In conclusion I express my gratitude to I. L. 
Rozental for advice and aid in this work, and also 
to I, P. Ivanenko for useful discussions. 
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CONTRIBUTIONS TO THE THEORY OF DIS- 
PERSION RELATIONS 


S. M. BILEN’ KII 
Joint Institute for Nuclear Research 
Submitted to JETP editor November 19, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 518-519 
(February, 1958) 


Ir was shown by Bogoliubov, Logunov, and the 
author! that for those processes in which py, e, 
and v particles participate on par with strongly 
interacting particles, the anti-Hermitian part of 
the amplitudes expressed through the action of 
such weakly-interacting particles is equal to zero 
to first order in the weak-interaction constant C. 
This simplifies considerably the consequences of 
the dispersion relations as well as their form. 
Namely, the dispersion relations lead in this case 


to the statement that the amplitude for the proc- 
ess depends polynomially upon the sum of the 
4-momenta of the weakly interacting particles 

(for decay, upon the difference), while the poly- 
nomial coefficients depend only upon the momenta 
of the strong-interacting particles. If as usual, 
the interaction Lagrangian does not contain deriv- 
atives of the fields, then the amplitudes are inde- 
pendent of the momenta of the weakly-interacting 
particles. It is easy to consider similarly proc- 
esses in which only weakly-interacting particles 
participate (for example, the decay of the yp 
meson). The causality principle leads in this case 
to a Lagrangian which is local in all the fields, and 
the dispersion relations lead to the statement that 
the amplitude depends only polynomially upon the 
momenta, 

It is worth noting that the weak interaction cases 
allow simple analyses on the basis of dispersion 
theory. For example, the wide spread opinion that 
in order to obtain the dispersion relations it suf- 
fices to apply the principle of causality formulated 
through the vanishing of the probability current 
commutator of space-like points, is easily seen to 
be incorrect. 

Indded, to first order in C, the probability cur- 
rent commutator for weakly-interacting particles 
is zero over all space for any Lagrangian includ- 
ing a non-local one. Generally, non-local Lagrang- 
ians do not lead to polynomial dependence. Con- 
sider, for example, the Lagrangian: 


La =\K Poe + Dol(x—)O +8 Pe — Oa. 


Applying to it perturbation theory, we obtain the 
following expression for the scattering amplitude: 


S (p,q; p,q’) = 8 (p+q—p' — 7) K (9 + p)’), 
where q, q’ are the momenta of the scattered 
particles, and p, p are the momenta of the scat- 
terers. 

In this fashion, the dependence of the amplitude 
upon the momenta is determined from the kernel 
of the interaction Lagrangian and, in general, is 
not polynomial. Note that in deriving the disper- 
sion relations, Goldberger et al.? also make use of 
time-ordered operators, in addition to the causal- 
ity principle in the form of a commutator. These 
two conditions are combined in the generalized 
formulation of the principle of causality, and the 
formulation now proves sufficient to obtain the 
dispersion relations. From the example of weak 
interactions, it is easy to verify that the disper- 
sion relations may similarly arise in certain non- 
local interactions. Consider for example the 
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process indicated on the figure. 

The shaded area refers to strongly interacting 
particles. The momentum transfer is q’ -q =p 
“p’, and therefore the amplitude depends only 
upon the squares of the momentum transfer 
(p-p’ )? (relativistic invariance), even though 
the interaction of scattered particles is non-local. 

Thus if the scattering amplitude satisfies the 
dispersion relations, it still does not generally 
follow that the causality principle is satisfied. 


ADHESION OF SLOW ELECTRONS TO SF, 
AND CCl MOLECULES 


N.S. BUCHEL’ NIKOVA 


Institute of Chemical Physics, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 21, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 519-521 
(February, 1958) 


Foxtnas shown recently that the process SF, 
+e-—- SF, has a resonant character and occurs in 
an energy range on the order of 0.05 ev at elec- 
tron energies less than 0.1 ev. Carbon tetrachlor- 
ide also captures electrons with energies close to 
zero, dissociating thereby into CCl, and Cl” (Refs. 
2 —4), but in this case the energy and width of the 


capture region were determined with low accuracy. 


We determined the energy and resonant capture 
cross-section of slow electrons in SF, and CCl,. 

The measurements were carried out in a setup 
similar to that of Lozier.> The electron beam was 
collimated by a cellular diaphragm and a magnetic 
field (15 —20 oersted), and was passed through a 
diaphragm with variable potential and a screening 
grid into an equipotential region, and then to a col- 
lector. The ions produced in the equipotential re- 
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One can only assert that if the dispersion rela- 
tions are violated, then so is the principle of caus- 
ality. A similar example was suggested by Leh- 
mann.! 

In conclusion I consider it my pleasant duty to 
thank N. N. Bogoliubov for his guidance and A. A. 


Logunov for discussion of the subjects presented _ 


here. 


1 Bogoliubov, Bilen’ kii, and Logunov, Dokl. 
Akad. Nauk SSSR 115, 891 (1957), Soviet Phys. 
“Doklady” 2, 381 (1957). 

2 TIpo6xempr coppemennoit dbusuxu (Probl. of 
Contemp. Physics ) 2 (1957), Dispersion relations. 

3N.N. Bogoliubov, Izv. Akad. Nauk SSSR, ser. 
fiz. 19, 237 (1955). 

“ Proceedings of Seventh Rochester Conference, 
IV, 33 (1957)% 
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gion were gathered on a cylindrical collector, 
screened by the grid. Equality of the potential 

was insured by thorough compensation for the con- 
tact potentials. 

To obtain monochromatic electrons, use was 
made of the so-called “quasi-monochromatiza- 
tion,”® which consists of passing a beam of elec- 
trons through a diaphragm that transmit only elec- 
trons with energies exceeding the diaphragm po- 
tential. The diaphragm potential was periodically 
varied by AV, and the increment in ion current 
due to this variation was measured. Obviously 
this increment is due to electrons with a distribu- 
tion of width AV. It was possible to obtain by this 
method electrons with an exponential energy dis- 
tribution 0.2 — 0.3 ev wide (the vertical and the 
right-hand solid curves of Figs. 1 and 2). The 
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Fig. 1. O—ion current in SF,. Fig. 2. O—ion current in CCl,. 
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sharp boundary of the distribution makes it pos- 
sible to set the energy scale reliably. 

If capture took place in an energy interval that 
was narrow compared with the width of the elec- 
tron distribution, the shape of the ion peak dupli- 
cates the shape of the distribution, and the shift of 
the maximum ion current relative to the maximum 
distribution determines the capture energy. Fig- 
ures 1 and 2 show the electron distributions in the 
ion-current curves for SF, and CCl, (the ion and 
electron currents are given in arbitrary units, 
and a common scale is used). The correspond- 
ence in the shapes of the ion peaks and of the elec- 
tron distribution in the region of the maxima is 
evidence that resonant electron capture in a nar- 
row energy interval takes place for SF, and CC]. 
From the shifts of the maxima it was determined 
that the capture takes place at 0 + 0.01 ev in SF, 
and 0.02 + 0.01 ev in CC], (in both cases the val- 


ues are obtained by averaging eight measurements ). 


The resonant capture cross-section of SF, and 
CCl, was found under the assumption that the cap- 
ture takes place in an energy interval of 0.05 ev. 
The cross-section was determined from the max- 
imum ion current and from the electron current in 
the interval from 0 to 0.05 ev, and calculated from 
the formula 


¢ = (Imax /78) / (Ale, /8) 3,55- 108.273 (p/T) AL. 


Here Imax is the maximum ion current, Alg] is 
the current of the electrons with energies from 0 
to 0.05 ev, p the pressure of the investigated gas, 
T the temperature of the working region, equal to 
room temperature, L the length of the working 
region, 7 the correction for recapture of ions by 
the grids that screen the ion collector, & the cor- 
rection for the ion escape, B the correction for 
the recapture of electrons by the grid that screens 
the collector, and A the correction for the elonga- 
tion of the electron path in the magnetic field. 

It was determined as a result that o = (1.2 
+ 0.4) x 107% cm? for SF, and o = (1.7 + 0.4) 
x 10716 cm? for CCl, (both values were obtained 
by averaging six measurements). 

I thank V. L. Tal’roze for continuous interest 
in the work and for valuable advice. 


lw. M. Hickam and R. E. Fox, J. Chem. Phys. 
25, 642 (1956). 

2 Marriott, Thorburn, and Craggs, Proc. Phys. 
Soc. B67, 437 (1954). 

33, Marriott and J. D. Craggs, Electr. Res. 
Assoc. Report L/T, 308 (1954). 

4Reese, Dibeler, and Mohler, J. Research Natl. 
Bur. Standards 57, 367 (1956). 
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QUANTUM YIELD OF INTERNAL PHOTO- 
EFFECT IN GERMANIUM 


V.S. VAVILOV and K. I. BRITSYN 
Moscow State University 
Submitted to JETP editor November 21, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 521-523 
(February, 1958) 


Ir is known that at photon energies near the 
threshold of the internal photoeffect, correspond- 
ing to approximately 0.7 ev for pure germanium, 
the quantum yield is constant and equal to unity!» 
This is in agreement with the usual concept of the 
creation of one electron-hole pair upon absorption 
of a photon. 

If the photon has a sufficient excess energy 
above threshold, additional electrons can be lib- 
erated in the crystal as a result of impact ioniza- 
tion. The possibility of a quantum yield of photo- 
luminescence in excess of unity, upon excitation 
by quanta with energies more than double the en- 
ergy of the luminescence quantum, was indicated 
by S. ik Vavilov’ in 1947. This phenomenon was 
observed experimentally by Butaeva and Fabrikant* 
in short-wave excitation of luminophors and by 
Koc in an investigation of the internal photoeffect 
in germanium. Experimental data on the increase 
in quantum yield by impact ionization with photo 
electrons or holes are important from the point of 
view of the theory of scattering of carriers ina 
crystal and the theory of impact ionization, devel- 
oped by Chuenkov® and others. 

We measured the quantum yield of the internal 
photoeffect in N-type germanium in the wavelength 
range from 1.5 to 0.2544. The quantum yield Q 
was determined as the ratio of the number of ex- 
cess free carriers to the number of absorbed pho- 
tons. Single germanium crystals with a specific 
resistivity p ranging from 10 to 20 ohm-cm and 
with initial diffusionlength L ofapproximately 1.5 
mm were used inthe experiments. Crystals in the 
shape of platelets 0.3 — 0.6 mm thick and approxi- 
mately 1 cm’ in area were illuminated on one side by 
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monochromatic light. On the opposite side, indium 
was fused into the platelets? toproduce an N-P junc- 
tion. Light of the required wavelength was sep- 
arated by a monochromator with a quartz prism. 
The light sources were a SVDSh lamp for the 
infrared and visible regions, and a PRK-4 mer- 
cury quartz lamp for the ultraviolet region. The 
energy flux of the incident beam was measured 
with a compensated thermopile calibrated against 
a Hefner lamp. 

The receiver for the 366, 313, 289, and 254y 
lines in the ultraviolet region comprised the lum- 
inescent compound “lumogen,” which has a con- 
stant glow yield, and a FEU-25 photomultiplier. 
Calibration was by direct comparison with the 
readings of the thermopile at a wavelength of 365p. 

The quantum yield was calculated from the for- 
mula 


Q = Ihc/aedP; (1— R), (1) 


where A is the short-circuit current between the 
N and P regions, corresponding to a hole cur- 
rent from the N region, where the photons are 
absorbed, into the P region of the crystal; Pj is 
the power of the incident radiation; @ is the co- 
efficient of carrier collection, which in this case 
can be calculated from 


2 /«= (1+ SL/D) edit + (1 —SL/D) e—4#. (2) 
Here L is the diffusion length of the excess car- 
riers in the N-region, d the thickness of the 
crystal, D the bipolar diffusion constant, and S 
the speed of the surface recombination. 

The total coefficient of reflection R, as was 
already indiciated,’ depends on the method of 
treating the germanium surface, which is etched 
to reduce the speed of surface recombination. R 
was measured with an integrating photometric 
sphere that permitted determination of the ratio 
of the coefficient of reflection from the investi- 
gated germanium crystals to that from the surface 
of a thick layer of magnesium oxide, whose coef- 
ficient of reflection is known. The radiation re- 
ceiver used in the ultraviolet region, as in the 
measurement of the energy flux, was a layer of 
“lumogen” and a photomultiplier. 

The diagram shows the curve R(hv) and the 
values of the quantum yield in the energy range of 
photons from 0.83 to 4.9 ev, calculated from for- 
mula (1). The quantum yield vs. photon energy 
curve shows clearly the considerable increase in 
Q, which, however, begins not with the energy of 
the liberated electron (s 1.4 ev), but at higher 
energies. This was to be expected on the basis of 
the work by Chuenkov,® according to which the 
probability of impact ionization is negligibly small 
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1d 


J 4 G 
J Z hy, ev 


compared with the probability of energy transfer 
at carrier energies only slightly above the width 
of the forbidden band. According to Chuenkov’s 
calculations, the probability of impact ionization 
reaches a value of 4 at a carrier energy of ap- 
proximately 2 ev. At large values of hv the rise 
in the quantum yield slows down, i.e., the mean 
energy €, expanded on the production of the elec- 
tron-hole pair, increases. It was observed in ex- 
perimental investigations of the “multiplication” 
of fast electrons in germanium, that increasing 
the electron energy W leads also to a certain in- 
crease in €, whose value is 3.7+ 0.4 ev at W = 
5—15 kev and to 4.5—5 ev at W = 500 —1,000 
kev.® 

The authors express deep gratitude to M.N. 
Alentsev, B. M. Vul, and V. A. Chuenkov for crit- 
icism and advice. 
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ON THE QUANTUM-KINETIC EQUATION 
FOR A SYSTEM OF CHARGED PARTICLES 
OF MANY KINDS 


S. V. TEMKO 
Submitted to JETP editor November 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 523-524 
(February, 1958) 


By the method of Bogoliuboy !*? one can obtain a 
natural generalization of the quantum-kinetic equa- 
tion for the description of stochastic processes in 
a system of charged particles in which the. parti- 
cles belong to an arbitrary number M = 2 of dif- 
ferent kinds. If in the spatially homogeneous case 
(cf. Ref. 3) one substitutes into the quantum equa- 
tion for the distribution function F,(p; t) of any 
single chosen particle of type a the solution of the 
system of quantum equations for the quantum cor- 
relation-deviation functions g,p, then one can ob- 
tain the quantum-kinetic equation for the plasma of 
many kinds of particles. Since, however, the de- 
termination of the exact solution for the functions 
Zab is a difficult task, it is expedient to introduce 
the simplifying assumption that the Coulomb and 
exchange interactions are weak and that the chosen 
particle exerts only a small reaction influence on 
the behavior of the large number of charged parti- 
cles surrounding it. With these assumptions, since 
an exchange interaction is possible only between 
particles of the same kind, we find 


dw, (p; t) nn, ee ae a 

ot 2 a (2nh)*h ) | 1+ 8B,, ((p' —p)/h; (p+ 7’) / 2) 
(i<b< M) 

Vapll P— P,1/ %) Yap (| p’ — Pil / ®) 

— 44 B .((p—p,)/#; (Pp, + P)/2) 


\a(p+ pi — p’ — Pi) 
x 8(Ea + E10 — Ea — E,,») (1) 
<1 E nawa (p; #)) (1 E rvidr (p13 t)) @a (p's #) @» (prs 4) 
— (1 naa (p's #)) (1 + notes (pis) 


X Wa(p; t) ws (pr; t)) dpidp’dp: + Ra. 


Here 
@, (pst) = =F, (p:t); Ba = fF 
Yap (||) = | et*# Dao (||) aa; (2) 
Brelk, Pp) =| Ret in, oo \\ fefhesl2 — e—ihhtl2] 
’ 


x exp {10k (p" / ty» — p / a) + ix (4 —- p’)} We (4) 48 de dy dp’ |; 


Ne, He are the concentration and particle mass 
of the particles of type c inthe plasma, c = 1, 
2,...,M; v is the average volume per particle; 
and 6Rg, a term taking into account the actions 
on each other of the set of neighboring particles, 
can be approximately evaluated by a method anal- 
ogous to that used in Ref. 4. 

For heterogeneous systems of large numbers 
of charged particles obeying the Fermi statistics, 
under conditions of complete degeneracy the ap- 
proximate expression for the screening coefficient 
Bab takes the form 


k 1—w,kp/ u,k 
Bus (Rp = 4 de 4 (iam) Upkp / U-gkPo 


1+ u,kp/ ugkPo 


(3) 


rk? 2r2 hk? \UakPo 


Here rp = (piv/12mup) nee y/2 is the Debye 


radius for the distribution of the Fermi particles 
of type b, pp is the average upper limit momen- 
tum for the system of many kinds of particles, and 
€c is the charge of a particle of type c in the 
plasma. 

I express my deep gratitude to Academician N. 
N. Bogoliubov for directing this work. 


'N. N. Bogoliubov, Hpoéxems1 qunamuyeckoit 
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khizdat, 1946, 
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31u. L. Klimontovich and S. V. Temko, J. Exptl. 
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THE MAGNETIC SUSCEPTIBILITY OF A 

UNIAXIAL ANTIFERROMAGNETIC 

M. 1. KAGANOV and V. M. TSUKERNIK 
Submitted to JETP editor November 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 524-525 
(February, 1958) 


N a large number of papers, ! the high frequency 
magnetic susceptibility of an antiferromagnetic is 
found by using the concept of the precession of the 
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magnetic moments of the sublattices. These au- 


thors do not take into account relaxation processes. 


Our problem is to take relaxation processes into 
account, in the spirit of the equations of Landau 
and Lifshitz,” and to connect the constants enter- 
ing into the phenomenological equations of motion 
of the magnetic moments with the experimentally- 
observed quantities (static magnetic susceptibility, 
resonance frequency, and antiferromagnetic reso- 
nance line width). 

We consider for the sake of simplicity a uni- 
axial ferromagnetic (we take the chosen axis along 
the z axis). The equation of motion of the mag- 
netic moments of each of the two sublattices has 
the form 


OM; / dt = gM;<HS" — y M?M;(M;XH5"], (j= 1, 2)-(1) 
Here 

Hy" = H—oM, —(M,— M), 

HS" — H—oM,—2(M, + M); (2) 


a is a constant describing the exchange interac- 
tion between the sublattices (the order of magni- 
tude of a is determined by the ratio O,¢/yM ~ 10°, 
where p =gh is the Bohr magneton, 9, the 
Curie temperature, and M the magnetic moment 
of each of the sublattices), > is the anisotropy 
constant (A ~ 10a, since the anisotropy energy 
is not determined by the large isotropic exchange 
interaction but by a relativistic interaction of the 
spin-orbit coupling type), while the constant y 
describes relaxation processes. In the absence of 
an external field, which we assume here to be ap- 
plied at right angles to the z axis, the magnetic 
moments of the sublattices are respectively equal 
to M, =M, My =-M. 

Assuming the variable magnetic field H = 
H’e~it to be small we linearize (2) 


Op, / Ot = —g[M, «(py + pe) Api] 
+ ay (th + fle) + dypa + g [MX H] + yH, 
Ofte / Ot = g[M, & (py + ta) + Ape] 
+ oy (thi + flo) + Ayo — g [MXH] + 7H. (3) 
Taking into account the fact that w, and ps. are 


proportional to e~i#t we find (we use the fact 
that A«<a, gM >y) 


a (gM)? + toy 
= fi fo = 2 SagiMi — ot — Daag (4) 
Hence 
2 a (gM)? + twy 
X11 = *3an (gM)p— wo? —2iway 


Or, since 1/a =y,(w = 0) =x, (9), 


wo? (w? — w?) + 2iwD (20? — w?) 

= OO W LST eee 0 5 

MD OS ae 
where 

@ =gMV 2a, T=ay. (6) 


For w K wo 
x (0) = x, (0) (1 + 4ioF /o), 


and for w ~ wy (near the resonance frequency ) 
2iwegT 


— oo)? + 4eo2 D2 E 


10 =1. 0 


Let us note some facts: 

1. x; (w) does not contain gyrotropy: the ro- 
tation of the moments of the sublattices proceeds 
in such a manner that the total magnetic moment 
is directed along the magnetic field. This will not 
be the case in a strong magnetic field, applied 
along the specimen axis, since M, (Hy) # —M2 (Ho). 

2. The line width I is determined not only by 
relativistic effects as a ferromagnetic (vy), but 
also by the exchange interaction energy (a). 

3. If the antiferromagnetic is a metal, the ex- 
change interaction will lead to an additional line 
broadening, produced by the effect of the inhomo- 


geneity of the magnetic moments (see Refs. 3—5). 


'C. Kittel, Phys. Rev. 82, 565 (1951); T. Na- 
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3C. Kittle and C. Herring, Phys. Rev. 77, 725 
(1950). 
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PHASE INDETERMINACIES IN NUCLEON- 
NUCLEON SCATTERING 


L. G. ZASTAVENKO, R. M. RYNDIN, and CHOU 
GUAN-CHAO 


Joint Institute for Nuclear Research 
Submitted to JETP editor November 26, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 526-527 
(February, 1958) 


‘Tue cross section for scattering of mesons by 
nucleons remains invariant under the phase sub- 
stitution indicated by Minami.! The two sets of 
phase shifts, obtained from one another through 
this substitution, can only be distinguished either 
by means of polarization experiments,?° or by 
analyzing the energy dependence of the cross sec- 
tion at low energies. We obtain below a similar 
transformation for the case of nucleon-nucleon 
scattering. 

The elastic scattering of nucleons against nu- 
cleons is completely described by the scattering 
matrix M(k, ko; 01, 02), which determines the 
amplitude y- of the scattered wave in terms of 
the initial spin state x;: 


= M(k, ky; 0, o5) Xj. (1) 


Here o; and go, are the Pauli matrices for the 
two nucleons, and ky and k denote unit vectors 
along the incident and scattered nucleon directions. 

In order to obtain the transformation of inter- 
est, note that the scattering cross section for un- 
polarized nucleons Qo = 1 Sp MM*, is invariant to 
an exchange of M(k, kp; 01, 02) with one of the fol- 
lowing matrices 


M, = (ok) M (a:k,), = Mz = (62k) M (¢2k,), : 
Mg = (61k) (ok) M (1k) (G2ko)- (2) 


We expand now the matrix M in terms of the 
spherical function we (k) describing a state of 
given total angular momentum j, its z-compo- 
nent m, orbital angular momentum £ and spin 
s. Then 


M (ky kos 01, 2) = Die Dy VEE Ck) VEGF (bo) Ries vor 
j, m iG ssittaest (3) 


The values of s and 2 are determined from the 
rule for adding angular momenta, and are as fol- 
lows: for s=0 (singlet) #=j; for s=1 (trip- 
let) L= a j+1. For a given value of j, the quan- 
tities Rig, Vs! form a symmetric (reversibility 


of the motion) four-rowed matrix R) satisfying 
the condition 
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which arises from the unitarity of the S-matrix. 
Consider, for example, the first of the trans- 

formations (2). Since the operator (o,k) com- 

mutes with the total angular momentum operator, 


(ok) 4S (k) = LEY 1. V4, (Kk). (5) 
Thus 
1 2 Pr Ne F 
My(k, ky; 61, 2) = Di) DY VEE (k) VEST (ko) RID be, 
j,m Liisi 24, 87 (6) 
where 
RM = Li Ri ip Wit (7) 


The matrix Lj is a unitary, antisymmetric, 
Hermitian matrix. Therefore R()j satisfies Eq. 
(4) and has the same symmetry properties as RJ, 
Therefore the elements of R()j may be consid- 
ered as the elements of a new scattering matrix 
which leads to the same cross section as M. All 
this applies as well to the matrices R@j = L@ij 
x RIL@I+ and R@I = L@iRIL@)I+, correspond- 
ing to the second and third transformation of (2). 
The matrix L{i)j has the form 


Lei — 
pee 08 GeV ave 
0 0 Vi —-Vit! 
“VA Viz —Vj 0 0 
+Vi j+l 0 0 
(8) 
=i @ 0 0) 
Oeet 0 0 
Le Rea eons =e UD 
\ npg aD ae 
Za a 7 ee 


The first columns (row) correspond to singlet 
states, the remaining to triplet states in the fol- 
lowing ordering of £: j, j+1, j — 1. The upper 
sign corresponds to superscript 1, and the lower 
sign to superscript 2. 

Inasmuch as the operators (0; 2k) in contra- 
distinction to (o,k)(o,k) do not commute with the 
square of the total spin operator yy, (oO; + 03)’, 
the matrices M, and Mp lead to singlet-triplet 
transitions. Therefore the first two transforma- 
tions cannot take place in the case of identical nu- 
cleon collisions where singlet-triplet transitions 
are forbidden by the Pauli principle. This also is 
true for n—p scattering if isotopic invariance 
holds. 

The operators (0j4) represent operators which 
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rotate the spin of the i-th nucleon by an angle 7 
about the direction q. This allows to determine 
the transformation properties of various spin 
characteristics when RJ is replaced by Re), 
For example, this exchange leads to a change in 
the sign of the polarization P which takes place 
in the collision of unpolarized nucleons. 

We finally remark that changing the sign of all 
the phase shifts (taking the complex conjugate of 
RJ) leaves the cross section unchanged, and 
changes the sign of Py. Thus a simultaneous ap- 
plication of this transformation with the transfor- 
mation RJ into R@)J leaves unchanged the cross 
section as well as the polarization. Therefore the 
two sets of elements of R obtained from one an- 
other by means of the indicated transformation, 
cannot be distinguished through the simplest polar- 
ization experiments (double scattering). 


'S. Minami, Progr. Theor. Phys. 11, 213 (1954). 
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RESONANCE ABSORPTION OF ELECTRO- 
MAGNETIC WAVES BY AN INHOMOGEN- 
EOUS PLASMA 


N. G. DENISOV 
Gor’ kii State University 
Submitted to JETP editor November 28, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 528-529 
(February, 1958) 


Tae phenomenological description of the propa- 
gation of electromagnetic waves in a plasma is 
based on the possibility of introducing an index of 
refraction for the medium. A magneto-active 
plasma is usually characterized by two indices of 
refraction. It is well known that at certain values 
of the electron concentration one of these indices 
becomes infinite (neglecting the collisions of elec- 
trons with heavy particles). This may be called 
a resonance effect since the singularity in the in- 
dex of refraction is related to the resonance prop- 
erties of the plasma.!” 

In the resonance region, an electromagnetic 
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wave incident on an inhomogeneous layer is par- 
tially or totally absorbed. The first of these ef- 
fects has been discussed by Ginzburg (cf. Ref. 1, 
§79, and Ref. 2) for the case of quasi-longitudinal 
propagation. A calculation of absorption in the 
region of the singularity in the index of refraction 
has been carried out by Budden? using a simplified 
model of an inhomogeneous layer. The complete ~ 
solution of the problem can be obtained in the case 
in which the plasma is not highly inhomogeneous. 
The results of an analysis of this kind are given | 
below. 

In a weakly inhomogeneous medium, except for 
one case which is discussed below, the interaction 
between the ordinary and extraordinary waves can 
be neglected. For simplicity, we consider trans- 
verse propagation although the final results can be 
generalized quite easily. In transverse propaga- 
tion the index of refraction for the extraordinary 
wave has a singularity, the dependence of which on 
electron concentration is given by the following: 


(v= aneth (e) ; 


4 


n (v) =1— ee) 


=h\y 


(the wave propagates along the z axis, and the 
electron concentration N depends on z). The 
function n?(v) has two zeros, vy(z,) =1—Vu 
and vo(Z)) =1+Vu, anda pole at v3(z3) =1 
—u. We consider the case u < 1, in which the 
resonance region (v =v3) lies between the zeros 
of the function n? (v). The solution for the reflec- 
tion of waves from such a layer by the “standard- 
equation” method’ shows? that the reflection coef- 
ficient for the region (vyjv2) is 


| R|? = 1 — 4e-* (1 — e-4) sin’ s, (2) 


where 6 and s are defined by the expressions 


23 22 

3 = 2ik, | V nde; s = h,\ V nde; (% = +). (3) 
2 23 

Equation (2) indicates that the maximum value 


of the absorption coefficient (1 — |R |*) is approx- 
imately 35 per cent. 


In calculating absorption in the resonance re- 
gion it is necessary to take account of the inter- 
action between the different waves only in the case 
of quasi-longitudinal propagation. In this case, in 
the region v ~ 1 (in the vicinity of which the res- 
onance is found) the index of refraction for the 
ordinary wave n,(€) and for the extraordinary 
wave No(€) (€ =1—v) assume values which 
are approximately the same and two waves exhibit 
a strong interaction effect.’ 

If an ordinary wave is incident on the interac- 
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tion region from below, it produces a reflected 
wave of the same type, characterized by a reflec- 
tion coefficient |R,|=(1-—e250), The trans- 
mission of the wave is characterized by a trans- 
mission coefficient |D, |= e750 (cf. Ref. 6). In 
this case the mean absorbed energy is 


1 —|R, |? —| Dz, |? = e-*(1 — e-2%), (4) 
The real quantity 6) is defined by the integral 


kag 
35 = — a thy $ (Ng — ny) dz. (5) 


The integral is taken over a path which encloses 
the two singularities of the integrand at which n, 
=Np». If, however, an extraordinary wave is inci- 
dent on the interaction region from above, it is not 
reflected but is scattered into two waves in the in- 
teraction region. The amplitudes of these two 
waves are (cf. Ref. 5) 


d, = (1 —e-2)". (6) 


d, Se es: 


The factor d, characterizes the transmission of 
the ordinary wave. The factor d, characterizes 
the extraordinary wave which is produced in the 
interaction region and holds in the direction of the 
pole of the functions ng (€). This wave is then 
completely absorbed. The absorption (| d, |*) is 
small only when 59 is small. When 6) > 1, dy 
~ 1 and the wave which is incident from above is 
almost completely absorbed in the region of high 
4 (Ce): 

Because of the thermal motion of the electrons? 
a wave traveling in the direction of the pole of the 
function n3 (€) is converted into a plasma wave, 
the energy of which, in the final analysis, is dis- 
sipated in heating the plasma. Thus the absorp- 
tion effect being discussed is related to the con- 
version of electromagnetic waves into plasma 
waves. 

Finally we may note that in experiments in 
which the ionosphere is “sounded” by pulses the 
interaction mechanism being considered here may 
explain the fact that only three pulses are ob- 
served. The incident wave is presumably split 
into an extraordinary wave and an ordinary wave. 
The extraordinary wave is reflected at a level 
corresponding to « =Vu (first signal); the ord- 
inary wave is reflected in the interaction region 
(€ =0) (second signal) and partially penetrates 
as an extraordinary wave into the region «€ < 0. 
The extraordinary wave reflected from the point 
corresponding to € = —vVu_ passes through the 
interaction region without reflection and reaches 
the point of observation as an ordinary wave (third 
signal). Thus, multiple-reflection effects are im- 
possible. 
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The author is indebted to V. L. Ginzburg for dis- 
cussion of the results of this work. 
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ly an earlier work! an estimate was made of the 
cross-section for recombination capture of minor- 
ity carriers by radiation defects in the crystal 
structure of N-type germanium, produced by ir- 
radiation with fast neutrons. The following rela- 
tions were used in the calculations 


1/t — 1/e) = ngv,8, (1) 
Ng = neeN Nas. (2) 


Here 7 is the lifetime of the minority carriers 
after irradiation, T, the lifetime of the minority 
carriers before irradiation, ng the concentration 
of the radiation lattice defects, v, the thermal 
velocity of the minority carriers (holes), ng the 
number of germanium atoms per cm}, N,, the in- 
tegral dose of neutrons (expressed in neutrons per 
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cm 


N (pests ) 
NSE nS SSS ee 


E, (Mev)! 14 14 14 
Po (Q. cm) 37 20.5 9.5 
p(Q cm) 42.5 24.0 10.5 
T) (micron/sec) 450 170 230 
‘tT (micron/sec) 70 20 18 
An(10 cm*)| 1.8 1.6 4.8 
ng (108 cm‘) 1,4 M2 1 2 
Ng 260-450 | 280-+-30 | 290-+-2 
8(107!® cm?) 0.8 oe 3.8 
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4-10" 3-402 | 3-402 | 3-410% | 3-10 | 3-410 


4 Specimens irradiated in reactor 


4 
4.7 | 20 956 | oie ieOeas 
5.3 | 24.5] 14.0] 3.9 |A4.7 |~0.35 
29 300 | 460 | 130 | 60 | 30 
8 2301 490) WO 7 8 
3.0) 0 230"\: eed ae ee yee a 
4% Aa ABU Ste) de) 
(350-100) = 
6 5.7 \BeB0[ 061 le Buds 
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cm’), Ng the average number of displaced ger- 

manium atoms per single neutron scattering, and 

ao the scattering cross-section of the neutrons by 
germanium nuclei. 

To estimate the value of 0, we used values of 
Ng calculated with the formula given by Fan and 
Lark-Horovitz.? To check the correctness of the 
method employed to calculate Ng we set up ad- 
ditional experiments on the irradiation of N-ger- 
manium with neutrons. By increasing the doses of 
neutron irradiation, we obtained measurable values 
of the change in specific resistivity, p — py = Ap, 
which were compared with the lifetime changes in 
the same specimens. At the doses of neutron ir- 
radiation employed, the mobility can be assumed 
constant, and the change of carrier concentration 
An for given Ap can be determined from the 
theoretical relation p=f(n) given by Prince, 
which is found to be well satisfied in the employed 
germanium single crystals. 

Reference 4 gives the experimental values of 
the number of conduction electrons (—An/ng) 
captured by a single radiation defect when n-type 
germanium specimens of different specific resis- 
tivity are bombarded by neutrons. On the basis of 
these data, the values of An were used to esti- 
mate the defect concentration ng for all the ir- 
radiated specimens. Relation (2) was used to de- 
termine the value of Ng for specimens irradiated 
by monoenergetic neutrons. The values of the lat- 
ter quantity are close to 260, in accordance with 
the formula by Kinchin and Pease.° 

The data obtained are listed in the table. 

The values of @ obtained are one order of 
magnitude greater than the cross-sections for the 
capture of carriers by singel Frenkel’ defects 
produced by electron irradiation.® 

What is interesting is the regular increase in 


3 


values of 6 with diminishing pg, i.e., with dis- 
placement of the Fermi level upward from the 
center of the forbidden band. The value of 0 
which we introduced into relation (1) is the prod- 
uct of the effective “geometric” cross-section of 
the defect, as the capture center, by the degree 
of filling of the corresponding energy level. The 
increase in @ is therefore obviously due to the 
fact one of the recombination levels lies in the 
upper half of the forbidden band. 

The authors express their gratitude to B. M. 
Vul for evaluating the results and to I. A. Arkhi- 
pova, who participated in the measurements of the 
lifetime of non-equilibrium carriers in german- 
ium. 
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Ar the Varenna (Italy) conference in 1957, Lat- 
tes reported on certain experimental data on angu- 


lar distribution of ut mesons from w—p decay, 
and the possibility of asymmetry in such an angu- 
lar distribution was discussed. In further experi- 


ments!“ it was found that the asymmetry parame- 


ter b=2(Np—Ngp)/(NF+NRg) lies between the 
limits b = —0.447 + 0.082 and b = 0.052 + 0.058; 


here Ng and Np are the numbers of w+ mesons 


emitted forwards and backwards, respectively, 
relative to the direction of the m+*-meson beam. 


At the Venice® conference it was noted that despite 
the wide scatter of values of b obtained by differ- 


ent authors there is, apparently, no asymmetry in 
the m—p decay and the various values of b are 
caused by one or another systematic error. 

In the present work we report on the results of 
an analysis of 10,000 cases of m—p decays of m* 
mesons stopped in NIKFI type R emulsion. The 
emulsion layers were irradiated by the t'-meson 
beam from the Laboratory for Nuclear Problems 
synchrocyclotron and were placed, during the ex- 
posure time, inside a steel screen which shielded 
them from the external magnetic fields. 

Observation of t—y-decay events was carried 
out by aerial scanning with the MBI-3 microscope 
at an amplification of about 100. The identifica- 
tion of the m—p-decay events was carried out 
visually. Measurements were made of the pro- 
jections onto the emulsion plane of the angles be- 
tween the initial direction of the p* meson and 
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the direction of the collimator of the 7*-meson 
beam. The error in the measurement of the angu- 
lar projections did not exceed + 3°. The angular 
distribution obtained directly from scanning is 
shown in Fig. 1a; the asymmetry coefficient for 
this angular distribution is b = —0.048 + 0.020. 
In order to estimate systematic errors that 

could have been introduced in the process of emul- 
sion scanning, we carried out two identical scan- 
nings of the same area at the suggestion of L. L. 
Gurevich. We measured the projection 6* of the 
angle between the final direction of the 7+ meson 
and the initial direction of the »* meson. The 
m™—p-decay events found twice were identified, and 
the probability of observation of such a decay 
event was computed as a function of 6*. It can be 
seen from Fig. 2 that the probability of observing 
yet -decay event decreases for small values of 
Ox, 

% 

700 


50 


o 60 720 760° 


FIG, 2 


The “direct” distribution of Fig. la was cor- 
rected by taking into account the scanning effi- 
ciency (Fig. 2) and the distribution found exper- 
imentally, of the angles between the initial and 
final t+-meson directions. Figure 1b shows the 
projected angular distribution of the p* mesons. 
Here the asymmetry coefficient is b = +0.009 
+ 0.018. It therefore follows that the angular dis- 
tribution of pt mesons from m—-p decays of 
stopped 7‘ mesons is isotropic. 

It appears probable that the cause of asymme- 
try observed by some authors can, at least par- 
tially, be related to the systematic error studied 
in this work. 

The authors consider it their pleasant duty to 
express gratitude to Professor M. Danysz and 
Professor V. P. Dzhelepov for interest in this 
work and discussion of results, as well as to V. F. 
Poenko for scanning of emulsions and to V. V. 
Chistiakova for aid in computations. 
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ly the articles cited! the total cross section for 
the interaction of pions with nucleons at infinitely 
large energies are calculated with the aid of a 
dispersion relation, usually called the inverse re- 
lation, which expresses the imaginary part of the 
forward-scattering amplitude in terms of the real 
part of this amplitude. The real part of the am- 
plitude, on the other hand, is calculated in the 
work of Cool et al.,” which Vavilov uses, from 
experimental data on the total cross sections for 
the interaction of pions with nucleons, and the dis- 
persion relation employed is direct with respect 
to the above-mentioned inverse relation. 

Since experimental data on the total cross sec- 
tions are available only up to 1770 Mev for posi- 
tive pions and to 4500 Mev for negative ones, total 
interaction cross sections, extrapolated for infi- 
nite energies at a constant level of approximately 
30 millibarns, are used in Ref. 2 to calculate the 
real part of the amplitude of the elastic forward 
scattering. No wonder therefore that the cross 
section obtained in Ref. lis o,, = 30 millibarns. 
The result of such a calculation is not the predic- 
tion of a quantity not yet measured experimentally, 
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but a verification of the compatibility of the em- 
ployed direct and inverse dispersion relations. 
Such an agreement should obtain for any extrapo- 
lation of the total cross section, and is independ- 
ent of the accuracy of the experimental quantities. 
The contents of the note referred to can also be 
represented as a calculation of the sections 01(w) ie 
with the aid of relations of the form 


co 


4 (0) = Fa (0) +) (Kx, 4 (@ ©) 24.0%) 


MS KOE (oa ye Las dey (1) 


which are obtained when the real parts of the for- 
ward scattering amplitudes D,(w) are eliminated 
from the direct and inverse dispersion relations. 
But such an elimination, if one considers that 


\ dex | (x — a) (x —b) = n°3(a —b), (2) 


—c 


yields 


Fs (0) = Ky, (0, @') = K_, + (0, @') =0, 
Ky, 4(0, o') = K_,_(@, 0’) =8(o— 0), 


and relation (1) turns into the identity o1 (w) = 
04 (w), which would be meaningless to verify ex- 
perimentally. 

To refute the widely held opinion that the dis- 
persion relation yields results that are totally in- 
sensitive to the behavior of the cross sections at 
o— ©, let us consider a simple example. Let us 
add to cross sections 0, (w) and o_(w) a con- 
stant cross section oy in the frequency interval 
W > W,. Then, as can be readily verified, the real 
parts of the amplitudes D,(w) and D_(w) are 
increased by 


Vo? —p2 ae V we ve we 


n 
| Vo? — pu? — Vo? — p?| 


This quantity is really small when w « wo, but 
this does not necessarily hold for all frequencies. 
Inserting ADs (w) into the inverse dispersion re- 
lation quoted by Vavilov, we find that the cross 
sections o,(w) and o_(w) are increased by zero 
when wW < Wo, and increased by 0) when w > Wo, 
since at W > Wy 


V @— gp 
4r? 


ADs. (a) == 0H | 


pe 


co 
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and the integral (4) vanishes when w < Wo. This 
result can be readily checked by integrating in the 
complex plane of the variable w’, provided we 
take into account that a singular integral with a 
parameter, lying on the path of integration, is 
equal in the limit to half the sum of the integrals 
with complex parameters, lying on opposite sides 
of the path of integration. Thus, no matter how 
high the frequency w 9, the cross section o,,, 
obtained by successive employment of the direct 
and inverse dispersion relations, will be deter- 
mined by that level, to which the experimental 
cross sections are extrapolated. 


=Pl Vi Vavilov. sd. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 940 (1957), Soviet Phys. JETP 5, 
768 (1957). 

2Cool, Piccioni, and Clark, Phys. Rev. 108, 
1082 (1956). 
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Severan different methods of measurement 
have been employed for the measurement of the 
velocity of sound in a liquid which is under pres- 
sure. The most widespread is an optical method 
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which utilizes the diffraction of light on ultrasonic 
waves which are propagated perpendicular to the 
beam of light in the liquid. This method, proposed 
by Debye and Sears,! has found wide use in meas- 
urements of the velocity of sound in liquids and 
compressed gases. 

Biquard”*? measured the velocity of sound in 
several liquids under pressures up to 600 atmos- 
pheres, at temperatures in the range of room 
temperature. It seems of interest to measure the 
velocity of sound in liquids at still higher pres- 
sures, where one might already expect compres- 
sion of the very molecules. 

The optical scheme of the apparatus which we 
employed‘ is shown in Fig. 1. A SVDSh mercury 
lamp served as the source of light S. A slit A, 
was set in the path of the light beam. Condenser 
K produced a parallel beam of light. A second 
slit Aj, perpendicular to the first, cut out a nar- 
row pencil of the beam which, after going through 
the liquid being studied, was focused by the long- 
focus collecting lens O onto the plate of a micro- 
photo attachment. In order to get narrow diffrac- 
tion lines, a light filter was used which transmit- 
ted the 5770 and 5790 A yellow lines. 

The ultrasonic vibrations were excited by an 
X-cut piezo-quartz plate inserted in the oscillat- 
ing circuit of a high frequency generator wired in 
push-pull. This generator used a GU-29 tube. 
The range of working frequencies was 3 —4 Mcs. 
The generator was tuned so that the quartz plate 
operated at a frequency close to its natural fre- 
quency of oscillation. The frequency of the gen- 
erator was measured by means of a heterodyne 
wavemeter; with this, the accuracy of the fre- 
quency measurements could be regarded as within 
400 cycles at working frequencies ot 3 —4 Mcs. 
The ultrasonic waves passed into the vessel and 
the liquid being studied through a steel wall, inas- 
much as the piezo-quartz plate was placed outside 
the vessel and was pressed against its ground 
surface by a light spring. This considerably sim- 
plified the construction of the high-pressure ves- 


[_] Wavemeter 
[ __ | Generator 
A. 


Microphoto attachment 
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sel, obviating the use of high-pressure electrical 
leads. 

Two little glass windows were made for passing 
the light through the investigated liquid in the high- 
pressure vessel (Fig. 1). The pressure was fed 
into the vessel by means of a hydraulic compres- 
sor.” To separate the liquid compressed in the 
hydro-compressor from that investigated, a device 
was placed in the passage which assured separa- 
tion of the liquids by means of a “floating” piston. 
The pressure was measured by means of a pointer 
manometer of first class accuracy. The experi- 
ments were carried out at a temperature between 
19 and 20°C. 


c, m/sec 


0 500 1000 7500 2000 2500 
p, kg/cm? 
FIG. 2 


The dependence of the velocity of sound c on 
pressure p for the three liquids investigated by 
us is shown in Fig. 2. As is seen from the figure, 
the curves are slightly concave towards the pres- 
sure axis. Measurement of the velocity of sound 
above a pressure of 1200 atmos was not possible 
for carbon tetrachloride, since above this pres- 
sure, apparently, crystallization occurs and the 
liquid becomes practically opaque. 

The absolute ethyl alcohol, chloroform, and 
carbon tetrachloride of high purity were prepared 
by A. M. Poliakova and kindly furnished for our 


experiments. We take this opportunity to express 
our thanks to her. 


1D, Debye and F. W. Sears, Proc. Nat. Acad. 
Sci (U.S.) 18, 409 (1932). 

2p, Biquard, Compt. rend. 206, 897 (1938). 

3P, Biquard, Rev. d’Acoustique 8, 130 (1939). 

41. F. Vereshchagin and I. V. Brandt, IIpu6ops1 ey 
u TexHuka skcnepumenta (Instruments and Instrum. 
Engg.) (in press). 

°1,, F, Vereshchagin, J. Tech. Phys. (U.S.S.R.) 
16, 669 (1946). 


Translated by R. Eisner 
106 


CORRECTION TO ARTICLE, “FLUCTUA- 
TIONS IN COLLISION OF HIGH ENERGY 
PARTICLES” [J. Exptl. Theoret. Phys. 
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In the paper cited, an error has been admitted in 


the calculation of the quantity (n — n)(E ~E). 

The right-hand sides in Eqs. (5) and (7) must be 
replaced by 7.21bkT (instead of 7.65bkT) and 
5.49bkT (instead of 5.68bkT). As a consequence, 
the right sides of Eqs. (13) and (14) are replaced by 
1.29b and 0.31b (respectively, in place of 1.03b 
and 0.22b). Furthermore, the quantity a in the 
adiabatic case comes to 0.54 for Bose particles 
and 0.17 for Fermi particles (instead of 0.43 and 
0.12). 

We thank A. I. Nikishov for having pointed out 
the error. 
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